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Summary

The main objective of this thesis is to study and solve the Volterra
integral and integro-differential equation and some scientific models for real
life problems.

This objective may be divided into three sub objectives, as follows:

The first one is to classify and study the subject of the integral equations
and to supply the basic definitions related to the Volterra integral and integro-
differential equations.

In the second sub objective we used the " dafterdar-jafari method " to
solve Volterra integral and integro-differential equations.

The third sub objective is to introduce another iterative method which is
called the power series method to provide a solution of the Volterra integral
and integro-differential equations.

Finally, the application of the dafterdar-jafari method and the power
series method are presented for finding the analytic and approximate solution
for some real life scientific problems, namely, Volterra’s population model, the
hybrid selection model, Riccati equation and the logistic model. Also, it is
important to remark that the computer programs are coded using the computer

software Mathematica.8.



List of Symbols and Abbreviations

ADM Adomian Decomposition Method.
a The birth rate coefficient.

b The crowding coefficient.

c The toxicity coefficient.

a(x), b(x), c(x) Continuous functions.

DIJM Dafterdar-Jafari Method

HPM Homotopy Perturbation Method

VP Initial VValue Problem.

K Non-dimensional parameter.

PSM Power Series Method

P(T) The population size at time T.

Po The initial population size.

u(t) The scaled population of identical individuals at a time t.
A The Lagrange multiplier.

U Positive constant.

VIE Volterra Integral Equation.

VIDE Volterra Integro-Differential Equation.
VPM Volterra’s Population Model.
VIM Variational Iteration Method.
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Introduction

The study of integral equations might be regarded of more fundamental
importance than the differential equations because an integral equation often
provides less restriction and more useful model than differential equations.
Moreover, in numerical analysis, differentiation increases error, but integration
will tend to smooth errors out [14].

The advantage of integral equations is witnessed by the increasing
frequency of integral equations in the literature and in many fields of applied
mathematics, since some problems have their mathematical representation
appear directly, and in a very natural way, in terms of integral equations. Other
problems, whose direct representation is in term of differential equations, have
their auxiliary conditions replaced by integral equations more elegantly and
compactly than the differential equations.

Historically, Volterra started the working on integral equations in 1884,
but his serious study began in 1896. The name integral equations was given by
du Bois-Reymond in 1888. However, the name Volterra integral equation was
first coined by Lalesco in 1908. During the last years, many researches had
been studies concerned with the solution of integral equations and integro-
differential equations. Burner in 1974 [8], studied the approximate solution of
first kind integral equations of Volterra type. In 1988 Burner [9], study the
application of certain spline collection methods to Volterra integro-differential
equations of a certain order, and so on, Hosseini in 2003 [22], extend the Tau
method to integro-differential equations to produce a numerical solution. In
2005 Al-Jawary [6], investigate the numerical solution of a system of linear
second kind Volterra integral equations. In 2006 Hashim [21] used the
Adomian Decomposition Method (ADM) for solving boundary value problems

for the fourth-order integro-differential equations. Abbasbandy in 2008 [3]

viii



Introduction

used the Variational Iteration Method (VIM) to solve nonlinear Volterra
integro-differential equations. Ali, in 2010 [4], introduce the fractional
integro-differential equations using a modified type of operators, which consists
of the same order fractional differentiation and fractional integration which have
been solved using the modified Adomian Decomposition Method. Erfanian in
2011 [18], introduce an approach by an optimization method to find
approximate solution for a class of nonlinear Volterra integral equations of
the first and second kinds. In 2012 Mirazaee [30], had used the repeated
Simpson’s quadrature rule to solve the linear Volterra integral equations of the
first kind by approximating the integral. In 2012 Venkatesh [40], studied the
Legendre wavelets for the solution of boundary value problems for a class of
higher order Volterra integro-differential equations. Wadea in 2012 [41],
studied the approximate solution of fractional integro-differential equations
using Variational Iteration Method (VIM). Rashidinia in 2013 [33], developed
and modified Taylor expansion method for approximating the solution of linear
Fredholm and Volterra integro-differential equations. Alao et al. in 2014 [7],
using both ADM and VIM on various types of integro-differential equations,
which are the Fredholm, Volterra and Fredholm- Volterra equations.

In this thesis, an analytic and approximation solutions for Volterra
integral and integro-differential equations is presented.

The Dafterdar-Jafari method (DJM) and the power series method (PSM)
are implemented independently to the integral equations. The DJM has been
extensively used by many researchers for the treatment of linear and nonlinear
ordinary and partial differential equations of integer and fractional order . In
[10] Bhalekar applied the DIJM to solve partial differential equations. In [11]
Bahlekar solved the evolution equation using DJM. In [16] Dafterdar solved the
fractional boundary value problems with dirichlet boundary conditions using the
DJM. It is important to notice that the DJM will converges to the exact solution,

if it exists, through successive approximations. The PSM and DJM results
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demonstrate that the methods has many merits such as being derivative-free,
overcome the difficulty arising in calculating Adomian polynomials to handle
the nonlinear terms in ADM, it does not require to calculate Lagrange multiplier
as in the VIM and no needs to construct a homotopy and solve the
corresponding algebraic equations as in Homotopy Perturbation Method (HPM).

Moreover, in this thesis the proposed DJM and PSM will be used for the
first time to solve real life applications, such as,Volterra’s population model, the
Hybrid selection model, the Riccati equation and the Logistic differential
equation.

Recently many attempts have been made to develop analytic and
approximate methods to solve the Volterra’s population model. Although, such
methods have been successfully applied, but some difficulties have appeared.
Wazwaz [43] used ADM to solve the governing problem. Moreover, Mohyud-
Din et al.[29] employed the combining of the HPM and Pade technique to
obtain the numerical solutions to Volterra’s population model. Parand et al. [31]
established a method based on collocation approach using Sinc functions and
Rational Legendre functions. Also, [28] a numerical method based on hybrid
function consist of block-pulse and Lagrange-interpolating polynomials
approximations was proposed to solve Volterra’s population model and in [27]
Khana used New Homotopy Perturbation Method (NHPM) which is an
improvement of the classical HPM. Al-Khaled [5] implemented the ADM and
Sinc-Galerkin method for the solution of some mathematical population growth
models. In addition, Ramezani et al. [32] applied the spectral method to solve
Volterra’s population on a semi infinite interval.

