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Abstract 

 

The nonlocal conditions for the boundary or initial value problems 

appear when values of the function on the boundary or on the initial are 

connected to values inside the domain. Such problems are known as 

nonlocal problem.   

The aim of this work is to study some types of nonlocal problems. 

 This study includes the following aspects: 

(1) Discuss the existence and uniqueness of the solution with some nonlocal 

initial value problems for the non-linear ordinary differential equations via 

some types of fixed point theorems. Also some numerical methods are used to 

solve special types of nonlocal initial value problems for the non-linear 

ordinary differential equations. 

(2) Give solutions for some types of the nonlocal initial and boundary value 

problems for linear eigenvalue problems of the ordinary differential equations. 

(3) Use some numerical methods to solve the initial-boundary value problem that 

consists of the one-dimensional hyperbolic and parabolic equations with two 

nonlocal non-linear integral boundary conditions. These methods depend on 

Douglas’s equation and Crank-Niklson finite difference scheme, Taylor’s 

expansion and some quadrature rules say Simpson’s 1/3 rule. 



 

I 
 

Introduction  

 

In the last decades, the nonlocal initial-boundary value problems have 

become a rapidly growing area of research. The study of this type of problems is 

driven not only by a theoretical interest, but also by the fact that several 

phenomena in engineering, physics and life sciences can be modeled in this way. 

The nonlocal initial-boundary value problems formulated for the equations of the 

mathematical physics where instead of the initial or boundary conditions a 

certain dependence of the values of the unknown function on the boundary on 

it’s values in internal points of the considered domain is given. The problems 

with the nonlocal boundary conditions are used for the mathematical modeling, 

for examples pollution processes in rivers, seas, which are caused by sewage.  

The nonlocal boundary conditions simulate decreasing of pollution under 

influence of natural factors of filtration and settling that cause self purification of 

the environment. Problems with controls of the thermostat, where a controller at 

one of its ends adds or removes heat, depending upon the temperature registered 

in another point can be interpreted with a second-order ordinary differential 

equation subject to discrete nonlocal boundary condition, [3].  

Many researchers studied the nonlocal problems, say Chabrowski in 1984, 

proved the existence and uniqueness of solutions of the nonlocal problem for the 

linear parabolic equation with the discrete nonlocal boundary condition, [7]. The 

existence and uniqueness of solutions of the nonlocal problem for the linear 

elliptic equation with the discrete nonlocal condition investigated by Chabrowski 

in 1988, [8]. The existence and uniqueness of solutions of the nonlocal problem 

for the linear parabolic equation with nonlocal initial condition were studied by 

Dennis in 1992, [13]. The existence of solutions for the one-dimensional heat 

equation with the nonlocal initial condition, that investigated by converting to a 



 

II 
 

Fredholm integral equation studied by Olmstead and Roberts in 1997, [28], 

Pulkina in 1999, used the Schauder fixed point theorem, to prove the existence 

of the linear second order hyperbolic equation with the linear integral conditions, 

[30]. Beilin  in 2001, proved the existence and  uniqueness of the solution for the 

one-dimensional wave equation with the nonlocal integral condition, [5], the 

existence and  uniqueness of solution for the second order ordinary differential 

equations with the nonlocal integral boundary  condition was proved  by George 

and Tsamatos in 2002, [16]. The solutions of the eigenvalue problem for the one-

dimensional ordinary differential operator with the nonlocal integral boundary 

condition given by Ciupaila and et al. in 2004, [9]. Yongping in 2005 discussed 

the existence of the positive solution for the second order with the special case of 

discrete nonlocal boundary value problem, [37]. Paul and Ahmad in 2005, 

discussed the existence of the positive solutions of the nonlinear n-th order 

boundary value problem with the special case of discrete nonlocal conditions, 

[29]. Mehdi and et al. in 2006, used finite difference method to find the solution 

of the one-dimensional wave equation with the one nonlocal linear integral 

condition, [24]. Saadatmandi and Dehghan in 2006, used the shifted Legendre 

technique for solving the one-dimensional wave equation with the one nonlocal 

linear integral boundary condition, [33]. Mohammad in 2008, studied the 

existence and uniqueness of special case of the hyperbolic equation with the two 

nonlocal integral condition, [25]. Li in 2008, [22], Dehghan and Saadatmandi in 

2009, [12], used the homotopy perturbation method and the variational iteration 

method for approximating solutions of the one-dimensional wave equation with 

the one nonlocal linear integral condition respectively. Svajunas in 2010, used 

finite difference methods to find the solution of the two-dimensional heat 

equation with the nonlocal linear integral condition, [35]. Ashyralyev and 

Necmettin in 2011, used a finite difference scheme for solving the one-

dimensional hyperbolic equation with the one nonlocal linear integral boundary 

condition, [2]. Borhanifar and et al. in 2011, used finite difference scheme to 
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solve the one-dimensional heat equation with the two nonlocal non-linear 

integral boundary conditions, [6]. Nemati and Ordokhani in 2012, gave the 

numerical method which depends on the properties of the Chebyshev 

polynomials of the second kind for solving the one-dimensional wave equation 

subject to the one nonlocal linear integral boundary condition, [27]. Marasi and 

et al. in 2012, used the homotopy analysis method for solving the one-

dimensional wave equation with the nonlocal integral condition, [23]. 

The aim of this work is to study special types of the nonlocal initial-

boundary value problems. This study includes the existence and uniqueness of 

these problems and methods for finding the solutions of them. 

 

This thesis consists of three chapters:  

In chapter one, Leary-Schauder fixed point theorem, Schauder fixed point 

theorem and Banach fixed point theorem used to ensure the existence and 

uniqueness of the discrete nonlocal initial value problem for special types of 

the non-linear ordinary differential equations. Also some numerical methods 

are used to solve special types of the discrete nonlocal initial value problems 

for the non-linear ordinary differential equations. 

In chapter two, we discuss the existences of the solutions for some types of the 

nonlocal linear eigenvalue problems of the ordinary differential equations. 

In chapter three, the solutions of the one-dimensional wave equation with the 

nonlocal linear integral boundary conditions, the one-dimensional hyperbolic 

equation and the one-dimensional parabolic equation with the two nonlocal 

non-linear integral boundary conditions are obtained via the numerical 

method; this method depends on finite difference scheme, Taylor’s expansion 

and quadrature rule which is Simpson 1/3 rule.  



1 

Chapter One 

Existence and Uniqueness of the Solution for the Nonlocal Initial Value 

Problems 
 

Introduction:   

 The initial value problems involving ordinary differential equations arise in 

physical sciences and applied mathematics. In some of these problems, subsidiary 

conditions are imposed locally. In some other cases, nonlocal conditions are 

imposed. It is sometimes better to impose nonlocal conditions since the 

measurements needed by a nonlocal condition may be more precise than the 

measurement given by a local condition, [32].  Abdelkader and Radu in 2003, 

proved the existence of solutions of the nonlocal initial value problems for the first 

order non-linear ordinary differential equations via Leray-Schauder fixed point 

theorem, [1].  

In this chapter, we discuss the existence and uniqueness of the solutions of the 

nonlocal initial value problem that consists of n-th order non-linear ordinary 

differential equation together with discrete nonlocal initial condition by using some 

fixed point theorems.  

This chapter consists of four sections: 

In section one, we use Leray-Schauder fixed point theorem, Schauder fixed 

point theorem and Banach fixed point theorem to prove the existence and 

uniqueness of the solution of the nonlocal initial value problem that consists of the 

first order ordinary differential equation. 

In sections two and three, we use Schauder and Banach fixed point theorems 

to prove the existence and uniqueness of the solution of the nonlocal initial value 

problem that consists of the second and n-th order non-linear ordinary differential 

equation. 

In section four, we use Euler’s method and Trapezium method to solve some 

nonlocal initial value problems for the non-linear ordinary differential equations. 
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1.1 Existence and Uniqueness of the Solution for the Nonlocal Initial 

Value Problems for the First Order Ordinary Differential Equations:       

In this section we discuss the existence and uniqueness of the solutions for the 

nonlocal initial value problem that consists of the first order non-linear ordinary 

differential equation , -:  

  ( )   (   ( ))   ,   -                                                          (   ) 

together with the homogenous nonlocal initial discrete condition: 

 (  )  ∑    

 

   

(  )                                                                           (   ) 

where   ,   -         and f(x,.) and u(x) are continuous for all    [0,1],    

are given points with                and            are real 

numbers, such that  

[  ∑   

 

   

]     

 

 

We start this section by the following lemma.  

 

Lemma (1.1), [15]: 

The vector space C[a, b] of the complex-valued continuous functions defined 

on a closed interval [a, b] is a Banach space with respect to the following norm: 

   ‖  ‖ ,   -     
   ,   -

| ( )|        ,   -  

 

 

 
 

Next, we give the following lemma, which appeared in [1], without proof, 

here we give its proof.  
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Lemma (1.2), [1]: 

The nonlocal initial value problem given by equations (1.1)-(1.2) is equivalent 

to the integral equation:  

 ( )     ∑ [  ∫  (   ( ))
  

 

  ]

 

   

 ∫  (   ( ))
 

 

        ,   -      (   ) 

           [  ∑   

 

   

]

  

  

Proof: 

Let u be the solution of the nonlocal initial value problem given by equations 

(1.1)-(1.2). Then by integrating both sides of equation (1.1) from 0 to x, one can 

get: 

 ( )   ( )  ∫  (   ( ))
 

 

        ,   -                                                     (   ) 

and by using the homogenous nonlocal initial condition given by equation (1.2), 

one can have: 

 ( )   ∑    

 

   

(  )  ∫  (   ( ))
 

 

                                                        (   ) 

Then we substitute                     (   )         

 (  )   ( )  ∫  (   ( ))
  

 

                     

By substituting the above equation into equation (1.5), one can have: 

 ( )   ∑   [ ( )  ∫  (   ( ))
  

 

  ]

 

   

 ∫  (   ( ))
 

 

    

Hence 

 ( )   ∑   [ ( )  ∫  (   ( ))
  

 

  ]
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This implies that  

 ( )   
 

,  ∑   
 
   -

∑ [  ∫  (   ( ))
  

 

  ]

 

   

 

    ∑ [  ∫  (   ( ))
  

 

  ]

 

   

  

Thus by substituting the above equation into equation (1.4) one can have: 

 ( )   ( )  ∫  (   ( ))
 

 

        ,   -     

    ∑ [  ∫  (   ( ))
  

 

  ]

 

   

 ∫  (   ( ))
 

 

        ,   -     

Therefore u is the solution of the integral equation (1.3). 

Conversely, let u be the solution of the integral equation (1.3), then by 

differentiating equation (1.3), one can get equation (1.1). On the other hand, we 

substitute      and      ,           into equation (1.3), to get: 

 ( )    ∑ [  ∫  (   ( ))
  

 

  ]

 

   

 

and 

   (  )      ∑ [  ∫  (   ( ))
  

 

  ]

 

   

   ∫  (   ( ))
  

 

                 

Hence  

∑   (  )

 

   

    [∑  

 

   

]∑ [  ∫  (   ( ))
  

 

  ]

 

   

 ∑[  ∫  (   ( ))
  

 

  ]

 

   

 

 [   ∑  

 

   

]∑ [  ∫  (   ( ))
  

 

  ]

 

   

 

 [  
 

(  ∑   
 
   )

∑  

 

   

]∑ [  ∫  (   ( ))
  

 

  ]
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Therefore 

∑   (  )

 

   

 [
 

  ∑   
 
   

]∑ [  ∫  (   ( ))
  

 

  ]

 

   

 

  ∑ [  ∫  (   ( ))
  

 

  ]

 

   

   ( )  

Hence u satisfies the homogenous nonlocal initial condition given by equation 

(1.2). Thus u is a solution of the nonlocal initial value problem given by equations 

(1.1)-(1.2).  

 

Next, the following theorem which is named as Leray-Schauder fixed point 

theorem and will be used later to ensure the existence of the solutions for the 

nonlocal initial value problem given by equations (1.1)-(1.2).  

 

Theorem (1.3), (Leray-Schauder Fixed Point Theorem), [10]: 

Let E be a Banach space and let            be a completely continuous 

operator. Assume that the set 

  *     |         for some   ,   -+ 

is bounded. Then T has at least one fixed point. 

 

Now, we are in the position to give the following existence theorem; this 

theorem is appeared literature. Here we give the details of its proof.  