The work in this thesis is divided into five chapters; the first chapter is
an introductory chapter presents the basic and main aspects of the subject of
integral equations in order to give a wide range of background to the readers
concerned with the subject of integral equations. The second chapter consists the

DJM for solving Volterra integral and integro-differential equation. Chapter
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three the PSM used and implemented to solve the Volterra integral and integro-
differential equation. In Chapter four, some scientific models are presented to
evaluate the analytic and approximate solutions of such models using DJM
and PSM. Finally, in chapter five, conclusion and recommendations are
presented.

The analytical and approximate results are presented for some selected
illustrative examples which are programmed and coded using the computer

program mathematica 8.

Xi



Chapter One

Introductory Concepts of Integral Equations

1.1 Introduction

Theory of integral equations has close contacts with many different areas
of mathematics. Foremost among these are differential equations and operator
theory. Any problems in the field of ordinary and partial differential equations
can be recast as integral equations. Many existence and uniqueness results can
then be derived from the corresponding results in integral equations. Also,
many problems of mathematical physics can be stated in the form of integral
equations, and therefor it is suffice to say that there is almost no area of applied
mathematics and mathematical physics where integral equations do not play a
role. In another meaning, one can view the subject of integral equations as an
extension of linear algebra. Especially in dealing with linear integral equations
the fundamental concepts of linear vector spaces, eigen values and eigen
functions will play a significant role, [20]. This chapter consist of six sections.
In section 1.2 some preliminaries related to the concept of integral equations are
given. In section 1.3 the classification of integral equations is given for
completeness purpose, wile in section 1.4 the relationship between IVP and
volterra integral equation have been discussed. In section 1.5 the powerful of
Padé approximate have been studied for function and polynomials, as well as
some illustrative examples are given. Finely sections 1.6 and 1.7 present the
basic ideas of the adomian decomposition method and varitional iteration

method for solving approximatly nonlinear operator equations.



Chapter One Introductory Concepts of Integral Equations

1.2 Preliminaries
An integral equation is an equation in which the unknown function u
appears under an integral sign [42]. A standard integral equation in u is of the

form:

h(x)
u(x)=f (x)+2 [ k(xt,ut)dt,x e[0t] (1.1)
g(x)

where g and h are two functions represent the limits of integration, 4 is a
constant parameter plays the role of an eigen value, and k is a function of two
variables x and t called the kernel or the nucleus of the integral equation. The
function u that will be determined appears under the integral sign, and it may be
appears inside the integral sign and outside the integral

sign as well. The functions f and k are given in advance. It is to be noted that

the limits of integration g and h may be both variables, constants, or mixed.

An integro-differential equation is an integral equation in which the unknown

function u appears under an integral sign and contains an ordinary derivative of

U up to certain order as well. A standard integro-differential equation is of the

form:

h(x)
uMx)=f (x)+4 [ k(x,tut))dt,neN (1.2)
g(x)

n
where u(™(x) = g—l: and u(0),u’(0),...,u " (0) are the initial conditions.
X

The representation of some problems has its mathematical appearance,
directly and in a very natural way, in term of integral equations. Other problems,
whose direct representation is in terms of differential equations and their
auxiliary conditions, may also be reduced to integral equation. Integral and
integro-differential equations arise in many scientific and engineering
applications (for more details see [25]). Volterra integral equations and Volterra

integro-differential equations can be obtained from converting initial value
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problems with prescribed initial values. However, Fredholm integral equations
and Fredholm integro-differential equations can be derived from boundary value
problems with given boundary conditions.

One of the simplest integral equations arises from the shop stocking
problem [14]. It is found that a proportion k (t) remains unsold at time t after
the shop has purcased the goods. It is required to find the rate at which the shop
should purchase the goods, so that the stock of the goods in the shop remains
constant. Suppose that the shop commences business in the goods by purchasing
an amount A of the goods at zero time, and buys at a rate ¢(t) subsequently.
Over the time interval <t <z + ¢z, an amount ¢(t)or is bought by the shop,
and at time t the portion of this remaining unsold is K (t —7)¢(t)or. Thus the

amount of goods remaining unsold at time t and which was bought to that time,

IS given by
t
AK(t)+jK t-0)¢(r)dr (1.3)
0
This is the total stock of the shop and is to remain constant at its initial value
and so
t
A=AK )+ [K({t-7)¢(r)dr (1.4)
0

The required restocking rate ¢(t) is the solution of this integral equation.

Another problem is the smoke absorption or filtration a cigarette, [25]
which can also be represented as an integral equation. The deposited weight per
until length w (x,t) of certain tobacco component at distance x (measured
from the original t =0 position of the burning tip) at time t after lighting a

cigarette is represented by the integral equation:

1
w(x,t)=w (x,0)+abve™ [w,r)e™dr, x =vt (1.5)
0
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where w (x,0) is the initial value of w (x,t) at x before burning, a the constant

function of the weight that is drawn through the cigarette (1—a in the air), b the
absorption coefficient of the cigarette acting as a filter, and v the assumed

constant velocity of the moving burning tip where x =vt , [25].

1.3 Classification of the Integral Equations
Integral equations appears in many types. Such types depend mainly on
the limits of integration and the kernel of the equation [42]. Two distinct ways
that depend on the limits of integration are used to characterize integral
equations, namely:
1. If the limits of integration are fixed, the integral equation is called a

Fredholm integral equation which given in the form [42]:
b

u(x)=f (x)+Afk (x,t,u(t)dt (1.6)
a

where a and b are constants.

2. If at least one limit is a variable, then the equation is called a Volterra

integral equation given in the form [42]:
X

u(x)=f (x)+Afk (x,tu(t))dt (1.7)
a

Moreover, two other distinct kinds, that depend on the appearance of the

unknown function u , are defined as follows:

1) If the unknown function u appears only under the integral sign of
Fredholm or Volterra equation, the integral equation is called a first kind
Fredholm or Volterra integral equation, respectively.

2) If the unknown function u appears both inside and outside the integral

sign of Fredholm or Volterra equation, the integral equation is called a

second kind Fredholm or Volterra integral equation respectively. In all
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Fredholm or Volterra integral equations presented above, if the function

f is identically zero, the resulting equation:
b
u(x)=Afk (x,t,u(t)dt (1.8)
a
or
X
u(x)=Afk(x,t,u(t)dt (1.9)
a
is called homogeneous Fredholm or homogeneous Volterra integral equation

respectively.

Definition (1.1), [20]
An integral equation is termed linear if the integral operator:

b(x)
Le= [ k(x,t)edt
a(x)

which satisfies the linearity condition
L[cuy(X) +cuy(x)]=ciL[ug(x)]+c, L [uy(x)]
where ¢4, ¢, are two constants and uy, U, are two continous functions.

The most general linear integral equations is of the form [35]
X

u(x)=f (x)+/1jk (x,t)u(t)dt (1.10)
a

where the general form of nonlinear integral equations may be written as
follows [35]:

ux)=f (x)+ﬂ,)jk (x,t,u(t))dt (1.11)

where k (x,t,u(t)) is nonlinear function in u .
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Definition (1.2), [20]:

If the kernel k of the linear integral equation depends only on the

difference x —t, i.e., if the kernel is of the form k (x,t) =k (x —t), then k is

called difference kernel, and the integral equation is called integral equation of

convolution type.

Definition (1.3), [20]:
The kernel k is called symmetric, if it has the property k (x,t) =k (t,x),

and kernel k is called antisymmetric, if it has the property k (x,t) =—k (t,x).

Definition (1.4), [20]:

The integral equation is said to be singular if either, the domain of

definition tends to oo, or if the kernel has a singularity within its region of

definition.

1.4 Converting the Initial Value Problem into Volterra Integral Equation

In this section, the technique that is followed to convert an I\VP to an
equivalent VIE will be studied [42]. For simplicity reasons, we will apply this
process to a second order initial value problem given by

y"(x)+p(x)y’'(x)+q(x)y (x)=g(x),x =0 (1.12)
subject to the initial conditions y(0)=«, y'(0)= /£, where ¢ and g are
constants. The functionsp, g are analytic functions, and g is continuous through
the interval of discussion. To achieve our goal, we first set:

y"'(x) =u(x) (1.13)
where u is a continuous function. Integrating both sides of Eqg.(1.13) from 0 to

X, yields to:

y'(x)—y'(0) = Ju(t)dt, (1.14)
0
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or equivalently:
y'(x)= ,8+)ju (t)dt. (1.15)
0
Againe, integrating both sides of Eq.(1.15) from 0 to x give :
y(x)-y(@0)=px + ﬁu (t)dtdx , (1.16)
00

It is normal to outline the formula that will reduce the multiple integrals to
single integrals. We will first show that the double integrals can be reduce to a

single integral by using the formula :

X1

I

This can be easily proved by two ways. The first way is to set

F (t)dtdx, =)j(x —t)F (t)dt. (1.17)
0

X
G (x) = [(x —t)F(t)dt, (1.18)
0
Where G(0)=0. Differentianting both sides of Eq. (1.18) gives
X
G'(x)= [F(t)dt, (1.19)
0

Obtained by using Leibnitz rule. Now by integrating both sides of the last

equation from 0 to x yeilds:

G(x)= ijle (t dtdx (1.20)
00

Consequently, the right side of the two equations (1.18) and (1.20) are
equivelent. This complete the proof.

For the second method, the concept of integration by part will be use.
Recall that

fudv =uv —[vdu,

) (1.21)
U(Xl):IF(t)dt,
0
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Then we find

X X1 X1 X x
[ [Ft)dtdxy =x, [ F(t)dt] — [x;F (x,)dx,
00 0 0 0

x)jF(t)dt —)jxlF (Xq)dx4 (1.22)
0 0

Xj(x “t)F (t)dt
0

Obtained by setting x; =t .

The general formula that convert multiple integrals to a single integral is given
by

Xna

f ut)dtdx, ,...dx, =
a

X

Jox —t)"tu) dt (1.23)

a

QD e X
QJ'-—;,_‘X

(n=21)!

where n is positive integer, and a is a constant, and hence Eq.(1.16) may be
rewritten as:

y (X)=a+ px +)j(x —t)u(t)dt (1.24)
0

Substituting Eq.(1.13), Eq.(1.15), and Eq.(1.24) back into the initial value
problem Eq.(1.12) yields the following VIE:

u(x)+p(x)[A+ Ju(t)dt]+q(x) [a+ px
0

) (1.25)
+{(x —t)u(t)dt]=g(x)
0
The last equation can be written in the standard VIE form as:
X
u(x)=f (x)+ [k (x,t)u()dt, (1.26)
0

Where k (x,t)=—p(Xx)—-q(x)(x —t) and
f (x)=g(x)-[Bp(x)+aq(x)+ pxq(x)]
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The reader can see that Eqg.(1.26) is a VIE of the second kind. The
advantage here is that the auxiliary conditions are automatically satisfied in the
process of formulating the resulting integral equation. The other advantage is in
the case when both differential, as well as, integral forms do not have exact,
closed-form solutions in term of elementary functions. In this case, we must
detour the approach to numerical or approximate computations, where the
integral representation is more suitable [25]. In other words, sometimes the
problem can be expressed together by an integral equation and a differential
equation. In some cases where numerical values are required it may be advisable
to transform a problem from differential equation to integral equation because in
the numerical analysis differentiation increases the error, but integration will

tend out to smooth errors [14].

1.5 The Padé Approximants

In this section, the powerful Padé approximants [45] will be
investigated. First of all, the construction of Padé approximants for functions
and polynomials will be discussed. Then, some examples to see the
implementation of Pade approximants will be given.

Polynomials are frequently used to approximate power series. However,
polynomials tend to exhibit oscillations that may produce an approximation
error bounds. In addition, polynomials can never blow up in a finite plane; and
this makes the singularities not apparent. To overcome these difficulties, the
Taylor series is best manipulated by Padé Approximants for numerical
approximations. Padé approximants represents a function by the ratio of two
polynomials. The coefficients of the polynomials in the numerator and in the
denominator are determined by using the coefficients in the Taylor expansion of
the function. Pade rational approximations are widely used in numerical analysis
and fluid mechanics, because they are more efficient than polynomials. In the

following, we will introduce the simple and the straightforward method to
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construct Padé Approximants. Suppose that f is a function has the Taylor series

expansion given by:
f(x)=dcx*
k=0

The procedure is to seek a rational function for the series. We can use the
coefficients of the series to represent the function by a ratio of two polynomials.