 

Theorem (1.4), [1]: 

The nonlocal initial value problem given by equations (1.1)-(1.2) has a 

solution if the following conditions are satisfied: 

 
 

(1)  | (   )|  {
 (  | | )              ,    -

 ( ) (| |)          ,    -
 

where   ,    -         is a nondecreasing function in its second 

argument,   ,    -       ,          is a nondecreasing functions,  
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(2) There exist      if       implies 

 

 
∫  (   )   

 

 

  

 

                                                                                   (   ) 

and 

∫ ( )   ∫
 

 ( )
                                                                              (   )

 

  

 

  

 

        [  | |∑|  |

 

   

]          ∫  (    )   

  

 

 

Proof: 

Define the operator     ,   -      ,   - by  

  ( )     ∑ [  ∫  (   ( ))
  

 

  ]

 

   

 ∫  (   ( ))
 

 

        ,   -  

Let   *   ,   -|        for some   ,   -+, then we must prove M 

is a bounded set. To do this, let     . If     for all     , then M = {0}  and 

this implies that M is a bounded set and hence by using Leray-Schauder fixed point 

theorem. T has a fixed point. This fixed point is a solution of the integral equation 

(1.3). By using lemma (1.2) this fixed point is a solution of the nonlocal initial 

value problem given by equations (1.1)-(1.2). On the other hand, if      such 

that      If  ( )                 ,    -, then 

| ( )|  |   ( )|   |   ∑ [  ∫  (   ( ))
  

 

  ]

 

   

 ∫  (   ( ))
 

 

  | 

 | | ∑|  |

 

   

∫ | (   ( ))|
  

 

   ∫ | (   ( ))|
 

 

   

 | | ∑|  |

 

   

∫ | (   ( ))|
  

 

   ∫ | (   ( ))|
  

 

    

 [  | |∑|  |

 

   

]∫ | (   ( ))|
  

 

                    

  ∫  (  | ( )|)
  

 

        ,    -  
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    | ( )|     
   ,    -

| ( )|  ‖ ‖ ,    -                                           

second argument, therefore 

| ( )|   ∫  (  ‖ ‖ ,    -)
  

 

    

and this implies that: 

‖ ‖ ,    -   ∫  (  ‖ ‖ ,    -)
  

 

     

By dividing the above inequality by D‖ ‖ ,    -, one can obtain:  

 

 
 

 

‖ ‖ ,    -
∫  (  ‖ ‖ ,    -)

  

 

    

This contradicts with inequality (1.6), then  

‖ ‖ ,    -                                                                                  (   ) 

If  ( )     for all   ,    -, then one can get inequality (1.8). Moreover, 

if   ( )                ,    -, then 

| ( )|  |   ( )| 

 | | ∑|  |

 

   

∫ | (   ( ))|
  

 

   ∫ | (   ( ))|
  

 

   ∫ | (   ( ))|
 

  

   

 [  | |∑|  |

 

   

]∫ | (   ( ))|
  

 

   ∫ | (   ( ))|
 

  

     

  ∫  (  | ( )|)
  

 

   ∫  ( ) (| ( )|)
 

  

   

  ∫  (  ‖ ‖ ,    -)
  

 

   ∫  ( ) (| ( )|)
 

  

    

By using inequality (1.8) and since ω is a nondecreasing function in its second 

argument, one can obtain: 

| ( )|   ∫  (    )
  

 

   ∫  ( ) (| (  )|)
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Let   be a function that is defined by 

 ( )   ∫  (    )
  

 

   ∫  ( ) (| ( )|)
 

  

        ,    -       

  ( )   ( ) (| ( )|)      ,    -  

But  | ( )|   ( ) and since β is a nondecreasing function then 

  ( )   ( ) (| ( )|)   ( ) ( ( )),    ,    -  

This implies that 

∫
  ( )

 ( ( ))

 

  

   ∫  ( )
 

  

        ,    -  

Let  ( )   , then   ( )      and hence the above inequality becomes:  

∫
 

 (  )

 ( )

 (  )

   ∫  ( )
 

  

        ,    -  

Hence 

∫
 

 (  )

 ( )

    (  )

   ∫  ( )
 

  

   ∫  ( )
 

  

    

From inequality (1.7) and from the above inequality, we get  ( ) must be finite, 

that is there is     , such that: 

 ( )          ,    -    

But | ( )|   ( ), therefore | ( )|       ,    -  

Thus 

‖ ‖ ,    -     
   ,    -

| ( )|                                                               (   ) 

If  ( )                ,    -, then one can get inequality (1.9). 

Let R= max {     +  then from inequalities (1.8)-(1.9), one can have: 

| ( )|         ,   -   
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Hence 

‖ ‖ ,   -     
   ,   -

| (  )|            

This implies that M is a bounded set and since T is completely continuous, 

[11]. By using Leray-Schauder fixed point theorem, T has a fixed point. This fixed 

point is a solution of the integral equation (1.3). By using lemma (1.2) this fixed 

point is a solution of the nonlocal initial value problem given by equations (1.1)-

(1.2).  

 

Next, we give the following theorem. This theorem is named as Schauder 

fixed point theorem, which is used later to prove the existence of the solutions for 

the nonlocal initial value problem given by equations (1.1)-(1.2).   
 

 

Theorem (1.5), (Schauder Fixed Point Theorem), [10]: 

Let B be a nonempty, convex, closed and bounded set in a Banach space E 

and let          be a completely continuous operator. Then T has at least one 

fixed point in B. 
 

Now, we are in the position that we can give the following existence theorem. 

This theorem ensures the existence of the solutions for the nonlocal initial value 

problem given by equations (1.1)-(1.2) under another types of conditions. This 

theorem is a simple modification of the ideas that are appeared in [1]. 

Theorem (1.6), [1]: 

Consider the nonlocal initial value problem given by equations (1.1)-(1.2). If 

the following conditions are satisfied: 

(1) There exist        , such that | (   )|    | |          

( )                  [    | |∑|  |

 

   

] 

then the nonlocal initial value problem given by equations (1.1)-(1.2) has at least 

one solution. 
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Proof: 

Define the operator   as in theorem (1.4). Let    
   

     
 and assume    

*   ,   - | ‖ ‖ ,   -   +. Then it is easy to check that    is a nonempty, 

closed, convex and bounded subset of  ,   -. Let u     , then 

|  ( )|  |   ∑   

 

   

∫  (   ( ))
  

 

   ∫  (   ( ))
 

 

  | 

 | | ∑|  |

 

   

∫ ,  | ( )|    -
  

 

   ∫ ,  | ( )|    -
 

 

   

 | | ∑|  |

 

   

∫ [  ‖ ‖ ,   -    ]
  

 

   ∫ [  ‖ ‖ ,   -    ]
 

 

   

 | | ∑|  |

 

   

[  ‖ ‖ ,   -    ]    [  ‖ ‖ ,   -    ]  

 [    | |∑|  |

 

   

] [  ‖ ‖ ,   -    ]                         

  (      )   [  

   

     
   ]  

   

     
     ,   -  

Therefore 

‖  ‖ ,   -     

This implies that        . Moreover  T is completely continuous operator on 

C[0,1], [11]. So by using Schauder fixed point theorem, T has a fixed point. This 

fixed point is also a solution of the nonlocal initial value problem given by 

equations (1.1)-(1.2).  

 

Next, we give the following theorem. This theorem is named as Banach fixed 

point theorem, which is used later to ensure the existence of the unique solution for 

the nonlocal initial value problem given by equations (1.1)-(1.2).  
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Recall that   is operator from normed space N to itself is said to be a 

contraction operator in case there exist a constant      , such that for all 

      

‖ ( )   ( )‖   ‖   ‖  

 

Theorem (1.7), (Banach Fixed Point Theorem), [10]: 

If          is a contraction operator defined on a Banach space E then T 

has a unique fixed point in E. 
 

 

Now, we are in the position that we can give the following existence and 

uniqueness theorem, the proof of this theorem depends on the ideas that appeared 

in [1]. 

 
 

Theorem (1.8), [1]: 

Consider the nonlocal initial value problem given by equations (1.1)-(1.2). If 

the following conditions are satisfied: 

 (1) f satisfy Lipschitz condition with respect to the second argument, that is there 

exists    , such that  

 | (   )   (   )|   |   |      ,   -             

( )                 [    | |∑|  |

 

   

] 

then the nonlocal initial value problem given by equations (1.1)-(1.2) has a unique 

solution. 

 

Proof: 

From lemma (1.1), C[0,1] is a Banach space with respect to the following 

norm:  

   ‖ ‖ ,   -     
   ,   -

| ( )|        ,   -  



Chapter One                   Existence and Uniqueness of the Solution for the Nonlocal Initial Value Problems 

- 12 - 
 

Define the operator    as in theorem (1.4) and let u    ,   -, then  

|  ( )    ( )|  |   ∑ [  ∫  (   ( ))
  

 

  ]

 

   

 ∫  (   ( ))
 

 

     

 ∑ [  ∫  (   ( ))
  

 

  ]

 

   

 ∫  (   ( ))
 

 

  |  

 | | ∑|  |

 

   

∫ | (   ( ))   (   ( ))|
  

 

    

∫ | (   ( ))   (   ( ))|
 

 

   

 | | ∑|  |

 

   

∫  | ( )   ( )|
  

 

   ∫  | ( )   ( )|
 

 

   

 | | ∑|  |

 

   

∫     
   ,   -

| ( )   ( )|
  

 

    

 ∫    
   ,   -

| ( )   ( )|
 

 

   

  | |‖   ‖ ,   -  [∑|  |

 

   

  ]   ‖   ‖ ,   - 

 [    | |∑|  |

 

   

]  ‖   ‖ ,   - 

and this implies that 

‖     ‖ ,   -  [    | |∑|  |

 

   

]  ‖   ‖ ,   - 

   ‖   ‖ ,   -  

Since      , then T is a contraction operator.  By using Banach fixed point 

theorem, T has a unique fixed point. This fixed point is the unique solution of the 

nonlocal initial value problem given by equations (1.1)-(1.2).  
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Remark (1.9), , - : 

Consider the non-linear first order ordinary differential equation (1.1) together 

with the nonhomogenous nonlocal initial condition: 

 ( )  ∑    

 

   

(  )                                                                         (    ) 

Then the existence and uniqueness of the solutions for this nonlocal initial value 

problem can be also discussed by using theorems (1.4), (1.6) and (1.8), by 

transforming the nonhomogenous nonlocal initial condition into homogenous ones. 

To do this, let  

 ( )   ( )          ,   -  

Then    
 ( )   ( )     

and  

 (  )   (  )      

Therefore 

  ( )    ( )   (   ( ))   ,   -. 

Therefore the nonhomogenous nonlocal initial discrete condition becomes: 

 ( )     ∑   

 

   

, (  )    -    

This implies that  

 ( )  ∑   

 

   

 (  )       ∑   

 

   

   

     [  ∑   

 

   

]     
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1.2 Existence and Uniqueness of the Solution for the Nonlocal Initial 

Value Problems for the Second Order Ordinary Differential 

Equations: 
 

In this section we discuss the existence and uniqueness of the solution of the 

nonlocal initial value problem that consists of the second order non-linear ordinary 

differential equation: 

   ( )   (   ( )   ( ))      ,   -                                                             (    ) 

together with the homogenous nonlocal initial discrete condition: 

 ( )  ∑    

 

   

(  )                                                                                     (    ) 

and with the homogenous local initial condition: 

  ( )                                                                                                                (    ) 

where   ,   -          and f(x,.,.) is continuous for all  x  [0,1],     are given 

points with                and            are real numbers such 

that: 

 [   ∑   

 

   

]     

 

The following lemma appeared in literature, without proof. Here we give its 

proof. 

 

Lemma (1.10), [15]: 

The vector space   [a,b] of the one-time complex-valued continuously 

differentiable functions  defined on a closed interval [a, b] is Banach space with 

respect to the following norm: 

   ‖ ‖  ,   -     {‖ ‖ ,   - ‖ 
 ‖ ,   -}        ,   -  
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Proof: 

To prove (  ,   - ‖ ‖  ,   -)  is a normed space, we must prove the 

following conditions: 

(1) ‖ ‖  ,   -   , u    ,   -. To do this, let u    ,   -, then u   ,   -  

and     ,   -. Therefore   ‖ ‖  ,   -     {‖ ‖ ,   - ‖ 
 ‖ ,   -}     

(2) ‖  ‖  ,   -    iff      To do this, let     then ‖ ‖ ,   -   ‖  ‖ ,   -=0, 

thus ‖  ‖  ,   -   . Conversely, let ‖  ‖  ,   -   , then ‖ ‖ ,   -  

 ‖  ‖ ,   -   . Therefore  ( )    ( )      ,   -. This implies that 

    ( )      ( )      ,   -. Hence      

(3) ‖   ‖  ,   -  | |‖  ‖  ,   -     ,   -. To do this, let      ,   - and   

 , then 

‖   ‖  ,   -     {‖  ‖ ,   - ‖  
 ‖ ,   -} 

    { | |‖ ‖ ,   - | |‖ 
 ‖ ,   -} 

 | |   { ‖ ‖ ,   - ‖ 
 ‖ ,   -} 

 | |‖  ‖  ,   -  

(4) ‖    ‖  ,   -  ‖  ‖  ,   -  ‖  ‖  ,   -            ,   -. To do this, let 

       ,   -, then 

‖    ‖ ,   -  ‖  ‖ ,   -  ‖  ‖ ,   - 

and 

‖      ‖ ,   -  ‖  ‖ ,   -  ‖  ‖ ,   -  

Therefore  

‖    ‖  ,   -     {‖   ‖ ,   - ‖ 
    ‖ ,   -} 

    {‖ ‖ ,   -  ‖ ‖ ,   - ‖ 
 ‖ ,   -  ‖  ‖ ,   -} 

    {‖ ‖ ,   - ‖ 
 ‖ ,   -}     {‖ ‖ ,   - ‖ 

 ‖ ,   -} 

 ‖ ‖  ,   -  ‖ ‖  ,   -  

Thus (  ,   - ‖ ‖  ,   -) is a normed space. 
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To prove the completeness of   [a, b], let *  +   
  be a Cauchy sequence of 

continuous functions in   [a, b]. In other words, given any     , we choose 

   large enough such that for        we have: 

  ‖      ‖  ,   -      

That is  

   {‖     ‖ ,   - ‖  
    

 ‖ ,   -}       

Thus 

  ‖      ‖ ,   -     {‖     ‖ ,   - ‖  
    

 ‖ ,   -}     

and 

‖  
    

  ‖ ,   -     {‖     ‖ ,   - ‖  
    

 ‖ ,   -}      

In other words, *  +   
   and  *  

 +   
  are Cauchy sequences in C[a, b]. By using 

lemma (1.1), there exists      ,   -  such that 

 ( )     
   

  ( )  

and  

 ( )     
   

  
 ( )  

But     ,   -, then 

  ( )    ( )  ∫  
 ( )

 

 

    

Hence  

   
   

∫  
 ( )

 

 

   ∫    
   

  
 ( )

 

 

   ∫ ( )

 

 

    

But 

   
   

∫  
 ( )

 

 

      
   

*  ( )    ( )+   ( )   ( )  

Therefore 

 ( )   ( )  ∫ ( )
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and this implies that  

  ( )   ( )       ,   -  

Thus       ,   -  So, given any        , we choose             large enough 

such that we have         *       +  we have  

  ‖     ‖  ,   -     {‖    ‖ ,   - ‖  
    ‖ ,   -} 

            

where      *       +  Therefore the Cauchy sequence *  +   
   is convergent to 

    ,   - and this completes the proof.  