Padé approximants, symbolized by [m/n], is a rational function defined by:

2
(m/n]= 3y +ayX +ayX Ir]+...+amx’:
bg +bX +box ™ +...+b, X
The basic idea is to match the series coefficients as far as possible. Even though
the series has a finite region of convergence, the limit of the function as x —

may be obtained, if m=n, then the approximants [m/n] are called diagonal

approximants. We note that there are m+1 independent coefficients in the
numerator and n+1 coefficients in the denominator. To make the system

determinable, let b,=1. We then have n independent coefficients in the

denominator and m+n+1 independent coefficients in all. Now the [m/n]

approximant can fit the power series through orders 1, x, x2,..., x™™" . In

addition, the Padé approximants will converge on the entire real axis if the
function f has no singularities. It was discussed by many authors that the
diagonal Padé approximants, where m=n, are more accurate and efficient.
Assuming that f can be manipulated by the diagonal Padé approximants, where

m=n. This admits the use of :

2 n
a0+a1x +a X +...+a,X
n

2n

- =Cq+CX +CoX 2 4. +Cop X
1+bx +box ™ +...+b, X

By using cross multiplication, we find that
8y +aX +a,X 2 +...+a,x" =Cy + (Cy +bCo)X + (€, +bic; +hco)x 2
+(C3+bicy +b,c +bco)x 3 +...

Equating the related powers of x leads to :

10
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P 0. —
coefficient of x °: a; =¢,,

P 1. —
coefficient of x ~: g =c; +bCy,

P 2. -
coefficient of x “: a, =c¢, +b,c; +b.Cy,

coefficient of x 3: a; =c5 +bc, +bc, +bgy, -
n
coefficientof x": a, =c, + Db, C,_ -
k=1
This completes the determination of the constants of the polynomials in the

numerator and in the denominator. Thus we have

_agtaXx _a
1/1|= : 1/1|=—=
[1/1]= 208 i [1/2]=

0 70X x> 1
2
+ayX +aX a
212]= WX THX i [2/2]=2
[2/2] b0+b1x+b2x2x—>oo[ ] b,
2 3
[3/3]:a0+a1x +a2X2+a3X3,Iim[3/3]=a—3
2 3 m
[m/m]:a0+alx +a2x2+a3x3+...+amxm lim [m/m]:a—m
Do +bX +boX “ +baX " +...+b X" x> b,

Now, we give some examples as an allustration:

Example (1.1)[45] :

LE3X e (coo—1) U (=L o)
X 3

Consider the function f (x) =

The Taylor series for f is given by :

f (x)=1+x +§x2+§x3—£x4+§x5+327x6+753x7+0(x8)
2 2 16 16
Thus, [2/2] approximants is defined by ;

8y +ayX +a,X 2
1+byx +b,x 2

[2/2]=

11
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To determine the five coefficients of the two polynomials, the [2/2]
approximants must fit the Taylor series of f through the order of 1, x,..., x*,

hence we set :

2
8y +aX +a,X
by +byx +h,x 2

Slax 4+ ox242x3-3 x4
2 2 8

Cross multiplying yields

ay +ayX +aX 2 =1+ (O, +1)x + (b, +b, —g)x 2 +(—gb1+b2 +g)x3

5 3 37, 4
—b; —=b, ——)x
+(2 17 5P g )
Equating the powers of x leads to:
coefficient of x°: a; =1,

coefficient of x': a, =b, +1,

coefficient of x °: a, =b, +b, —g,
coefficient of x*: 0= —§b1 +b, )
2 2
coefficient of x 4: 0= Ebl —Ebz _3
2 2 8

Hence, the solution of this system of equations is;

ay=1, a :9 a :E

1 4 25 2 45
I 11

by=L, b, ="

Consequently, the [2/2] Padé approximants is

1+gx +gx2

[2/2]=
1+-X +—1x2
2 4

To determine the Padé approximants [3/3], we first set :

12
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2 3

by +byx +b,x 2 +hox* 27 2 8 8 16

Cross multiplying, and equating the coefficient of like powers of x and solving

the resulting system of equations leads to :

=1 a—E a —z a —H’
Q=1 q o BT BT
11 19 41
b,==—,b,==—,b,=—
1727 o g
This gives :

148y 4 202 Thys

[3/3]=—2 2 8
14ty 19,2, 4y
2 2

Example (1.2)[45]:

In(1+x)
X

Consider the function f (x)= X >-1,x #0

The Taylor series for f is given by

x2 x3 x* x® x% x7

X 8
fx)=1-—+——-"—+— -+ = 410X
) 2 3 4 5 6 7 8 )

To establish [3/3] Approximants, we set

[3/3]= 8y +aX +ax > +agx >
by +byx +b,x 2 +bax 3

To determine the unknowns, we proceed as before and therefore we set

a0+alx+a2x2+a3x3_1 x x% x* x* x> x°®

+
by +byx +b,x 2 +byx 3 2 3 4 5 6 7

Cross multiplying and proceeding as before we find

17 1 1

=1, a A =—, A = ——
DTh AT BT 8T,

13
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=2 p =8 -4
L7727 3
So that the Padé approximants is

1+1471X +:1%X2+Ml,OX3
[3/3]= 6, 4 3
1+ —X+-X"+-—=X

7 7 35

To determine the Padé approximants [4/4], we set:

_ag+aX +aX 2 +ax S ++ax’
[4/4]= 2 3 4
b +bX +boX = +bgx * + +b,Xx

Proceeding as before we obtain:

17 11 , 1 3 13 4
I+—X +—X"+—X"++—X
[414]= 8 3 140 140
12 16 o, 14 3 12 4 °
1+ —X +—X"4+——=X"++—X
17 7 35 90

1.6 Adomian Decomposition Method (ADM)

The basic idea of Adomian Decomposition Method (ADM) will be
introduced and for more details see [2]. To introduce the basic idea of the ADM,
consider the operator equation Fu =G , where F represents a general nonlinear
ordinary differential operator and G is a given function. Suppose the nonlinear
operator F can be decomposed as:

Lu+Ru+Nu =G (1.27)
where, N is a nonlinear operator, L is the highest-order derivative which is
assumed to be invertible, R is a linear differential operator of order less than L

and G is the nonhomogeneous term. The method is based on applying the

operator L™ formally to the expression :
Lu =G —Ru—Nu (1.28)
so by using the given conditions, we obtain:

u=h+L7G -L'Ru-L"Nu (1.29)

14
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where, h is the solution of the homogeneous equation Lu =0, with the initial

boundary conditions. The problem now is the decomposition of the nonlinear

term Nu . To do this, Adomian developed a very elegant technique as follows:
The Adomian technique consists of approximating the solution of

Eq.(1.27) as an infinite series:
u=>u, (1.30)
n=0
and decomposing the nonlinear term Nu as:

fu)=Nu=>A,
n=0

where A, are the so-called Adomian polynomials of ug, uy,..., u, that are the

terms of the analytical expansion of Nu , where
u=>YAu;
i =0
around A =0. That is:

1[d" (&
A == f Alu,
! nl|:dﬂ'n (Ig jj|ﬁ,:0

The Adomian polynomials are not unique and can be generated from the Taylor

expansion of f about the first component u,, i.e.,

f (n)uo (u N )(n)

fu)= Z

In [2], Adomians polynomials are arranged to have the form:
Ag =T (Up)
A =uf "(Ug)

2
Az =U,f '(Uo)+u2—1|f "(Uo)

3
Ag =ugf "(Ug) +uqu,f "(U0)+L;—1|f "'(Uo)

Now, we parameterize Eq.(1.29) in the form:

15
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u=h+L7"G - AL'Ru—ALNu
where, A is just an identifier for collecting terms in a suitable way such that A
depends on ug, uy,..., U, and we will later set 4 =1.
il"un =h+LG -AL R ii"un ALt iz”An
n=0 n=0 n=0
Equating the coefficients of equal powers of A, we obtain:
Up=h+L7G
u; = —L7'R Ug) —L™H(A,)
U =—L7R () —L7H(AY)

(1.31)

and in general
Up = _L_lR (un—l) - L_l(An—l)

Finally, an n -term that approximates the solution is given by:
N -1

oy (X)= DU, (x),N =1,2,3,....
n=0

Example(1.3),[42]:
Consider the linear VIDE :

X
u’'(x)=1- [u(t)dt,u(0)=0 (1.32)
0
Apllying the integral operator L™ defined by
1 X
L) =[ ()t
0
to both sides of Eq.(1.32), and using the initial condition, yields to :

u(x)=x —L"l[)ju(t)dt}.
0

16



Chapter One Introductory Concepts of Integral Equations

Using the decomposition series Eq.(1.30) and recurence relation Eq.(1.31) will

be give :
Ug(X) =X,
1 -1
Uy (x)=—L" [guo(t)dt :§x3,
1 1
Uy(x)=-L" {ul(t)dt :§x5,

Uy(x) =Lt )juz(t)dt]:_—lx7,
) 7

and so on. This gives the solution in a series form

u(x)=x EINE NIV
3! 5! 7!

and hence the exact solution is given by
u(x)=sin(x).

1.7 The Variational Iteration Method

The basic idea of The Variational Iteration Method (VIM) will be
introduced and for more details see [23], [24]. Consider the differential
equation:

Lu+Nu=g(x) (1.33)

where L and N are linear and nonlinear operators, respectively, and g(x) is

the source in homogeneous term. The VIM introduces a correction functional for
Eq.(1.33) fo the form :

() 2Up () + JAE)(Lu, (€) + NG, (1) — g ()t (1.34)
0

where A is a general Lagrange’s multiplier that can be identified optimally via

the variational theory, and U,, as a restricted variation which means ou,, =0. It

IS to be noted that the Lagrange multiplier 4 may be a constant or a function.

17
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First, it is required to determine the Lagrange multiplier A(t)that can be

identified optimally via integration by parts and by using a restricted variation. It

was found in [17], [37] that a general formula for A(t)for the n —th order

differential equation

u™ +f uEOU'X)u"(x),....uMx)) =0 (1.35)
can be proved to be of the form :
— (_1\" 1 _ v \(n-1)
At) =(-1) 1) _1)!(t X) (1.36)

This means that for first-order ordinary differential equations (ODEs),
A(t) =-1, and for the second-order ODEs, A(t)=(t —x), and so on. Although

the proof of formula given in Eq.(1.36) is given in [24], [45] in details. Having

determined A(t), an iteration formula or a recurrence relation should be used for
the determination of the successive approximations u, ;(x),n=0,1,... of the
solution u(x). It is well known that in recursion, an initial value is needed to
perform the iteration process. Based on this, we can use any selective function
for the zeroth approximation u,. However, using the initial values u(0), u’(0),
and u”(0) are normally used for the zeroth approximation u, as will be seen

later. Consequently, the solution is given by:
u(x)=Ilimu,(x). (1.37)

n—o0

Example (1.4),[13]:

Consider the nonlinear VIDE :

X
u'(x)=-1+ [u®@t)dt, u(0)=0 (1.38)
0
Using VIM, the correction functional for Eq.(1.38) is :

un+1(x)=un(x)+}{ur’1(s)+l—}u2(t)dt}ds (1.39)
0 0

18
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Now, take the initial approximation uy(x)=—-X.

The first three iterates are obtained from Eq.(1.39) and given by :
1 4
Uy(x)=—x +—x",
1(X) 0

uz(x):—x+ix4—ix7+ 1 o0

12 252 12960

Ug(x)=—x +ix4—ix7+ L x10— 37 Xt
12 252 12960 7076160
109 16 1 W19, 1 w2

+ - -
914457600 558472320 77598259200
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Chapter Two
Solution of Volterra Integral and Integro-differential Equations
Using Dafterdar-Jafari Method

2.1 Introduction

Daftardar-Gejji and Jafari in 2006 [15] have proposed a new method for
solving linear and nonlinear functional equations namely Dafterdar-Jafari
Method (DJM). The method converges to the exact solution, if it exists, through
successive approximations. For concrete problems, a few number of
approximations can be used for numerical purposes with high degree of
accuracy. The DJM is simple to understand and easy to implement using
computer packages and yields better results and does not require any restrictive
assumptions for nonlinear terms as required by some existing techniques [10].
This chapter consist three sections, in section 2.2 the analysis of DJM have
been discused for general nonlinear operator equations. In section 2.3 the DJM
have been applied for volterra integral and integro-differential equations using

illustrative examples.

2.2 Analysis of the DIJM

Consider the general functional equation [15]:

u=N(@u)+f (2.1)
where N is a nonlinear operator and f is a known function. We are looking for

a solution u of Eq.(2.1) having the series form:
u=>u; (2.2)
The nonlinear operator N can be decomposed as
) o0 i i-1
N (2Ui) =N Ug)+ 2 [N (2 u;)-N(>u;)] (2.3)
i=0 i=1l  j=0 j=0
From Eq.(2.2) and Eq.(2.3) which implies that Eq.(2.1) is equivalent to
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o0

du; =f +N(u0)+Z[N(Zu ) — N(Zu )] (2.4)

i=0 i=1 j=0

We define the recurrence relation:

up =",
u; =N (Uy), (2.5)
Upag =N Ug+.eotUp ) =N (Ug +.....+Up 4), M =1,2,...
Then
u=>u; +f (2.6)

The m-term approximate solution of Eq.(2.1) is given by

U :UO +U1+°'°+Um_1.