 

Now, we give the following lemma which is a generalization of lemma (1.2) 

to be valid for the nonlocal initial value problem given by equations (1.11)-(1.13). 

   

Lemma (1.11): 

The nonlocal initial value problem given by equations (1.11)-(1.13) is 

equivalent to the integral equation:  

 ( )     ∑   

 

   

∫ (    ) (   ( )   ( ))
  

 

       

∫ (   ) (   ( )   ( ))
 

 

        ,   -                     (    ) 

 

        [  ∑   

 

   

]
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Proof: 

Let u be the solution of the nonlocal initial value problem given by equations 

(1.11)-(1.13). Then by integrating twice both sides of equation (1.11) from 0 to x, 

one can get:  

 ( )   ( )    ( )  ∫ ∫  (   ( )   ( ))
 

 

 

 

        

  ( )  ∫ ∫  (   ( )   ( ))
 

 

 

 

       

By using Cauchy’s formula, then the above equation becomes: 

 ( )   ( )  ∫ (   ) (   ( )   ( ))
 

 

        ,   -                          (    ) 

and by using the nonlocal initial condition given by equation (1.12), one can 

obtain: 

 ( )   ∑    

 

   

(  )  ∫ (   ) (   ( )   ( ))
 

 

                             (    ) 

By substituting                     (    )               

 (  )   ( )  ∫ (    ) (   ( )   ( ))
  

 

                 

Next, we substitute the above equation into equation (1.16), to get: 

 ( )   ∑   [ ( )  ∫ (    ) (   ( )   ( ))
  

 

  ]

 

   

  

∫ (   ) (   ( )   ( ))
 

 

    

Hence 

 ( )   ∑   [ ( )  ∫ (    ) (   ( )   ( ))
  

 

  ]

 

   

 

and this implies that 

 ( )    ∑ [  ∫ (    ) (   ( )   ( ))
  

 

  ]
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Thus 

 ( )   ( )  ∫ (   ) (   ( )   ( ))
 

 

       

   ∑ [  ∫ (    ) (   ( )   ( ))
  

 

  ]   

 

   

 

∫ (   ) (   ( )   ( ))
 

 

         ,   -  

Therefore u is a solution of the integral equation (1.14). 

Conversely, let u be the solution of the integral equation (1.14), then by 

differentiating equation (1.14), one can get: 

  ( )  ∫
 

  
(   ) (   ( )   ( ))

 

 

   

 ∫  (   ( )   ( ))
 

 

   

and this implies that   ( )    and  

   ( )   (   ( )   ( ))      ,   -  

Thus u is a solution of equation (1.11) which satisfies the local initial condition 

given by equation (1.13).  By substituting      into equation (1.14), one can 

obtain: 

∑   (  )

 

   

    ∑  ∑ [  ∫ (    ) (   ( )   ( ))
  

 

  ]

 

   

 

   

  

∑[  ∫ (    ) (   ( )   ( ))
  

 

  ]

 

   

 

 [   ∑  

 

   

]∑ [  ∫ (    ) (   ( )   ( ))
  

 

  ]

 

   

 

  ∑ [  ∫ (    ) (   ( )   ( ))
  

 

  ]

 

   

   ( )  
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This implies that u satisfy the homogenous nonlocal initial condition given by 

equation (1.12). Thus u is a solution of the nonlocal initial value problem given by 

equations (1.11)-(1.13).  
 

Next, we give the existences theorem. This theorem is a generalization of 

theorem (1.6) to be valid for the nonlocal initial value problem given by equations 

(1.11)-(1.13). 

 

 

Theorem (1.12): 

Consider the nonlocal initial value problem given by equations (1.11)-(1.13). 

If the following conditions are satisfied: 

(1) There exist           , such that | (       )|    |  |    |  |      

( ) (     )                    [    
 | |∑|  |

 

   

] 

then the nonlocal initial value problem given by equations (1.11)-(1.13) has at least 

one solution. 

 

Proof: 

Let     ,   -       ,   - be an operator that is defined by  

  ( )     ∑   

 

   

∫ (    ) (   ( )   ( ))
  

 

       

∫ (   ) (   ( )   ( ))
 

 

        ,   -              (    ) 

 Let    
   

   (     )
 and assume that    *    ,   - | ‖ ‖  ,   -   +, then it 

is easy to check that    is a nonempty, closed, convex and bounded subset 

of   ,   -. Let u     , then 
 

|  ( )| 

 |   ∑   

 

   

∫ (    ) (   ( )   ( ))
  

 

   ∫ (   ) (   ( )   ( ))
 

 

  |  
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Therefore 

|  ( ) |  | | ∑|  |

 

   

∫ |(    )|
  

 

| (   ( )   ( ))|    

∫ |(   )|
 

 

| (   ( )   ( ))|   

 | | ∑|  |

 

   

∫ |(    )|
  

 

,  | ( )|    | 
 ( )|    -    

∫ |(   )|
 

 

,  | ( )|    | 
 ( )|    -   

 [    
 | | ∑|  |

 

   

]
[  ‖ ‖ ,   -    ‖ 

 ‖ ,   -    ]

 
  

 [    
 | | ∑|  |

 

   

]
[(     )‖ ‖  ,   -    ]

 
 

 
 

 
,(     )    - 

 
 

 
[(     )

   

   (     )
   ]     

  Hence 

  ‖  ‖ ,   -     

On the other hand, 

|(  ) ( )|  |∫  (   ( )   ( ))
 

 

  | 

 ∫ | (   ( )   ( ))|
 

 

   

 [  ‖ ‖ ,   -    ‖ 
 ‖ ,   -    ] 

 [(     )‖ ‖  ,   -    ] 

 [(     )
   

   (     )
   ]  
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This implies that 

  ‖(  ) ‖ ,   -    

and hence  

 ‖  ‖  ,   -   . 

Therefore         and since T is completely continuous, [11]. So by using 

Schauder fixed point theorem, T has a fixed point. This fixed point is a solution of 

the nonlocal initial value problem given by equations (1.11)-(1.13).  

 

 

Next, we give the following theorem, which is a generalization of theorem 

(1.8) to be valid for the nonlocal initial value problem given by equations (1.11)-

(1.13).     
 

Theorem (1.13): 

Consider the nonlocal initial value problem given by equations (1.11)-(1.13). 

If the following conditions are satisfied: 
 

(1) f satisfy a Lipschitz condition with respect to the second and third argument , 

that is there exists           , such that  

  | (       )   (       )|    |     |    |     |  

( )(     )               [    
 | |∑|  |

 

   

]  

Then the nonlocal initial value problem given by equations (1.11)-(1.13) has a 

unique solution. 
 

Proof: 

From lemma (1.10),   [0,1] is Banach space with respect to the following 

norm: 

   ‖ ‖  ,   -     {‖ ‖ ,   - ‖ 
 ‖ ,   -}        ,   -  
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Define the operator   as in equation (1.17) and let u     ,   -, then 

|  ( )    ( )| 

 | | ∑|  |

 

   

∫ |    || (   ( )   ( ))   (   ( )   ( ))|
  

 

    

∫ |   || (   ( )   ( ))   (   ( )   ( ))|
 

 

   

 [| | ∑|  |

 

   

∫ |    |,  | ( )   ( )|    | 
 ( )    ( )|-

  

 

  ]   

[∫ |   |,  | ( )   ( )|    | 
 ( )    ( )|-

 

 

  ] 

 
 

 
[    

 | |∑|  |

 

   

] [  ‖   ‖ ,   -    ‖ 
    ‖ ,   -]   

 
 

 
[  ‖   ‖  ,   -    ‖ 

    ‖  ,   -]  

 
 

 
(     )‖   ‖  ,   - 

  (     )‖   ‖  ,   -                                                                     (    ) 

 this implies that  

‖     ‖ ,   -   (     )‖   ‖  ,   -  

Furthermore 

|(  ) ( )  (  ) ( )|  |∫  (   ( )   ( ))
 

 

   ∫  (   ( )   ( ))
 

 

  | 

 ∫ | (   ( )   ( ))   (   ( )   ( ))|
 

 

   

 ∫ ,  | ( )   ( )|    | 
 ( )    ( )|- 

 

 

   

 [  ‖   ‖ ,   -    ‖ 
    ‖ ,   -] 

 [(     )‖   ‖  ,   -] 
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and this implies that  

‖(  )  (  ) ‖ ,   -  [(     )‖   ‖  ,   -]                                  (    ) 

From inequalities (1.18)-(1.19), one can get: 

‖     ‖  ,   -     { (     )‖   ‖  ,   - (     )‖   ‖  ,   -} 

  (     )‖   ‖  ,   -  

Since (     )     then T is contraction operator. By using the Banach fixed 

point theorem, T has a unique fixed point. This fixed point is the unique solution of 

the nonlocal initial value problem given by equations (1.11)-(1.13).  

Remark (1.14): 

Consider the second order non-linear ordinary differential equation (1.11) 

together with the nonhomogenous nonlocal initial discrete condition: 

 ( )  ∑    

 

   

(  )    

and with the homogenous local initial condition: 

  ( )     

Then the existence and uniqueness of the solutions for this nonlocal initial value 

problem can be also discussed by using theorems (1.12)-(1.13), by transforming 

the nonhomogenous nonlocal initial discrete condition into homogenous ones. To 

do this, let 

 ( )   ( )          ,   -  

then 

 ( )   ( )      

 (  )   (  )                   

  ( )    ( )      ,   - 
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and 

   ( )     ( )   (   ( )   ( ))      ,   -  

Therefore the nonhomogenous nonlocal initial condition becomes: 

 ( )     ∑   

 

   

, (  )    -    

and this implies that  

 ( )  ∑   

 

   

 (  )       ∑   

 

   

   

     [  ∑   

 

   

]     
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1.3 Existence and Uniqueness of the Solution for the Nonlocal Initial 

Value Problems for the n-th Order Ordinary Differential Equations: 

In this section we discuss the existence and uniqueness of the solution of the 

nonlocal initial value problems that consists of the n-th order non-linear ordinary 

differential equation: 

 ( )( )   .   ( )   ( )    (   )( )/       ,   -                               (    ) 

together with the homogenous nonlocal initial discrete condition: 

 ( )  ∑    

 

   

(  )                                                                                      (    ) 

and with the homogenous local initial conditions: 

  ( )     ( )     (   )( )                                                             (    ) 

where   ,   -          and f(x,.,...,.) is continuous for all  x  [0,1],     are 

given points with                and              are real numbers 

such that: 

   [  ∑   

 

   

]     

 

We start this section by the following lemma. This lemma is generalization of 

lemma (1.10). For the sake of completeness we give the details of its proof. 

Lemma (1.15): 

The vector space   [a,b] of the k-times complex-valued continuously 

differentiable functions defined on a closed interval [a,b] is Banach space with 

respect to the following norm 

   ‖ ‖  ,   -     2‖ ‖ ,   - ‖ 
 ‖ ,   -   ‖ ( )‖

 ,   -
 3         ,   -  
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Proof: 

To prove (  ,   - ‖ ‖  ,   -) is a normed space, we must prove the 

following conditions: 

(1) ‖  ‖  ,   -   , u    ,   -. To do this, let     ,   -, then         ( )  

 ,   -. Therefore 

  ‖ ‖  ,   -     2‖ ‖ ,   - ‖ 
 ‖ ,   -   ‖ ( )‖

 ,   -
 3     

(2) ‖  ‖  ,   -    iff      To do this, let     then ‖ ( )‖
 ,   -

                 

            Thus ‖  ‖  ,   -   . 

Conversely, let ‖  ‖  ,   -   , then ‖ ( )‖
 ,   -

                   

Therefore |  ( )( )|                            ,   -. This implies that 

    ( )       ( )         ,   -. Hence      

(3) ‖  ‖  ,   -  | |‖ ‖  ,   -     ,   -. To do this, let     ,   -  and     , 

then 

‖  ‖  ,   -     2‖  ‖ ,   - ‖  
 ‖ ,   -   ‖  ( )‖

 ,   -
3 

    2 | |‖ ‖ ,   - | |‖ 
 ‖ ,   -   | |‖ ( )‖

 ,   -
3 

 | |   2 ‖ ‖ ,   - ‖ 
 ‖ ,   -   ‖ ( )‖

 ,   -
3 

 | |‖ ‖  ,   - 

(4) ‖    ‖  ,   -  ‖ ‖  ,   -  ‖ ‖  ,   -            ,   -. To do this, let 

       ,   -  then 

 

‖ ( )   ( )‖
 ,   -

 ‖ ( )‖
 ,   -

 ‖ ( )‖
 ,   -
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‖    ‖  ,   - 

    2‖   ‖ ,   - ‖ 
    ‖ ,   -   ‖ ( )   ( )‖

 ,   -
3 

    2‖ ‖ ,   -  ‖ ‖ ,   - ‖ 
 ‖ ,   -  ‖  ‖ ,   -   ‖ ( )‖

 ,   -
 ‖ ( )‖

 ,   -
3 

    2‖ ‖ ,   - ‖ 
 ‖ ,   -   ‖ ( )‖

 ,   -
3 

    2‖ ‖ ,   - ‖ 
 ‖ ,   -   ‖ ( )‖

 ,   -
3 

 ‖ ‖  ,   -  ‖ ‖  ,   -           ,   -  

Thus (  ,   - ‖ ‖  ,   -) is a normed space. 