Now, the condition to ensure convergence of the DJM will be presented:

Theorem(2.1),[12]:

If N e C ) inaneighborhood of u, and
HN <”>(uO)H :Sup{N ™ Uo)(hyeorshy )iy [ <L,1< sn} <L
forany n and for some real L >0 and |u;||<M <1/e,i =1,2,... then the series
e _G,, is absolutely convergent, and moreover,

”G H<|—Mn n 1((3—1),n=1,2,...

Theorem(2.2),[12]:

IfN e C®and N™u,)<M <e™, forall n, then the series >*

nOn

is absolutely convergent.
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2.3 Test Examples

In this section, the DJM will be implemented to some examples, linear
and nonlinear Volterra integral and integro-differential equations. Moreover, we
compare the results with ADM and VIM, [13], [42].

Example (2.1):
Consider the following linear VIE [42]:

u(x):1+)j(t — X )u (t)dt (2.7)
0

To solve Eq.(2.7) by DJM, we follow the recurence relation given in Eq.(2.5) ,
then we have:

Ug =1,

up =N (Ug) = [[(t —x) ug(t)] dt :_?::-Xz,
5 !

Uy =N (Ug +uy) =N (Up) = J.[(t —X)Uo(t) +uy ()]l dt —u, = %X{
0 I
ug =N (Ug +u; +u,)—N (uy +uy)

= [t —x)(ug +uy +u,)]dt — [[(t —x)(ug +uy)]dt
0 0

u(x)=1—2£x2+£x4—£x6+--- (2.8)

which is the same results obtained by ADM in [42] that converges to the exact

solution u(x) =cos(x).
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Example (2.2):

Consider the following nonlinear VIE [42]:
X

u(x)=x + fu?(t)dt (2.9)
0

To solve Eq.(2.9) by DJM, we follow the recurence relation given in Eq.(2.5) ,

then we have:

Ug =X,

U, =N (ug) = g[ug(t)] dt :%x3,

X 2 1
U, =N Ug+U;)=N (U) = [[(Uy +uy)?ldt —u, = =x°>+ —x ',
2 (Ug +Ug) =N (ug) {[( 0 TUp)7] 15 ¢ &3

Ug =N (Ug+u;+u,)—N (Uy +uy) = )j[(uo +Uy +u2)2]dt —)j[(u0 +u1)2]dt
0 0

4 4
= x4
105 2835

x°+. .uptox®®
and so on. The solution in a series form is obtained to be:

IR ANE S TN S (2.10)

1
u(x)=x +=x
3 15 315

which is the same results obtained by ADM in [42] that converges to the exact

solution u(x) =tan(x).

Example (2.3):
Consider the linear VIDE [42]:

u'(x):l—)j'u(t)dt, u@)=0 (2.11)
0

To solve Eq.(2.11) we have to convert it to integral equation, therefore,
integrate Eq.(2.11) from 0 to x and applying the initial conditions, then yields

to:
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u(x):x—ﬁu(t)dtdx=x—)j(x —t)u(t)dt (2.12)
00 0

Now, by applying DJM to Eq.(2.12), we find:

Ug =X,

U =N (Ug) = [[(x —t)ug (t)]dt = —%x 3,
) |

Uy =N (Ug +up) =N (Ug) = [[(x ~t)(ug +uy)ldt —u, = éXS’
] !

Ug =N (Uy+U; +U,)—N (Uy +Uy)

X X
= [L0c =)0 +uy )t~ [[(x ~t)(u +uplet =27,
0 0 :
and so on. The solution in a series form is given by
_, L3 1.5 1 7
u(x)=x ax +ax ﬂx - (2.13)

which is the same results obtained by ADM in [42] and hence the exact
solution is given by u(x) =sin(x).

Example (2.4):

Consider the nonlinear VIDE [13]:
X

u’'(x)=—1+ [u?(t)dt, u()=0 (2.14)
0

To solve Eqg.(2.14) we have to convert it to integral equation, therefore,

integrate Eq.(2.14) from 0 to x and applying the initial conditions, then yields
to:

u(x)=-x +ijju2(t)dtdx =X +Xj(x —t)u?(t)dt (2.15)
00 0

Now, by apply the DJM to Eq.(2.15), we find:
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Uy = —X,

— _X 2 _ 1 4
u; =N (Ug) = g[(x —t)ug (t)]dtdt =5

Uy =N (Ug+Up) =N (Ug) = [[(x —t)(ug +up)°Jdt —u;
0

1 1
— x 7 + x 10

2527 12960

Ug =N (Ug +u; +u,)—N (uy +uy)

= Xj(x ~t)(Ug +Uy +U,)dt —Xj(x ~t)(Ug +Uy)?dt
0 0

11340 7076160 914457600
_ ; x19 4 1 x 22
558472320 77598259200

and so on. The solution in a series form is given by

u(x)=-x s iye_ Ly 1oy 3T s
12 252 6048 7076160 (2.16)
109 16 1 19 1 X 22

X ————————— X" +
914457600 558472320 77598259200
which is the same results obtained by VIM in [13].
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Chapter Three
Solution of Volterra Integral and Integro-differential Equations

Using Power Series Method

3.1 Introduction
Tahmasbi A. and Fard O. S. in 2008 [38], [39] proposed the power

series method (PSM) and then implemented to solve Volterra integral and
integro-differential equations. The obtained analytic approximate solutions of
applying the PSM is in perfect agreement with the results obtained with those
methods available in the literature. This chapter consist three sections, in section
3.2 the statement of PSM is illustrative. In section 3.3 the PSM have been
applied for volterra integral and inegro-differential equations using illustrative

examples.

3.2 The Power Series Method
Consider the equation [38], [39]:

u(x)="f (x)+xjk (X, H)[ut)]Pdt (3.1)
0

In Eq.(3.1), the functions f (x) and k(x,t) are known, and u(x) is the
unknown function to be determined, also p >1 is a positive integer. Suppose the
solution of Eq.(3.1) with e;=u(0)=f (0) as the initial condition to be as
follows:

u(x)=ey+eX, (3.2)
where, e; is a unknown parameter.

If we substitute EQ.(3.2) into Eq.(3.1) the following linear algebraic

equation will be obtained:

(@, —b)x +Q(x?) =0, (3.3)
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where, a and b are known constant and Q(x?) is a polynomial with the order

greater than unity.
By neglecting Q(x?) in Eq.(3.3) and solving the algebraic equation
ae; =b; , the unknown parameter e; and therefore is the coefficient of x in

Eq.(3.2) are obtaind.