To prove the completeness of   [a,b], let *  +   
  be a Cauchy sequence of 

continuous functions in   [a,b]. In other words, given any      , we choose     

large enough such that for       , we have  

‖      ‖  ,   -       That is    2 ‖ ‖ ,   - ‖ 
 ‖ ,   -   ‖ ( )‖

 ,   -
3       

Thus 

‖  
( )

   
( )

 ‖
 ,   -

    {‖     ‖ ,   - ‖  
    

 ‖ ,   -   ‖  
( )

   
( )

‖
 ,   -

} 

                   

In other words, {  }
   

 
, *  

 +   
 ,…, 2  

( )
3
   

 
 are Cauchy sequences in C[a, b]. 

By using lemma (1.1), there exists        ,   -          , such that 

 ( )     
   

  ( )        ,   - 

and  

  ( )     
   

  
( )( )                   ,   -  

But      ,   -, then 

  ( )    ( )  ∫  
 ( )
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Hence  

   
   

∫  
 ( )

 

 

   ∫    
   

  
 ( )

 

 

   ∫  ( )

 

 

    

But 

   
   

∫  
 ( )

 

 

      
   

*  ( )    ( )+   ( )   ( )  

Therefore 

 ( )   ( )  ∫  ( )

 

 

   

and this implies that  

  ( )    ( )       ,   -  

Moreover  

   
   

∫  
  ( )

 

 

   ∫    
   

  
  ( )

 

 

   ∫  ( )

 

 

    

But 

   
   

∫  
  ( )

 

 

      
   

*  
 ( )    

 ( )+    ( )    ( )  

Therefore 

  ( )    ( )  ∫  ( )

 

 

    

This implies that: 

   ( )    ( )      ,   -  

By continuing in this manner, one can get: 

 ( )( )    ( )                     ,   -  

thus     ,   -. So, given any        , …,     , we choose         ,…,     large 

enough such that for        *        ,…,      +  we have  

‖     ‖  ,   -     {‖    ‖ ,   - ‖  
    ‖ ,   -   ‖  

( )
  ( )‖

 ,   -
} 

              

where      *                +.Therefore *  +   
   is convergent sequence to 

     ,   - and this complete the proof.    
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Next, we give the following equivalent lemma. This lemma is a generalization 

of lemma (1.11). 

 

Lemma (1.16): 

The nonlocal initial value problem given by equation (1.20)-(1.22) is 

equivalent to the integral equation: 

 ( )   
 

(   ) 
 ∑   

 

   

∫ (    )    .   ( )   ( )    (   )( )/
  

 

     

 

(   ) 
∫ (   )    .   ( )   ( )    (   )( )/

 

 

        ,   - (    ) 

           [  ∑   

 

   

]

  

  

Proof: 

Let u be the solution of the nonlocal initial value problem given by equations 

(1.20)-(1.22). Then by integrating n-times both sides of equation (1.20) from 0 to 

x, one can get: 

 ( )  ∑
  

  

   

   

 ( )( )  ∫ ∫  

    

 

 

 

∫  .   ( )   (  )    (   )(  )/

  

 

             

    ,   - . 

From the local initial conditions given by equation (1.22) and by using the 

generalization of Cauchy’s formula for an n-fold integrals, [26], then the above 

equation becomes: 

 ( )   ( )  
 

(   ) 
∫ (   )    .   ( )   ( )    (   )( )/

 

 

        (    ) 

and by using the homogenous nonlocal initial condition given by equation (1.21), 

one can get: 

 ( )   ∑    

 

   

(  )  
 

(   ) 
∫ (   )    .   ( )   ( )    (   )( )/
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Then we substitute                     (    )         

 (  )   ( )  
 

(   ) 
∫ (    )    .   ( )   ( )    (   )( )/

  

 

    

             
Hence  

 ( )   ∑   [ ( )  
 

(   ) 
∫ (    )    .   ( )   ( )    (   )( )/

  

 

  ]

 

   

 

 
 

(   ) 
∫ (   )    .   ( )   ( )    (   )( )/

 

 

    

and 

 ( )   ∑   [ ( )  
 

(   ) 
∫ (    )    .   ( )   ( )    (   )( )/

  

 

  ]

 

   

  

So 

 ( )  
  

(  ∑   
 
   )(   ) 

∑   

 

   

∫ (    )    .   ( )   ( )    (   )( )/
  

 

   

 
  

(   ) 
∑   

 

   

∫ (    )    .   ( )   ( )    (   )( )/
  

 

    

Thus  

 ( )  
  

(   ) 
∑   

 

   

∫ (    )    .   ( )   ( )    (   )( )/
  

 

    

 

(   ) 
∫ (   )    .   ( )   ( )    (   )( )/

 

 

    

Therefore u is a solution of the integral equation (1.23). 

Conversely, let u be a solution of the integral equation (1.23), then by 

differentiating equation (1.23) (i)-times, one can get: 

 ( )( )  
 

(     ) 
∫

  

   
(   )      .   ( )   ( )    (   )( )/
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Thus 

  ( )     ( )     (   )( )    

and 

 (   )( )  (   ) 
 

(   ) 
∫  .   ( )   ( )    (   )( )/

 

 

     

 ∫  .   ( )   ( )    (   )( )/
 

 

     

Therefore 

 ( )( )   .   ( )   ( )    (   )( )/       ,   -  

This implies that u is a solution of equation (1.20) that satisfies the local initial 

condition given by equation (1.21). By substituting       into equation (1.23), 

one can obtain: 

∑   (  )

 

   

 

 
  

(   ) 
 ∑  ∑ [  ∫ (    )    .   ( )   ( )    (   )( )/

  

 

  ]

 

   

 

   

  

 

(   ) 
∑[  ∫ (    )    .   ( )   ( )    (   )( )/

  

 

  ]

 

   

 

 
 

(   ) 
[   ∑  

 

   

]∑ [  ∫ (    )    .   ( )   ( )    (   )( )/
  

 

  ]

 

   

 

 
 

(   ) 
∑ [  ∫ (    )    .   ( )   ( )    (   )( )/

  

 

  ]

 

   

   ( )  

 

This implies that u satisfy the homogenous nonlocal initial discrete condition given 

by equation (1.21). Thus u is a solution of the nonlocal initial value problem given 

by equations (1.20)-(1.22).  

 

Next, we give theorem. This theorem is generalization of theorem (1.6) and 

(1.12) to be valid for the nonlocal initial value problem given by equations (1.20)-

(1.22).    
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Theorem (1.17): 

Consider the nonlocal initial value problem given by equations (1.20)-(1.22). 

If the following conditions are satisfied: 

 

(1) There exist               , such that: 

| (            )|  ∑  |  |

 

   

       

( )  (∑  

 

   

)                         [    
 | |∑|  |

 

   

] 

then the nonlocal initial value problem given by equations (1.20)-(1.22) has at least 

one solution. 

Proof: 

Let        ,   -         ,   - be an operator that is defined by  

  ( )     ∑   

 

   

∫
(    )   

(   ) 
 .   ( )   ( )    (   )( )/

  

 

    

 ∫
(   )   

(   ) 
 .   ( )   ( )    (   )( )/

 

 

        ,   -   (    ) 

Let    
     

    (∑   
 
   )

 and assume         *      ,   - | ‖ ‖    ,   -   +. 

Then it is easy to check that    is a nonempty, closed, convex and bounded subset 

of     ,   -. Let u    , then 

|  ( )|  |
  

(   ) 
 ∑   

 

   

∫ (    )    .   ( )   ( )    (   )( )/
  

 

    

 

(   ) 
∫ (   )    .   ( )   ( )    (   )( )/

 

 

  |  
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Hence 

|  ( ) |  
| |

(   ) 
 ∑|  |

 

   

∫ |(    )   | | .   ( )   ( )    (   )( )/|
  

 

   

 
 

(   ) 
∫ |(   )   | | .   ( )   ( )    (   )( )/|

 

 

   

 
| |

(   ) 
 ∑|  |

 

   

∫ |(    )   |
  

 

[∑  | 
(   )( )|

 

   

     ]     

 

(   ) 
∫ |(   )   |

 

 

[∑  | 
(   )( )|

 

   

     ]    

 
| |

(   ) 
 ∑|  |

 

   

∫ |(    )   |
  

 

[∑  ‖ 
(   )‖

 ,   -

 

   

     ]     

 

(   ) 
∫ |(   )   |

 

 

[∑  ‖ 
(   )‖

 ,   -

 

   

     ]     

 
| |

(   ) 
 ∑|  |

 

   

∫ |(    )   |
  

 

[(∑  

 

   

)‖ ‖    ,   -      ]     

 

(   ) 
∫ |(   )   |

 

 

[(∑  

 

   

)‖ ‖    ,   -      ]    

 
| |

  
 ∑|  |

 

   

  
 [(∑  

 

   

)‖ ‖    ,   -      ] 

 
 

  
[(∑  

 

   

)‖ ‖    ,   -      ] 

 
 

  
[(∑  

 

   

)
     

    (∑   
 
   )

     ]     

Therefore 

   ‖  ‖ ,   -                                                                                             (    ) 
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Furthermore 

(  )( )( )  
 

(     ) 
∫ (   )      .   ( )   ( )    (   )( )/

 

 

   

 
 

(     ) 
∫ |(   )     | *∑  ‖ 

(   )‖
 ,   -

 

   

     +
 

 

   

 
 

(     ) 
*(∑  

 

   

)      + 

 
 

(     ) 
[(∑  

 

   

)
     

    (∑   
 
   )

     ]     

Therefore 

‖(  )( )‖
 ,   -

                                                     (    ) 

From inequalities (1.26)-(1.27), one can have: 

‖  ‖    ,   -   . 

Therefore this implies that         and since T is completely continuous, [11]. 

So by using Schauder fixed point theorem, T has a fixed point. This fixed point is a 

solution of the nonlocal problem given by equations (1.20)-(1.22).  

 

 

Next, we give the generalize theorem of theorem (1.8) and (1.13) to be valid 

for the nonlocal initial value problem given by equations (1.20)-(1.22). 
 

Theorem (1.18): 

Consider the nonlocal initial value problem given by equations (1.20)-(1.22). 

If the following conditions are satisfied: 

(1) f satisfy a Lipschitz condition with respect second and third,…,n-th argument , 

that is there exists               , such that that is   

| (            )   (            )|  ∑  

 

   

|     | 
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( ) [∑  

 

   

]   {
 

  
  }               [    

 | |∑|  |

 

   

]  

then the nonlocal initial value problem given by equations (1.20)-(1.22) has a 

unique solution. 
 

Proof: 

From lemma (1.15)     [0,1] is Banach space with respect to the following 

norm 

   ‖ ‖    ,   -     2‖ ‖ ,   - ‖ 
 ‖ ,   -   ‖ (   )‖

 ,   -
 3             ,   -  

Define the operator   as in equation (1.25) and let u       ,   -, then 

|  ( )    ( )|  
| |

(   ) 
 ∑|  |

 

   

∫ |(    )   |
  

 

 

| .   ( )   ( )    (   )( )/   .   ( )   ( )    (   )( )/|    

 
 

(   ) 
 ∑ ∫ |(   )   |

 

 

 

   

 

| .   ( )   ( )    (   )( )/   .   ( )   ( )    (   )( )/|     

 
| |

(   ) 
 ∑|  |

 

   

∫ |(    )   |
  

 

∑  | 
(   )( )   (   )( )|

 

   

   

 
 

(   ) 
 ∑ ∫ |(   )   |

 

 

 

   

∑  | 
(   )( )   (   )( )|

 

   

   

 
 

  
 [    

 | |∑|  |

 

   

] [∑  

 

   

] ‖ (   )   (   )‖
 ,   -

 

 
 

  
 [∑  

 

   

] ‖   ‖    ,   -  
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Therefore 

‖     ‖ ,   -  
 

  
 [∑  

 

   

] ‖   ‖    ,   -                                    (    ) 

Furthermore 

(  )( )( )  
 

(     ) 
∫ (   )      .   ( )   ( )    (   )( )/

 

 

    

This implies that 

|(  )( )( )  (  )( )( )|  
 

(   ) 
 [∑  

 

   

] ‖   ‖    ,   -  

So 

‖(  )( )  (  )( )‖
 ,   -

 
 

(   ) 
[∑  

 

   

] ‖   ‖    ,   -  

                               (    ) 

From inequalities (1.28)-(1.29), one can have: 

 

‖     ‖    ,   -  [∑  

 

   

]   {
 

  
   } ‖   ‖    ,   -  

 Since ,∑   
 
   -   2

 

  
   3     then T is contraction operator. So by using 

Banach fixed point theorem, T has a fixed point. This fixed point is a unique 

solution of the nonlocal problem given by equations (1.20)-(1.22).  

 

Remark (1.19): 

Consider the n-th order non-linear ordinary differential equation (1.20) 

together with the nonhomogenous nonlocal initial discrete condition: 

 ( )  ∑    

 

   

(  )    

and with the homogenous local initial conditions: 

 ( )( )                      
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Then the existence of the solutions for this nonlocal problem can be also discussed 

by using theorems (1.17)-(1.18) by transforming the nonhomogenous nonlocal 

initial condition into homogenous ones. To do this, let 

 ( )   ( )          ,   -  
then 

   ( )   ( )     

 (  )   (  )     

  ( )    ( )      ,   - 

and 

   ( )     ( )      ,   -  

In a similar manner, one can obtain: 

 ( )( )   ( )( )   .   ( )    (   )( )/       ,   -   

Therefore the above nonhomogenous nonlocal initial condition becomes: 

 ( )     ∑   

 

   

, (  )    -    

and this implies that: 

 ( )  ∑   

 

   

 (  )       ∑   

 

   

   

     [  ∑   

 

   

]     
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1.4 Numerical Solutions of Nonlocal Initial Value Problems for the 

Ordinary Differential Equations:       

In this section we use some numerical methods for solving the nonlocal 

problem given by equations (1.1)-(1.2). To do this, we divide the interval 

,   -  into n subintervals with equal step size  , such that      , i= 0,1, …, n  and 

      ,    *       +, k=1,2, …, m. 