In the next step, we assume that the solution of Eq.(3.1) to be,
U(X)=eg+ex +ex?, (3.4)
here, e, and e, both are known and e, is unknown parameter.
By substituting Eq.(3.4) into Eq.(3.1), we have the following system,
(ae, —b,)x 2 +Q(x*) =0. (3.5)
By neglecting Q (x 3) in Eq.(3.5) and solving the algebraic equation ae, =h, ,
the unknown parameter e, and therefore the coefficient of x 2 in Eq.(3.4) is

obtains. By repeating the above procedure for m iteration, a power series of the

following form will be derived:
U(Xx)=eg+ex +e,x°+..+e,x™, (3.6)
Eq.(3.6) is an approximation for the exact solution u(x) of the integral equation

Eq.(3.1).

The following theorems shows the convrgence of PSM for nonlinear

volterra integral equation and integro-differential equation.

Theorem (3.1),[39]:

Let u =u(x) be the exact solution of the following VIE :

u(x)=f (x)+)jk (x ,t)[u®)]Pdt (3.7)
0

Then, the power series method obtains the Taylor expansion of u(x).
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Corollary(3.2)[39]:

If the exact solution to EQ.(3.7) be a polynomial, then the power series

method will obtain the real solution.

Theorem (3.3)[19]:

Let u=u(x) be the exact solution of the following Volterra integro-

differential equation
u'(x)=g(x,u(x)) +>jk (x,t,u(),u't))dt, u(Q)=a (3.8)
0

Furthermore assume that u(x) has a power series representation. Then, the

power series method obtains it (the Taylor expansion of u(x)).

3.3 Test Examples

In this section, the PSM will be implemented to some examples, linear
and nonlinear VIE, linear and nonlinear VIDE. Moreover, we compare the
results with the results obtained by ADM and VIM.

Example (3.1):
Consider the following linear VIE [42]

u(x):1+)j(t—x)u(t)dt (3.9)
0

Now, applying the PSM to Eq.(3.9), we suppose that the solution of Eq.(3.9)
with
Up(x)=u(0)=ey=1is u;(x)=e,+ex, and hence
u;(X) =1+eX (3.10)
Substitute Eq.(3.10) in Eqg.(3.9), then,

X
l+ex =1+ [(t —x)(L+egt)dt, (3.11)
0
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. - X
After simplifying, we get, e; = 5 and hence,

uﬂx):l—%xz, (3.12)

which is the first approximation for the solution of Eq.(3.9). The solution of

Eq.(3.9) can be supposed as:
u(x):l—%x2+e2x2, (3.13)
Substitute Eq.(3.13) in EQ.(3.9), we have,
1—%x2+e2x2:1+)j(t—x)1—%t2+e2t2dt, (3.14)
0

2
After simplifying, we get, e, = % and hence,

1., 1 4
Uu,(x)=1-=x"+—x"7, 3.15
() =1- x4 (3.15)
Proceeding in this way, we get, the solution in a series form which is given by
u(x):1—£x2+£x4—£x6+... (3.16)
2! 41 6!

which is the same results found by DJM and obtained by ADM in [42] that

converges to the exact solution u(x) = cos(x ).

Example (3.2):
Consider the following nonlinear VIE [42]

ua):x+}ﬁamt (3.17)
0

By applying the PSM to Eq.(3.17), we suppose the solution of Eq.(3.17) with
Up(x)=u(0)=e,=0is u;(x)=e,+ex, and hence
U;(X) =0+ex =eX (3.18)

Substitute Eq.(3.18) in Eq.(3.17), we have,
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X
eX =X + [(et)dt, (3.19)
0

After simplifying, we get, e; =1 and hence,
u;(x)=x, (3.20)
which is the first approximation for the solution of Eq.(3.17). The solution of
Eqg.(3.17) can be supposed as:
u(Xx)=x +e,x 2, (3.21)
Substitute Eq.(3.21) in Eq.(3.17), we have,

X
X +€,X 2 =X + [(t +et?)dt, (3.22)
0

After simplifying, we get, e, = %x and hence,

Uy(X) =X —%x3, (3.23)
Proceeding in this way, we get that, the solution in a series form given by
u(x)=x PN I L (3.24)
3 15 315

which is the same results found by DJM and obtained by ADM in [42] that

converges to the exact solution u(x) =tan(x).

Example (3.3):
Consider the linear VIDE [42]:

u'(x):l—)j'u(t)dt, u@)=0 (3.25)
0

To solve Eq.(3.25), integrate Eq.(3.25) from 0 to x and applying the initial

condition, then we have:

u(x)=x —ﬁu (t)dtdx =x —)j(x —t)u(t)dt (3.26)
00 0
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By using the PSM to solve Eq.(3.26), we suppose the solution of Eq.(3.26) with
Up(x)=u(0)=e,=0is u;(x)=e,+ex, and hence
Uy(X) =0+ex =ex (3.27)
Substitute Eq.(3.27) in EQ.(3.26), we have,

X
eX =X + [(t —x)etdt, (3.28)
0

By integrating and solving, we get,

3 3
e;—Dx— % =0, by neglecting (—%), therefore e; =1 and hence,

u;(x) =x, (3.29)
which is the first approximation for the solution of Eq.(3.26). The solution of
Eq.(3.26) can be supposed as:
u(x)=x +e,x 2, (3.30)
Substitute Eq.(3.30) in Eq.(3.26), we have,

X
X +€,X % =X + [ (x —t)(t +e,t*)dt (3.31)
0

By integrating and solving, we get,

4 4
Xy 2 €5X : e,X _ 1

e, +—)X"— =0, by neglecting (— , therefore e, =—=x and

€2+ e y neglecting (—=--) 2= "%
hence,

Uy(X) =X —%x3, (3.32)
Proceeding in this way, we get, The solution in a series form is given by

u(x)=x—£x3+1x5—£x7+--- (3.33)

3! 51 7!

which is the same results found by DJM and obtained by ADM in [42] and

hence the exact solution is given by u(x) =sin(x).
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Example (3.4):
Consider the nonlinear VIDE [13]:

u'(x) :—1+)ju2(t)dt, u()=0 (3.34)
0

To solve EQ.(3.34), integrate Eq.(3.34) from 0 to x and apply the initial

condition, then we have:
X X X
u(x)=-x + | fu®@)dtdx =—x + [ (x —t)u’(t)dt (3.35)
00 0