 

1.4.1 Euler’s method, [21]: 

The simplest example of a one-step method for the numerical solution of the 

nonlocal initial value problem given by equations (1.1)-(1.2) is Euler’s method. A 

simple derivation of this method proceeds by first integrating the differential 

equation (1.1) between two consecutive mesh points    and      to get: 

         ∫  (   ( ))

    

  

                    

and then applying the rectangle integration rule: 

∫  (   ( ))

    

  

     (     ) 

to get: 

            (     )                                          (    ) 

where     is the numerical solution of the nonlocal initial value problem given by 

equations (1.1)-(1.2) at   . We evaluate equations (1.30) at each i= 0,1, …,     , 

to get the following system of    equations: 
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        (     )                                     

        (     )                                     
 

            (           )                    

            (       )                            

 
              (           )                

            (           )                    

            (       )                            

 
            (           )               }

 
 
 
 
 
 

 
 
 
 
 
 

                                      (    ) 

with (  +1) unknowns                                      By solving the 

above system of equations (1.31) and equation(1.2), using any suitable method to 

find                                        Then we evaluate equation (1.30) at 

each                     to get the numerical solutions            

           

 

To illustrate this method consider the following example. 

 

Example (1.1): 

Consider the nonlocal initial value problem that consists of the first order 

nonlinear ordinary differential equation:  

  ( )    ( )  (                             )   ,   -   

 (    ) 
together with the homogenous nonlocal initial condition: 

 ( )   (
 

  
)   (

 

  
)    (

 

  
)  

   

  
 (

 

  
)                          (    ) 

This example is constructed, such that the exact solution is 

 ( )         3. 
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In this example let   
 

  
, then    

 

  
             Here        

                    In this case, the system of equations (1.31) takes the 

form:  

       
 

  
  

  
  

  
    

       
 

  
  

  
 

  
(     .

 

  
/    .

 

  
/
 
   .

 

  
/
 
  

   .
 

  
/
 
  .

 

  
/
 
 .

 

  
/
 

)     

       
 

  
  

  
 

  
(     .

 

  
/    .

 

  
/
 
   .

 

  
/
 
  

   .
 

  
/
 
  .

 

  
/
 
 .

 

  
/
 

)      

       
 

  
  

  
 

  
(     .

 

  
/    .

 

  
/
 
   .

 

  
/
 
  

   .
 

  
/
 
  .

 

  
/
 
 .

 

  
/
 

)      

       
 

  
  

  
 

  
(     .

 

  
/    .

 

  
/
 
   .

 

  
/
 
  

   .
 

  
/
 
  .

 

  
/
 
 .

 

  
/
 

)      

and together with the homogenous nonlocal discrete condition (1.33), we get a 

system with 6 equations and 6 unknowns, To solve the above system, we use 

MathCAD software package and the results are tabulated in table (1.1).then from 

equation (1.30), one can get the numerical solutions     at                 and 

the results are tabulated in table (1.2). 
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Table (1.1) represents the exact and the numerical solutions for h=
 

  
 of example (1.1). 

i 
xi   u(xi) ui  | (  )    | 

0 

1 

2 

3 

4 

5 

0 

0.067 

0.133 

0.200 

0.267 

0.333 

3 

3.138 

3.284 

3.440 

3.604 

3.778 

3.002 

3.14 

3.286 

3.442 

3.606 

3.78 

           

           

           

            

           

           

    
 

Table (1.2) represents the exact and the numerical solutions for h=
 

  
 of example (1.1). 

i xi   u(xi) ui  | (  )    | 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

0.400 

0.467 

0.533 

0.600 

0.667 

0.733 

0.800 

0.867 

0.933 

1 

3.960 

4.151 

4.351 

4.560 

4.778 

5.004 

5.240 

5.484 

5.738 

6 

3.964 

4.163 

4.400 

4.646 

4.877 

5.18 

5.732 

6.006 

6.134 

6.627 

4.12       

0.012 

0.049 

0.086 

0.099 

0.176 

0.492 

0.522 

0.604 

0.627 

 

1.4.2  The Trapezium Rule, [21]:  

The local truncation error can be reduced by using a more accurate quadrature 

method for finding the integral than Euler's method, for example, the trapezium 

rule: 

∫  (   ( ))

    

  

   
 

 
, (     )   (         )-   

it cannot be used directly as we do not know       The solution is to use the 

forward Euler's method to estimate      as      (     ) in the trapezium rule. To 

get:  

         
 

 
, (     )   (          (     ))-                    (    ) 
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where     is the numerical solution of the nonlocal initial value problem given by 

equations (1.1)-(1.2) at   . We evaluate equations (1.34) at each i= 0,1, …,     , 

to get the following system of    equations: 

      
 

 
[ (     )   (          (     ))]                                                  

      
 

 
[ (     )   (          (     ))]                                                   

 

          
 

 
0 (           )   .                (           )/1         

          
 

 
0 (       )   .            (       )/1                                   

 

            
 

 
0 (           )   .                (           )/1   

 

   

          
 

 
0 (           )   .                (           )/1            

          
 

 
0 (       )   .            (       )/1                                     

 

          
 

 
0 (           )   .                (           )/1    }

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 

(1.35) 

with (  +1) unknowns                                      By solving this 

system that consist equations (1.35) and equation(1.2), by using any suitable 

method to find                                        Then we evaluate 

equation (1.36) at each                     to get the numerical solutions 

                      

To illustrate this method consider the following example. 

 

Example (1.2): 

Consider example (1.1) let   
 

  
, then    

 

  
             Here        

                     In this case, In this case, the system of equations (1.37) 

takes the form:  
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         . 

 

and together with the homogenous nonlocal condition (1.33), we get a system with 

10 equations and 10 unknowns, To solve the above system, we use MathCAD 

software package and from equation (1.34), one can get the numerical solutions     

at                   and the results are tabulated in table (1.3). 

Table (1.3) represents the exact and the numerical solutions for h=
 

  
 of example (1.2). 

i xi   u(xi) ui  | (  )    | 
0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

  

0 

0.033 

0.067 

0.100 

0.133 

0.167 

0.200 

0.233 

0.267 

0.300 

0.333 

0.367 

0.400 

0.433 

0.467 

0.500 

  

3.000 

3.068 

3.138 

3.210 

3.284 

3.361 

3.440 

3.521 

3.604 

3.690 

3.778 

3.868 

3.960 

4.054 

4.151 

4.250 

  

3.00000000 

3.06800000 

3.13800000 

3.21000000 

3.28400000 

3.36100000 

3.44000000 

3.52100000 

3.60400000 

3.69000000 

3.77800000 

3.86800012 

3.96000027 

4.05400998 

4.15100140 

4.25000190 

  

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1.2      

2.7      

9.98      

14       

1.9       
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Chapter Two  

Solutions of Special Types of the Linear Eigenvalue Problems with the 

Nonlocal Integral Conditions   

 

Introduction:   

 The eigenvalue problems with nonlocal conditions are important problems 

that arise in many real life applications like those with local conditions, [4], [17].   

Many researchers studied the eigenvalue problems with nonlocal conditions, say 

Karakostas and Tsamatos in 2002, proved the existence of the solutions for the 

nonlinear eigenvalue problems of the second order nonlinear differential equation 

with the nonlocal integral boundary condition, [19]. The solutions for the linear 

eigenvalue problems of the second order linear differential equation with nonlocal 

integral boundary conditions have been studied by Ciupaila and et al. in 2004, [9]. 

Henderson and Ntouyas in 2007, proved the existence of solutions for the 

nonlinear eigenvalue problems of the n-th order nonlinear differential equation 

with the nonlocal discrete boundary conditions, [18]. Fuyi and Jian in 2010, proved 

the existence of solutions for the nonlinear eigenvalue problems of fourth order 

nonlinear differential equation with the nonlocal integral boundary conditions, 

[14].  

The purpose of this chapter is to find solutions of some special types of the 

linear eigenvalue initial and boundary value problems with the nonlocal integral 

conditions. 

This chapter consists of three sections:  

In section one; we give the solutions for the linear eigenvalue problem of the 

first order linear ordinary differential equations together with the nonlocal initial 

integral condition. 

In section two; we give the solutions for the linear eigenvalue problem of the 

second order linear ordinary differential equations together with the local and the 

nonlocal initial conditions.  

In section three; solutions for the linear eigenvalue problem of the second 

order linear ordinary differential equations together with the local and the nonlocal 

boundary conditions are introduced.  
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2.1 Solutions of Special Types of the Linear Eigenvalue Problems of 

the First Order Ordinary Differential Equation with the Nonlocal 

Initial Integral Condition: 

In this section we give the solutions for the linear eigenvalue problems of the 

first order linear ordinary differential equations together with nonlocal initial 

condition. To do this, consider the linear eigenvalue problem that consists of the 

first order linear ordinary differential equation: 

  ( )       ( )      [   ]                                                             (   ) 

together with the nonlocal initial integral condition: 

 ( )   ∫ ( )  

 

 

                                                                                          (   ) 

where a is any number. It is clear that for any value of      ( )    is a solution of 

the nonlocal initial value problem given by equations (2.1)-(2.2). In this section we 

find the values of the parameter   such that the above nonlocal initial value 

problem has a nonzero solution u. In this case,   is said to be an eigenvalue and u 

is the associated eigenfunction   for the nonlocal initial value problem given by 

equations (2.1)-(2.1). Moreover (   ) is said to be an eigenpair for the nonlocal 

initial value problem given by equations (2.1)-(2.2). To do this we discuss two 

different cases: 

Case 1: 

Assume      then by integrating both sides of equation (2.1) from 0 to x, 

one can get: 

 ( )         [   ] 

where C is an arbitrary constant. By substituting the above equation into equation 

(2.2), one can get: 

 (   )      

Therefore, if     , then     is not an eigenvalue for the nonlocal initial value 

problem given by equations (2.1)-(2.2). But, if    , then       is an eigenvalue 

of the nonlocal initial value problem given by equations (2.1)-(2.2), with the 

corresponding nonzero constant eigenfunction.  
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Case 2: 

Assume     , then the general solution of the differential equation (2.1), is 

 ( )         

where C is any nonzero number. By substituting the solution into equation (2.2), 

one can get: 

            

To solve this equation, one can use any suitable method. To find this root, we 

use MathCAD software package and the results are tabulated down.  

 

Table (2.1) represents the values of    for different values of a 

and the absolute errors. 

a    |        | 

16 

14 

10 

8 

2 

16 

14 

10 

7.997 

1.594 

1.234        

3.748        

5.295        

5.295        

2.191        
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2.2 Solutions of Special Types of the Linear Eigenvalue Problems of 

the Second Order Ordinary Differential Equation with the Nonlocal 

Initial Integral Condition: 

In this section we devote the linear eigenvalue problem that consists of the 

second order linear ordinary differential equation: 

   ( )     ( )         [   ]                                                                      (   ) 

together with the nonlocal initial integral condition: 

 ( )   ∫ ( )  

 

 

                                                                                              (   ) 

and the local initial condition: 

  ( )                                                                                                                (   ) 

where a is any number. It is clear that for any value of      ( )    is a solution of 

the nonlocal initial value problem given by equations (2.3)-(2.5). The linear 

eigenvalue problem here is to find the parameter   for which this problem has a 

nonzero solution u. In this case,   is said to be an eigenvalue and u is the associated 

eigenfunction   for the nonlocal initial value problem given by equations (2.3)-

(2.5). Moreover (   ) is said to be an eigenpair for the nonlocal initial value 

problem given by equations (2.3)-(2.5). To do this, we use the ideas that appeared 

in [9]. So one must consider the following cases: 

Case 1:  

 Assume     . In this case, the general solution of the differential equations 

(2.3) that satisfy the local initial condition given by equation (2.5), takes the form: 

 ( )         [   ] 

where C is any nonzero number. By substituting the above equation into equation 

(2.4), one can get: 

 (   )      
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Therefore, if    , then     is not an eigenvalue of the nonlocal initial value 

problem given by equations (2.3)-(2.5). If      , then       is an eigenvalue of 

the nonlocal initial value problem given by equations (2.3)-(2.5), with the 

corresponding nonzero constant eigenfunction.   

Case 2:  

Assume      , then the general solution of the linear differential equation 

(2.3) takes the form: 

 ( )     
       

          [   ]   

where       are an arbitrary constants  and    √   . But this solution must 

satisfy the local initial condition given by equation (2.5), so  

 ( )        (  )      [   ]       

where C any nonzero number. Further this solution must also satisfy the nonlocal 

initial condition given by equation (2.4) to get: 

      
 

 
    

To solve this equation, one can use any suitable method. To find this root, we 

use MathCAD software package and the results are tabulated in table (2.2). 
 

Table (2.2) represents the values of    for different values of 

a and the absolute errors. 

a   |      
  

  
| 

1/2 

1/3 

1/4 

1/5 

1/9 

2.177 

2.838 

3.264 

3.578 

4.364 

1.273        

3.855        

6.359        

8.743        

7.105        
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Case 3: 

  Assume      , then the general solution of the linear differential equation 

(2.3) takes the form: 

 ( )       (  )       (  )     [   ]  

where       are an arbitrary constants and    √       But this solution must 

satisfy the local initial condition given by equation (2.5), then the above equation  

becomes:  

 ( )      (  )       [   ]  

where C is any nonzero number. Moreover this solution must satisfy the nonlocal 

initial condition given by equation (2.4) to obtain: 

     
 

 
    

To solve this equation, one can use a suitable method. To find this root, we 

use MathCAD software package and the results are tabulated down. 

 

Table (2.3) represents the values of    for different values of 

a and the absolute errors. 

a   |     
  

  
| 

-8 

-5 

2 

4 

8 

 

3.61 

4.906 

1.895 

2.475 

2.786 

 

1.439       

1.259        

2.642        

4.179        

1.777        

 

 



Chapter two                Solutions of Special Types of the Linear Eigenvalue Problems with Nonlocal Integral condition 

- 51 - 
 

2.3 Solutions of Special Types of the Linear Eigenvalue Nonlocal 

Boundary Value Problems of the Second Order Ordinary 

Differential Equation with theNonlocal Initial Integral Condition,[9]: 

In this section we give the solutions for the linear eigenvalue problem of the 

second order linear ordinary differential equation together with the nonlocal initial 

integral condition and local boundary condition. To do this, consider the linear 

eigenvalue problem that consists of the second order linear ordinary differential 

equation: 

   ( )     ( )         [   ]                                                                      (   ) 

together with the nonlocal initial integral condition: 

 ( )   ∫ ( )  

 

 

                                                                                              (   ) 

and with the local boundary condition: 

 ( )                                                                                                                    (   ) 

where a is any number. It is clear that for any values     ( )     is a solution of 

the nonlocal boundary value problem given by equations (2.6)-(2.8). The linear 

eigenvalue problem here is to find the parameter   for which this problem has a 

nonzero solution u. In this case,   is said to be an eigenvalue and u is the associated 

eigenfunction   for the nonlocal boundary value problem given by equations (2.6)-

(2.8). Moreover (   ) is said to be an eigenpair for the nonlocal boundary value 

problem given by equations (2.6)-(2.8).  To do this, one must consider the 

following cases: 

 

Case 1:  

 Assume     . In this case, the general solution of the linear differential 

equations (2.6) that satisfy the local boundary condition given by equation (2.8), 

takes the form: 

 ( )   (   )      [   ]            
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where C is any nonzero number. By substituting the above equation this solution 

into equation (2.7), one can get: 

 *  
 

 
+       

Therefore, if     , then     is not an eigenvalue of the nonlocal boundary 

value problem given by equations (2.6)-(2.8). If    , then       is an 

eigenvalue of the nonlocal boundary value problem given by equations (2.6)-(2.8), 

with the corresponding nonzero constant eigenfunction. 

Case 2:  

Assume    , then the general solution of the differential equation (2.6) 

takes the form: 

 ( )     
       

          [   ]  

where       are any arbitrary numbers and    √   . But this solution must 

satisfy the local and nonlocal conditions given by equations (2.7)-(2.8), to get the 

following system: 

(
  

 

 
(    )   

 

 
(     )

                   

)(

  

  

)  (

 

 

)  

this homogeneous system has a nontrivial solution iff homogeneous  

|
  

 

 
(    )   

 

 
(     )

                   

|     

So 

*  
 

 
(    )+     *  

 

 
(     )+         

and this implies that 

       
 

 
 [       ]      
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But 

           (
 

 
)     (

 

 
)                (

 

 
)  

Thus the above equation becomes: 

    (
 

 
)     (

 

 
)  

 

 
      (

 

 
) 

and hence  

    (
 

 
)  

 

 
  

To solve this equation, one must consider the following cases: 

 

( )                                               (
 

 
)  

 

 
         

 

(  )                                                                  (
 

 
)  

 

 
  

for which    . This root can be found by using any suitable method. To find 

this root, we use MathCAD software package and the results are tabulated 

down. 

Table (1.4) represented the values of    for different values of 

a and the absolute errors. 

a   |    (
 

 
)  

 

 
| 

5/2 

4 

8 

10 

12 

1.776 

3.83 

7.995 

9.999 

12 

1.932        
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Case 3: 

  Assume        , then the general solution of the linear differential equation 

(2.6) takes the form: 

 ( )       (  )       (  )   

where       are any arbitrary numbers and    √     But this solution must 

satisfy the local and the nonlocal conditions given by equations (2.7)-(2.8), to get 

the following system: 

(
  

 

 
     

 

 
[      ]

         

)(

  

  

)  (

 

 

) 

This homogeneous system has a nontrivial solution iff   

|
  

 

 
    

 

 
[      ]

        

|     

So 

*  
 

 
    +       

 

 
[      ]       

and this implies that 

     
 

 
 [                  ]                                            (   ) 

But 

         (
 

 
)    (

 

 
)              (

 

 
)  

Thus equation (2.9), becomes: 

   (
 

 
)    (

 

 
)  

 

 
     (

 

 
) 

and hence  

   (
 

 
)  
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Therefore, for any value of a there exist infinitely roots α of the function   

   ( )  
 

 
. This root can be found by using any suitable method. To find this root, 

we use MathCAD software package and the results are tabulated down. 

 

Table (2.5) represented the values of    for different values of 

a and the absolute errors. 

a   |     
 

 
| 

-10 

-4 

-2 

2 

5 

9.826 

4.578 

10.174  

8.765 

-8.765 

            

            

            

7.105        
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Chapter Three  

Finite Difference Method for Solving Special Types of the Nonlocal 

Problems for Linear Partial Differential Equations 

 

Introduction:   

 The nonlocal initial-boundary value problems involving partial differential 

equations have been a major research area in modern physics, chemistry and 

engineering when it is impossible to determine the boundary values of the 

unknown function, [2]. Many researchers studied these types of problems, from 

them Said and Abdelfatah in 1999, proved the existence and uniqueness of the 

second order hyperbolic equation with one nonlocal integral boundary condition, 

[34]. Rehman in 2009, used five point central finite difference scheme to solve the 

one-dimensional heat equation with two nonlocal linear integral boundary 

conditions, [31].  Ashyralyev and  Necmettin  in 2011, used the finite difference 

scheme for solving the one-dimensional hyperbolic equation with one nonlocal 

linear integral boundary condition, [2] and Borhanifar and et al. in  2011, used the 

finite difference scheme to solve the one-dimensional heat equation with two 

nonlocal non-linear integral boundary conditions, [6].  

 In this chapter we use the finite difference scheme to solve special types of 

the nonlocal initial-boundary value problems.  

This chapter consists of three sections: 

In section one, we use Douglas’s equation and Crank-Niklson finite difference 

scheme for solving the one-dimensional wave equation with two nonlocal linear 

integral boundary conditions. 

In sections two and three, we use Crank-Niklson finite difference scheme for 

solving the one-dimensional hyperbolic and parabolic equations with nonlocal non-

linear integral boundary conditions. 
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3.1 Solutions of the One-Dimensional Wave Equation with the 

Nonlocal Linear Integral Boundary Conditions: 

Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional wave equation: 

         (   )      [   ]      [   ]                                                          (   ) 

together with the local initial conditions: 

 (   )   ( )      [   ]                                                                                     (   ) 

  (    )   ( )      [   ]                                                                                   (   ) 

and the two nonlocal linear  integral boundary conditions: 

 (   )  ∫   

 

 

( )  (   )      ( )      [   ]                                          (   ) 

 (   )  ∫   

 

 

( )  (   )      ( )      [   ]                                          (   ) 

where f is a known continuous  function of x and t,  , r,   ,   ,    and   , are 

known continuous functions that must satisfy the compatibility conditions: 

( )  ( )  ∫   

 

 

( )  ( )     ( )  

( )  ( )  ∫   

 

 

( )  ( )     ( )  

( )  ( )  ∫   

 

 

( )  ( )   
   

  
|
   

   

( )  ( )  ∫   

 

 

( )  ( )   
   

  
|
   

  

In this section we use the finite difference scheme for solving this nonlocal 

initial-boundary value problem given by equations (3.1)-(3.5). To do this, we 

divide the region [   ]  [   ]  into      mesh point with spatial step size 

      in the x-direction and the time step size        respectively, where M 

is positive integer and N is an even positive integer.  
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The mesh points are given by: 

                         

                         

Define the following difference operators, [36]: 

   
                                                                 

  
                                                                   

where       is the numerical solution of the nonlocal initial-boundary value problem 

given by equations (3.1)-(3.5) at the point (     )  

We replaced  (
   

   )
   

 by Douglas’s equation, [36]: 

(
   

   
)

   

 
 

  
*  

  
 

  
   

  
 

  
   

  
 

   
   

   +         

                                  

Then explain equation (3.1) at the point (   ) by:  

 

  
  

      
 

 
[(

   

   
)

     

 (
   

   
)

   

]   (     )   

                                 

Let    
 

 
 , then the above equation can be rewritten as: 

*  
  

 

  
+ [                   ] 

  
  

 
*  

  
 

  
+ [  

  
 

  
  

  
 

  
  

   (  
 ) ] [           ] 

   *  
  

 

  
+  (     )  

  
  

 
[  

  
 

  
  

  
 

  
  

  
 

  
  

  
 

   
  

   (  
 ) ] [           ] 

   *  
  

 

  
+  (     )  
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Hence 

*  
  

 

  
+ [                   ] 

  
  

 
[  

  (
 

   
)  

   (  
 ) ] [           ]    *  

  
 

  
+  (     )  

  
  

 
[  

   (  
 ) ][           ]    *  

  
 

  
+  (     )  

 

where  (  
 )  denotes terms containing six and higher powers of   . Assuming 

these terms are negligible, then the above equation becomes,  

*  
  

 

  
+ (                   )   

    

 
  

 (           )    *  
  

 

  
+   (     )  

After simple computations, one can have: 

(     )          (       )        (     )                    (   ) 

where 

      (     )        (       )      (     )                  

                       [ (       )     (     )   (       ) ]  

                                     

By substituting  x=   in equation (3.2), one can obtain: 

      (  )                               

On the other hand, approximate equation (3.3) by using the forward finite 

difference formula to get: 

        (  )                                                                                     (   ) 
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The integrals in equations (3.4)-(3.5) can be approximated by using some 

quadrature rules say Simpson's 1/3 rule, to obtain: 

                                               (    )

                                               (    )
                     

(   ) 

where 

         (  )                             (  )      

           (  )                               (  )         

               (     )               (     )         
 

 
      

            (   )                           (   )                           
 

 
     

Therefore equations (3.6) and (3.8) can be written in the matrix form: 

[
 
 
 
 
 
 
            

   
   

 

                

   
   

      
   
   

            

 

   
   

                ]
 
 
 
 
 
 

 

[
 
 
 
 
 
 

      

      

      

 
 

        

      ]
 
 
 
 
 
 

 

[
 
 
 
 
 
 
     (    )

    

    

 
      

     (    )]
 
 
 
 
 
 

      (   ) 

where                     This linear system can be solved by using 

any suitable method to find the numerical solutions     ,  i=0,1,…,N,  j=2,3,…,M  

of  the nonlocal problem given by equations (3.1)-(3.5). 

 

To illustrate this method consider the following examples. 
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Example (3.1): 

 Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional wave equation: 

                [   ]      [   ]                                                         (    ) 

together with the local initial conditions: 

 (   )       [   ]                                                                            (    ) 

  (   )      [   ]                                                                           (    ) 

and the nonlocal linear integral  boundary conditions: 

 (   )  ∫  
 

 

 (   )    
   (   )    

 
                     [   ]       (    ) 

 (   )  ∫
 

 

 

 

 (   )    
 (   )  (   )    

 
        [   ]       (    ) 

This example is constructed, such that the exact solution is 

 (   )       . 

Let N= M=4, then we get     
 

 
         

 

 
     

 

 
              . 

From equation (3.11), one can have: 

      (  )
  (

 

 
)
 

 
  

  
               

Therefore 

             
 

  
        

 

 
        

 

  
               

By using equation (3.7), equation (3.12), can be approximated as: 

      
 

 
 

  

  
               

Hence 

     
 

 
        

 

  
        

 

 
        

  

  
        

 

 
   



Chapter Three               Finite Difference Method for Solving Special Types of the Nonlocal Problems for Linear PDE 

- 62 - 
 

Now, for j=1, equation (3.9) takes the following form: 

[
 
 
 
 
   
  
   
   
     

      
  

     
  

       

      
  
    
  

      

      
   
  
  

        

    
 

 
  

      
      ]

 
 
 
 

 

[
 
 
 
 
    

    

    
    

    ]
 
 
 
 

 

[
 
 
 
 
       
      
      
      

       ]
 
 
 
 

  

This system can be easily solved by using any suitable method to find the 

numerical solutions     ,             that are tabulated down in table (3.1). 

Next, we substitute j=2 in equation (3.9) and solving the resulting linear system of 

equations to get the numerical solutions     ,            . By continuing in this 

manner one can get the numerical solutions     ,            . These numerical 

solutions are tabulated down in table (3.1). 

 

Table (3.1) represents the exact and the numerical solutions for h=k=
 

 
 of example (3.1). 

i   j xi tj  u(xi,t2) ui,2 

0 

1 

2 

3 

4 

 

 

2 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

0.50 

 

 0.5000 

0.5625 

0.7500 

1.0625 

1.5000 

0.46781 

0.5547 

0.7481 

1.0260 

1.4995 

0 

1 

2 

3 

4 

 

 

3 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

0.75 

 

 0.7500 

0.8125 

0.1000 

1.3125 

1.7500 

0.5477 

0.7399 

0.9500 

1.2391 

1.5395 

0 

1 

2 

3 

4 

 

 

4 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

1.00 

 

 1.0000 

1.0625 

1.2500 

1.5625 

2.0000 

0.7845 

0.9139 

1.0791 

1.3862 

1.8579 
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Now if we take N=20 and M=40, then h=
 

  
   

 

  
   

 

 
       

 

  
     

 

  
                             . By following the same previous steps one can 

get some of the numerical solutions that are tabulated in table (3.2). In table (3.3) 

we take different values for h and k and the values of the absolute errors at some 

special values. 

 

 

Table (3.2) represents the exact and the numerical solutions for h=
 

  
, k=

 

  
 

of example (3.1). 

i   j xi tj u(xi, t2) ui,2 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

 

 

2 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

 

 

0.05 

 

0.0500 

0. 0525 

0. 0600 

0.0725 

0.0900 

0.1125 

0.1400 

0.1725 

0.2100 

0.2525 

0.3000 

0.0494 

0. 0525 

0. 0600 

0.0725 

0.0900 

0.1125 

0.1400 

0.1725 

0.2100 

0.2525 

0.3000 

 
 

Table (3.3) represent the absolute errors for spatial values for h and k of 

example (3.1). 

h k r xi t2 | (     )      | 

 

0.1 

 

0.1 

 

 

1 

0.2 

0.5 

1 

 

0.2 

 

2.56       

6.471      

1.949      

 

0.005 

 

0.025 

 

 

5 

0.2 

0.5 

1 

 

0.05 

 

1.753       

4.665       

9.360      
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Example (3.2): 

 Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional wave equation: 

             ( )      [   ]      [   ]                                                (    ) 

together with the local initial conditions: 

 (   )         [   ]                                                                                      (    ) 

  (   )         [   ]                                                                                     (    ) 

and the nonlocal linear integral  boundary conditions: 

 (   )  ∫  (   )    
 

 

 
    ( )

 
      [   ]                                                (    ) 

 (   )  ∫   
 

 

 (   )    
     ( )

 
      [   ]                                         (    ) 

This example is constructed, such that the exact solution is 

 (   )        ( ). 

Now if we take N=100 and M=40, then we get h=
 

   
   

 

  
        , 

   
 

   
      

 

  
                          

From equation (3.16), one can have: 

                     

By using equation (3.7), equation (3.17), can be approximated as: 

      
 

    
                

Hence 

              
 

    
             

 

  
   

By following the same previous steps one can get some of the numerical solutions 

that are tabulated in table (3.4), in table (3.5) we take different values for h and k 

and the values of the absolute errors at some special values.  
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Table (3.4), represents the exact and the numerical solutions for h=
 

   
, k=

 

  
of 

example (3.2). 

i   j xi tj u(xi,t2) ui,2 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

 

 

2 

0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

0.08 

0.09 

0.10 

 

 

0.05 

 

0.0000 

0.0005 

0.0010 

0.0015 

0.0020 

0.0025 

0.0030 

0.0040 

0.0045 

0.0050 

0.0055 

0.0000 

0. 0005 

0. 0010 

0.0015 

0.0020 

0.0025 

0. 0030 

0.0040 

0. 0045 

0.0050 

0.0055 

 

Table (3.5), represent the absolute errors for spatial values for h and k of 

example (3.2). 

h k r xi t2 | (     )      | 

 

0.1 

 

0.1 

 

 

1 

0.2 

0.5 

1 

 

0.2 

 

3.129      

3.276      

1.313      

 

0.005 

 

0.025 

 

25 

0.2 

0.5 

1 

 

0.05 

 

1.0125      

1.9511      

2.4661      
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3.2 Solutions of the One-Dimensional Hyperbolic Equation with the 

Nonlocal Non-Linear Integral Boundary Conditions: 

Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional hyperbolic equation: 

   (   ) 

   
 

 

  
[ ( ) 

  (   ) 

  
]   (   )      [   ]      [   ]                (    ) 

together with the local initial conditions: 

 (   )   ( )      [   ]                                                                                  (    ) 

  (    )   ( )      [   ]                                                                                (    ) 

and the  nonlocal non-linear  integral boundary conditions: 

 (   )  ∫   

 

 

( )   (   )      ( )      [   ]                                      (    ) 

 (   )  ∫   

 

 

( )   (   )      ( )      [   ]                                      (    ) 

where         are known constants, f is a known continuous function of x 

and t , a is a known continuous function of x,  d,   ,    ,    ,     and  r are known 

continuous functions that must satisfy the compatibility conditions: 

( )  ( )  ∫   

 

 

( ) [ ( )]       ( )  

( )  ( )  ∫   

 

 

( ) [ ( )]       ( )  

( )  ( )   ∫   

 

 

( )[ ( )]    ( )   
   

  
|
   

  

( )  ( )   ∫   

 

 

( )[ ( )]    ( )   
   

  
|
   

  

In this section, we used Crank-Niklson finite difference scheme for finding 

the solutions of the nonlocal initial-boundary value problem given by equations 

(3.20)-(3.24). To do this, we divide the region [ ,  ]   [0, T]  into      mesh 

points with spatial step size       in the x-direction and the time step size 

         respectively, where M is positive integer and N is even positive 

integers.  



Chapter Three               Finite Difference Method for Solving Special Types of the Nonlocal Problems for Linear PDE 

- 67 - 
 

The mesh points are given by: 

                                            

                                                   

Define the following difference operators, [36]: 

   (     )                                                                   

  
  (     )                                                       

  
  (     )                                                         

where       is the numerical solution of the nonlocal problem given by equations 

(3.20)-(3.24) at the point (     )  We replaced  (
   

   )
   

 by the mean of its finite 

difference representation on the (j+1)-th and j-th time rows: 

(
   

   
)

   

 
 

   
[  

  (     )    
  (       )]     

                                

Then we approximate equation (3.20) at the point (   ) by  

 

     
       

  (  )

 
        

 (  )

   
[  

  (           )]   (     )    

                                  

      
 

 
                                      

    (  )          [   (  ) 
 ]          (  )               

                                    (    ) 

where 

        (  )        *     (  )  
   

 
  (  )+       

*   (  )   
   

 
  (  )+                    (     )  
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By substituting  x=   in equation (3.21), one can obtain: 

       (  )            

then we approximate equation (3.22) by using forward finite difference formula to 

get: 

         (  )                                                                           (    ) 

Now, by using Taylor’s expansion for the nonlinear functions    (       ) and 

  (       ) about the point (     ), one can have: 

       
 

       
 

        
        

  
   (  ) 

and 

      
 

       
 

        
        

  
   (  ) 

respectively,  where  (  )  denotes terms containing second and higher powers of 

k. But  

     

  
  

            

 
  

Therefore, one can get:  

      
 

 (   )    
 

      
   

         

      
 

 (   )    
 

      
   

         

                                (    ) 

Moreover the integrals that appeared in equations (3.23)-(3.24) can be 

approximated by using some quadrature rules say Simpson's 1/3 rule, to obtain: 

       
 

 
[  (  )      

 
     (  )      

 
    (  )      

 
    

  (  )      
 

]    (    )                       (    ) 

and 

       
 

 
[  (  )      

 
     (  )      

 
    (  )      

 
    

  (  )      
 

]    (    )                       (    ) 
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By substituting equations (3.27) in equations (3.28) and (3.29), one can get: 

                                                               (    ) 

and 

                                                               (    ) 

where 

         (  )    
   

                          

         (  )    
   

                                

             (  )    
   

                      
 

 
                 

             (  )    
   

                      
 

 
                 

             (  )    
   

                       
 

 
                 

             (  )    
   

                       
 

 
                 

         (  )    
   

                                 

         (  )    
   

                            

     (   )   (  )    
 

  (   )   (  )    
 

  (   )   (  )    
 

 

   (   )   (  )    
 

     (    )                

and 

     (   )   (  )    
 

  (   )   (  )    
 

  (   )   (  )    
 

 

   (   )   (  )    
 

     (    )                 
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Therefore equations (3.25), (3.30) and (3.31) can be written in the matrix form: 

[
 
 
 
 
 
 
            

      

     

 

                

         
         

      
   
   

            

 

         
          

                ]
 
 
 
 
 
 

 

[
 
 
 
 
 
 

      

      

      

 
 

        

      ]
 
 
 
 
 
 

 

[
 
 
 
 
 
 

    

    

    

 
      

    ]
 
 
 
 
 
 

     (    )  

where        (  )     [     (  )]          ,               .This 

linear system can be solved by using any suitable method to find the numerical 

solutions     ,            ,             of the nonlocal problem given by 

equations (3.20)-(3.24). 

  

To illustrate this method consider the following examples. 

 

Example (3.3): 

Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional wave equation: 

                [   ]      [   ]                                                          (    ) 

together with the local initial conditions: 

 (   )           [   ]                                                                                    (    ) 

  (   )         [   ]                                                                                    (    ) 

and the nonlocal non-linear integral  boundary conditions: 

 (   )  ∫  
 

 

  (   )    
   (   )    

 
       [   ]                     (    ) 

 (   )  ∫
 

 

 

 

  (   )    
  (   )  (   )    

  
       [   ]     (    ) 

This example is constructed such that the exact solution is 

 (   )        . 
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Let N= M=4, then we get     
 

 
         

 

 
     

 

 
              . From 

equation (3.34), one can get: 

      (  )
  (

 

 
)
 

 
  

  
               

Therefore 

             
 

  
        

 

 
        

 

  
               

By using equation (3.26), equation (3.35), can be approximated as: 

      
 

 
 

  

  
               

Hence 

     
 

 
        

 

  
        

 

 
        

  

  
        

 

 
   

Now, for j=1, equation (3.32) takes the following form: 

[
 
 
 
 
   
  
   
   
     

        
 

     
  

        

        
  
   
  

       

        
   
  
   

         

      
 

 
  

      
       ]

 
 
 
 

 

[
 
 
 
 
    

    

    
    

    ]
 
 
 
 

 

[
 
 
 
 
       

 
     

 
       ]

 
 
 
 

  

This system can be easily solved by using any suitable method to find the 

numerical solutions     ,             that are tabulated down in table (3.6). 

Next, we substitute j=2 in equation (3.32) and solving the resulting linear system of 

equations to get the numerical solutions     ,            . By continuing in this 

manner one can get the numerical solutions     ,            . These numerical 

solutions are tabulated down in table (3.6). 
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Table (3.6) represents the exact and the numerical solutions for h=k=
 

 
 of example (3.3). 

i   j xi tj  u(xi,t2) ui,2 

0 

1 

2 

3 

4 

 

 

2 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

0.5 

 

 0.5000 

0.5625 

0.7500 

1.0625 

1.5000 

0.4492 

0.5478 

0.7421 

1.0455 

1.4398 

0 

1 

2 

3 

4 

 

 

3 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

0.75 

 

 0.7500 

0.8125 

0.1000 

1.3125 

1.7500 

0.6744 

0.7614 

0.9592 

1.2481 

1.6352 

0 

1 

2 

3 

4 

 

 

4 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

1 

 

 1.0000 

1.0625 

1.2500 

1.5625 

2.0000 

0.8001 

1.1395 

1.3169 

1.8046 

2.2810 

 

 

Now if we take N=20 and M=40, then h=
 

  
   

 

  
   

 

 
       

 

  
     

 

  
                             . By following the same previous steps one can 

get some of the numerical solutions that are tabulated in table (3.7).  

In table (3.8) we take different values for h and k and the values of the absolute 

errors at some special values.  
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Table (3.7) represents the exact and the numerical solutions for h=
 

  
, k=

 

  
 

of example (3.3). 

i   j xi tj u(xi, t2) ui,2 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

 

 

2 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

 

 

0.05 

 

0.0500 

0. 0525 

0. 0600 

0.0725 

0.0900 

0.1125 

0.1400 

0.1725 

0.2100 

0.2525 

0.3000 

0.0497 

0. 0525 

0. 0600 

0.0725 

0.0900 

0.1125 

0.1400 

0.1725 

0.2100 

0.2525 

0.3000 

 

 
Table (3.8) represent the absolute errors for spatial values for h and k of 

example (3.3). 

h k r xi t2 | (     )      | 

 

0.1 

 

0.1 

 

 

1 

0.2 

0.5 

1 

 

0.2 

 

5.7       

1.5       

5.2      

 

0.005 

 

0.025 

 

 

5 

0.2 

0.5 

1 

 

0.05 

1.516       

1.110       

2.565      
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Example (3. 4): 

Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional hyperbolic equation: 

    (   )                 [   ]      [   ]                                      (    ) 

together with the local initial conditions: 

 (   )           [   ]                                                                                      (    ) 

  (   )          [   ]                                                                                      (    ) 

and the nonlocal non-linear  boundary conditions: 

  (   )  ∫   
 

 

  (   )    
              

 
      [   ]                         (    ) 

 (   )  ∫  
 

 

  (   )    
  (   )       (    )

 
       [   ]                 (    ) 

This example is constructed such that the exact solution is 

 (   )         
 

Let N=1000 and M=500, then we get h=
 

    
   

 

   
          

 

    
, 

    
 

   
                            

From equation (3.39), one can have: 

                            

Therefore 

                                      

By using equation (3.7), equation (3.40), can be approximated as: 

      (     )                        

Hence 
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By following the same previous steps one can get some of the numerical solutions 

that are tabulated in table (3.9), in table (3.10) we take different values for h and k 

and the values of the absolute errors at some special values.  

 

Table (3.9) represents the exact and the numerical solutions for h=
 

    
, k=

 

   
 

of example (3.4). 

i   j xi tj u(xi,t2) ui,2 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

 

 

2 

0.000 

0.001 

0.002 

0.003 

0.004 

0.005 

0.006 

0.007 

0.008 

0.009 

0.010 

 

 

0.004 

 

1.0040 

1.0050 

1.0060 

1.0070 

1.0080 

1.0090 

1.0100 

1.0110 

1.0120 

1.0130 

1.0141 

1.0040 

1.0050 

1.0060 

1.0070 

1.0080 

1.0090 

1.0100 

1.0111 

1.0121 

1.0131 

1.0141 

 

 

Table (3.10) represent the absolute errors for spatial values for h and k of 

example (3.4). 

h k r xi t2 | (     )      | 

 

0.1 

 

0.1 

 

 

1 

0.2 

0.5 

1 

 

0.2 

 

5.35      

1.51      

7.66      

 

0.001 

 

0.005 

 

5 

0.2 

0.5 

1 

 

0.01 

 

1.145      

6      
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3.3 Solutions of the One-Dimensional Parabolic Equation with the 

Nonlocal Non-Linear Integral Boundary Conditions: 

Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional parabolic equation: 

  (   ) 

  
 

 

  
[ ( ) 

  (   ) 

  
]   (   )      [   ]      [   ]               (    ) 

together with the local initial condition: 

 (   )   ( )      [   ]                                                                                (    ) 

and the  nonlocal non-linear  integral boundary conditions: 

 (   )  ∫   

 

 

( )   (   )      ( )         [   ]                                   (    ) 

 (   )  ∫   

 

 

( )   (   )      ( )           [   ]                                  (    ) 

where         are known constants, f is a known continuous function of x 

and t , a is a known continuous function of x, d,   ,    ,     and     are known 

continuous functions that must satisfy the compatibility conditions: 

( )  ( )  ∫   

 

 

( ) [ ( )]       ( )  

( )  ( )  ∫   

 

 

( ) [ ( )]       ( )  

In this section, we used Crank-Niklson finite difference scheme for finding 

the solutions of the nonlocal initial-boundary value problem given by equations 

(3.43)-(3.46). To do this, we divide the region [ ,  ]   [0, T]  into      mesh 

points with spatial step size       in the x-direction and the time step size 

         respectively, where M is positive integer and N is even positive 

integers.  
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The mesh points are given by: 

                 

                         

Define the following difference operators, [36]: 

   (     )                                                                   

  
  (     )                                                       

  
  (     )                                                         

where      is the numerical solution of the nonlocal problem given by equations 

(3.43)-(3.46) at the point (     )  We           (
   

   )
   

 by the mean of its finite 

difference representation on the (j+1)-th and j-th time rows: 

(
   

   
)

   

 
 

   
[  

  (     )    
  (       )]     

                                

Then we approximate equation (3.43) at the point (   ) by:  

 

 
        

  (  )

 
       

 (  )

   
[  

  (           )]   (     )   

                                  

      
 

 
                                      

   (  )          [   (  ) ]         (  )               

                                    (    ) 

where 

       (  )        [    (  )  
 

 
  (  )]       

[  (  )   
 

 
  (  )]            (     )    
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By substituting  x=   in equation (3.44), one can obtain: 

       (  )               

Now, by using Taylor’s expansion for the nonlinear functions    (       ) and 

  (        ) about the point (     ), one can have: 

       
 

       
 

        
        

  
   (  ) 

and 

      
 

       
 

        
        

  
   (  ) 

respectively. But  

     

  
  

(            )

 
    

Therefore, one can get:  

      
 

 (   )    
 

      
   

         

      
 

 (   )    
 

      
   

         

                                  (    ) 

the integrals in equations (3.45)-(3.46) can be expressed some quadrature rules 

such as Simpson 1/3 rule, to obtain: 

       
 

 
[  (  )      

 
     (  )      

 
    (  )      

 
    

  (  )      
 

]    (    )                     (    ) 

and 

       
 

 
[  (  )      

 
     (  )      

 
    (  )      

 
    

  (  )      
 

]    (    )                    (    ) 
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By substituting equations (3.48) in equations (3.49) and (3.50), one can get: 

                                                               (    ) 

and 

                                                                (    ) 

where 

         (  )    
   

                           

         (  )    
   

                                

             (  )    
   

                      
 

 
                 

             (  )    
   

                      
 

 
                 

             (  )    
   

                       
 

 
                 

             (  )    
   

                       
 

 
                 

         (  )    
   

                                 

         (  )    
   

                            

     (   )   (  )    
 

  (   )   (  )    
 

  (   )   (  )    
 

 

   (   )   (  )    
 

     (    )                

and 

     (   )   (  )    
 

  (   )   (  )    
 

  (   )   (  )    
 

 

   (   )   (  )    
 

     (    )                  
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Therefore equations (3.47), (3.51) and (3.52) can be written in the matrix form: 

[
 
 
 
 
 
 
            

      

     

 

                

         
         

      
   
   

            

 

         
          

                ]
 
 
 
 
 
 

 

[
 
 
 
 
 
 

      

      

      

 
 

        

      ]
 
 
 
 
 
 

 

[
 
 
 
 
 
 

    

    

    

 
      

    ]
 
 
 
 
 
 

     (    )  

where        (  )     [    (  )]            ,              . This 

linear system can be solved by using any suitable method to find the numerical 

solutions     ,             ,              of the nonlocal problem given by 

equations (3.43)-(3.46). 

 

To illustrate this method consider the following examples. 
 

Example (3.5): 

Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional heat equation: 

        (    )      [   ]      [   ]                                                 (    ) 

together with the local initial condition: 

 (   )          [   ]                                                                                       (    ) 

and the nonlocal non-linear integral  boundary conditions: 

 (   )  ∫   
 

 

 (   )    
    (    )    

 
      [   ]                    (    ) 

 (   )  ∫    
 

 

  (   )    
 (    )  (    )    

 
      [   ]    (    ) 

This example is constructed such that the exact solution is 

 (   )        . 
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Let N=4 and M=100, then we get   
 

 
   

 

   
            

 

 
     

 

 
 ,  

                           From equation (3.55), we obtain: 

      (  )
  (

 

 
)
 

 
  

  
               

Therefore 

             
 

  
        

 

 
        

  

  
               

 

In this case equation (3.53) takes the form: 

[
 
 
 
 

   
     

   
   
     

      
    

        
  

        

        
     
     
     
       

        
   

     
    

         

      
 

 
  

         
       ]

 
 
 
 

 

[
 
 
 
 
    

    

    
    

    ]
 
 
 
 

 

[
 
 
 
 
       
      
      
      

       ]
 
 
 
 

  

 

This system can be easily solved by using any suitable method to find the 

numerical solutions     ,             that are tabulated down in table (3.11). 

Next, we substitute j=1 in equation (3.53) and solving the resulting linear system of 

equations to get the numerical solutions     ,            . By continuing in this 

manner one can get the numerical solutions     ,            . These numerical 

solutions are tabulated in table (3.11). 

In table (3.12) we take different values for h and k and the values of the absolute 

errors at some special values.  
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Table (3.11) represents the exact and the numerical solutions for h=
 

 
 k=

 

   
 of 

example (3.5). 

i   j xi tj  u(xi,t2) ui,2 

0 

1 

2 

3 

4 

 

 

2 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

0.01 

 

0.0001 

0.0157 

0. 1251 

0. 4220 

1.0001 

0.0190 

0.0172 

0.1262 

0.4349 

1.1856 

0 

1 

2 

3 

4 

 

 

3 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

0.02 

 

0.0003 

0.0159 

0. 1253 

0. 4222 

1.0003 

0.0195 

0.0180 

0.1264 

0.4351 

1.1858 

0 

1 

2 

3 

4 

 

 

4 

0.00 

0.25 

0.50 

0.75 

1.00 

 

 

0.03 

 

0.0004 

0.0160 

0. 1254 

0. 4223 

1.0005 

0.0022 

0.0185 

0.1270 

0.436 

1.1862 

 

 

Table (3.12) represent the absolute errors for spatial values for h and k of example (3.5). 

h k r xi t1 | (     )      | 

 

0.05 

 

0.025 

 

 

10 

0.25 

0.75 

1 

 

0.025 

5.8208      

6. 4731      

8. 3461      

 

0.05 

 

0.0025 

 

 

5 

0.25 

0.75 

1 

 

0.0025 

6. 2540      

6.4417      

1.4507      
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Example (3.6): 

Consider the nonlocal initial-boundary value problem that consists of the one-

dimensional parabolic equation: 

   (   )                 [   ]      [   ]                                       (    ) 

together with the local initial condition: 

 (   )       [   ]                                                                                 (    ) 

and the nonlocal non-linear  boundary conditions: 

  (   )  ∫   
 

 

  (   )    
              

 
       [   ]                     (    ) 

 (   )  ∫    
 

 

  (   )    
  (   )       (    )

 
      [   ]            (    ) 

This example is constructed such that the exact solution is 

 (   )         

Let N=20 and M=40, then we get h=
 

  
   

 

  
          

 

  
     

 

  
  

                        

From equation (3.59), one can have: 

                          

Therefore 

                                     

By following the same previous steps one can get some of the numerical solutions 

that are tabulated in table (3.13), in table (3.14) we take different values for h and k 

and the values of the absolute errors at some special values.  
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Table (3.13) represents the exact and the numerical solutions for h=
 

  
, k=

 

  
 of 

example (3.6). 

i   j xi tj u(xi,t1) ui,1 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

 

1 

0.0000 

0.0500 

0.1000 

0.1500 

0.2000 

0.2500 

0.3000 

0.3500 

0.4000 

0.4500 

0.5000 

 

0.025 

 

 

 

 

 

 

 

1.0250 

1.0763 

1.1302 

1.1868 

1.2464 

1.3090 

1.3749 

1.4441 

1.5168 

1.5933 

1.6737 

1.0292 

1.0808 

1.1357 

1.1938 

1.2549 

1.3191 

1.3867 

1.4577 

1.5323 

1.6108 

1.6933 

 

 

Table (3.14) represent the absolute errors for spatial values for h and k of 

example (3.6). 

h k r xi t1 | (     )      | 

 

0.1 

 

0.1 

 

 

10 

0.2 

0.5 

1 

 

0.1 

91       

76       

18      

 

0.05 

 

0.005 

 

2 

0.2 

0.5 

1 

 

0.005 

2.5      

4.0      

  1. 7      

 

Remark (3.7): 

The finite difference method can be also used to solve the nonlocal initial-

boundary value problem that consists of the m-dimensional hyperbolic equation: 

   (            ) 

   
 ∑

 

   

 

   

[  (          ) 

  (            ) 

   
] 

  (            )      [     ]                [   ] 
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together with the local initial conditions: 

 (            )   (          )                  [     ]                   

  (             )   (          )                 [     ]                 

and the 2m nonlocal non-linear  integral boundary conditions: 

 (                           ) 

 ∫     

  

  

(          )    (            )         ( )  

                       [   ]  

 (                           ) 

 ∫     

  

  

(          )    (            )         ( )  

                           [   ] 

where           are known constants, f is a known continuous function of    

and t , a is a known continuous function of   ,  d,     ,           ,       and  r are 

known continuous functions that must satisfy the compatibility conditions: 
 

( )  (                         )

 ∫     

  

  

(          ) [ (          )]           ( ) 

( )  (                         )

 ∫     

  

  

(          ) [ (          )]           ( ) 

( )  (                         )   

  ∫     

  

  

(          )[ (          )]     (          )    
     

  
|
   

 

( )  (                         )   

  ∫     

  

  

(          )[ (          )]     (          )    
     

  
|
   

 

To do this one can see, [20]. 
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Conclusions and Recommendations  

 

From the present study, we can conclude the following:  

(1) The nonlocal problems are generalization for the local ones. So the existence 

and uniqueness theorems given in this work are generalization of the ones that 

are used for local problems.  

(2) It's known that the eigenvalues of the first and second order linear ordinary 

differential equations together with the homogenous local initial condition 

does not exist since such problems has only the trivial solution. But with the 

nonlocal initial condition the eigenvalues exist since such problems it has 

nontrivial solution.    

(3) The finite difference method for solving the initial-boundary value problems 

that consists of the multi-dimensional hyperbolic and parabolic equations with 

2m- nonlocal non-linear integral boundary conditions is a method that based 

on Crank-Niklson scheme and Taylor’s expansion. It's an effective technique 

for transforming the nonlinear system of equations to a linear system that can 

be solved easily by using any suitable method and it gave an acceptable 

results. 

Also, we recommend the following for future work: 

(1) Try to use Leray-Schauder fixed point theorem or any other types of fixed 

point theorems to discuss the existence of the solutions for the nonlocal 

initial value problem of the n-th order non-linear ordinary differential 

equations.  

(2) Discuss the existence and the uniqueness for the one-dimensional 

hyperbolic and parabolic differential equations with the nonlocal non-linear 

integral boundary conditions. 

(3) Devote another types for the nonlocal problems say, the nonlocal problems 

for the delay differential equations and integro-differential equations. 
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 الوستخلص

 

تظهةز ػٌةوهئ تنةىى  ةين الوالة  الوؼيةئل رةط الشةزوط  للوسةئل  الحوويةة  او اتدتوالية  لاهحلية لالشزوط ا

 لاهحلي . لالوسئل  تؼزف دئلوسئل  اهذٍ الحووية  او اتدتوالي  هزتبي  هغ  ين هي ياخ  الوجئل. و

  وراس  شولت الوحئور التئلي  :ال هذٍ لاهحلي .لالهوف هي هذا الؼو  هى يراس  دؼض اًىاع الوسئل  ا

للوؼةئيت  التائلةلي  اتػتيئيةة   لحلةىل دؼةض الوسةئل   اللاهحلية  اتدتوالية الىجةىي والىدواًية   هٌئ ش ( 1) 

 ؼويةة ال دؼةض اليةز  صةئهول. دئتلةئر  الةل  لة دئستخوام دؼض ًظزةئ  الٌقي  ال اللاخيي  و الخيي 

 . للاخيي وا الخيي  اتػتيئية  التائللي  للوؼئيت  اتدتوالي  اللاهحلي   الوسئل  دؼضاستؼولت لح  

التائلةلي  للوؼةئيت  القةين الذاتية  لوسةئل  وسةئل  اللاهحلية  اتدتوالية  والحوويةة  ال( اػيئء الحلىل لبؼض 2)

 .تػتيئية  الخيي  ا

الزالةو   هؼةئيت  القيةغ تشَْةو  اتدتوالية  التةط-الحوويةة  نالقةي هسةئل  لحة  ؼوية ال دؼض اليز استؼوئل   (3)

 هةذٍ .لاخيية ال هحلية اللا تنئهلية    الحوويةةال شةزوطال اثٌةيي هةي هَةغ  ا  البؼةو الىادةو والقيةغ الونةئر 

دؼةض  و  تىسيغ تةئةلز,  الوٌتهي  للازو ئ  يًينلس كزاً  طزةق  ,هؼئيل  يوغلاس  ػلل تؼتوو  اليزةق 

 .    سيوبسي  التزديؼي   كيزةق    زيال



 راقــورية العــجمه
 وزارة التعليم العالي والبحث العلمي

 نــريــــــة النهـامعــــج
 ة العلومــكلي

 وتطبيقات الحاسوباضيات ـقسم الري
 

 

 والحدودية الابتدائية المسائل طرق لحلبعض ال
اللامحليةشروط مع   
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