Now, applying PSM to Eq.(3.35), we suppose the solution of Eq.(3.35) with
Up(x)=u(0)=ey,=0is u;(x)=e,+ex, and hence
U;(X)=0+ex =eX (3.36)
Substitute Eq.(3.36) in Eq.(3.35), we have,

eX = —X +Xj(x —t)(et)%dt, (3.37)
0

By integrating and solving, we get,

2,4 4
(e, +D)x-— ell); =0, by neglecting (—%), therefore, e; = -1 and hence,

ul(x) =X, (3.38)

which is the first approximation for the solution of Eq.(3.35). The solution of
Eq.(3.35) can be supposed as:
U(X)=—Xx +ex 2, (3.39)
Substitute (3.39) in (3.35), we have,

X
X +e,x 2 ==X + [ (x —t)(t +et?)?dt,
0

By integrating and solving, we get,

2 5 2,6 5 2., 6
X 2 X7 e5X ) e,x”  e)x
g, ——)X°—(-——-=—)=0, by neglecting (——— . therefore,
(e, 12) (10 30) y neg g(10 30)

X 2
e, = IR and hence,
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1 4
Ur,(X)=—-X +—X", 3.40
2(X) 1 (3.40)

Proceeding in this way, we get, the solution in a series form is given by

u(x)=-x PRIVE S VS S SV S LA <
12 252 6048 7076160

o109 w1 a0 1 22
914457600 558472320 77598259200

(3.41)

which is the same results found by DJM and obtained by VIM in [13].
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Analytic and Approximate Solutions of Some Real Life Models

4.1 Introduction

The VIDE’s arises from the mathematical modeling of various physical,
engineering and biological models, for example the population growth of a
species in a closed system. These models help us to understand different factors
like the behavior of the population evolution over a period of time.

In this chapter, the applications of the DJM and PSM for Volterra’s
population model will be presented to find the approximate solutions. The main
attractive features of the current methods are being derivative-free, overcome
the difficulty in some existing techniques, simple to understand. It is economical
in terms of computer power/memory and does not involve tedious calculations
such as Adomian polynomials in ADM, construct a homotopy as in HPM and
solve the corresponding algebraic equations, and calculate Lagrange multiplier
as in VIM. The numerical solution are obtained by combining the DJM and
PSM with Padé technique. Moreover, the comparison of the achieved results
are compared with existing results by ADM and HPM also presented [29], [43].
Also, the DJM and PSM will be implemented to evaluate a solution for some
scientific models. We will focus our work on three well-known nonlinear
equations, namely the Hybrid selection model, the Riccati equation, and the

Logistic equation.

4.2 Approximate Solutions for Volterra’s Population Model
In this section, an approximate methods have been implemented to obtain

a solutions for Volterra’s population model of population growth of a species in
a closed system, besides the DIJM and the PSM, the ADM and the VIM are
implemented independently to the model in the literature [42], [43]. The Padé
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approximants, that often show superior performance over series approximations,
are effectively used in the analysis to capture the essential behavior of the

population u(t) of identical individuals.

4.2.1 Volterra’s Population Model (VPM)[43]

In this section, the Volterra’s model for population growth of a species
within a closed system will studied. The Volterras population model is

characterized by the nonlinear Volterra integro-differential equation:

.
g—_Fr):aP—bPZ—chP(x)dx, P(0) =P, (4.1)
0

where P =P (T ) denotes the population size at time T ; a, b, and ¢ are

constant and positive parameters, in which a is the birth rate coefficient, b is
the crowding coefficient and ¢ is the toxicity coefficient. Also P, is the initial
population size at time T. The coefficient ¢ indicates the essential behavior of
the population evolution before its level falls to zero in the long run. When

b =0 and ¢ =0, Eq.(4.1) becomes the Malthus differential equation:

dP
—=aP, P(0O)=P 4.2
s a 0) =P, (4.2)

The Malthus Eg.(4.2) assumes that the population growth is proportional to the
current population. Eq.(4.2) is separable with a solution given by:

P(T)=Pye® (4.3)

It is obvious that Eqg.(4.1) represents a population growth for a>0, and a
population decay for a<0. When ¢ =0, Eqg.(4.1) becomes the logistic growth
model that reads:

dP )
—=aP-bP? P(0)=P, 4.4
T (0) =P, (4.4)
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Verhulst instituted the logistic growth model Eq.(4.4) that eliminates the

undesirable effect of unlimited growth by introducing the growth-limiting term
—bP 2. The solution to logistic growth model Eq.(4.4) is

aP,e?

I:)(r):a+b P, -1)

(4.5)

where

|imP(F)=§

T—>w

T
Volterra introduced an integral term —cP j P(x)dx to the logistic growth
0

model Eq.(4.4) to get the Volterras population growth model Eg.(4.1). The
additional integral term characterizes the accumulated toxicity produced since
time zero. Many time scales and population scales may be applied. However, the
scale time population by introducing the non-dimensional variables will be

applied:
t=—,u=— (4.6)

to obtain the non-dimensional Volterra’s population growth model:

t
zc(il—l::u—uz—uju(x)dx,u(O):u0 (4.7)
0

where u =u(t) is the scaled population of identical individuals at a time t , and
the non-dimensional parameter x =c /(ab) is a prescribed parameter. Volterra
introduced this model for a population u of identical individuals which exhibits
crowding and sensitivity to the amount of toxins produced. A considerable
amount of research work has been investiged to determine numerical and

analytic solutions of the population growth model Eq.(4.4) [34], [35], [36].
The analytical solution:
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t T
(% [r-u@-[ux)oxide)
ut)=use ° 0 (4.8)

which shows that u(t) >0 for all t if the initial population uy, >0. However,

this closed form solution cannot lead to an insight into the behavior of the
population evolution. As a result, researchs were directed towards the analysis
of the population rapid rise along the logistic curve followed by its decay to zero
in the long run. The non-dimensional parameter x plays a great role in the
behavior of u concerning the rapid rise to a certain amplitude followed by an
exponential decay to extinction. For x small, the population is not sensitive to

toxins, whereas the population is strongly sensitive to toxins for large « [43].

4.2.2 Solution of Volterra’s Population Model by ADM

In this section, the population growth model characterized by nonlinear
VIDE:

3=y —uz—utju(x)dx u(0) =u
dt . ! °

which have been considered, and is also studied in [29], [44]:

‘3_‘: =10u (t) -10u?(t) —10u (t)tju (x)dx, u(0)=0.1 (4.9)
0

where the initial condition u(0) = 0.1 and the nondimensional parameter x =0.1
were used by Wazwaz A. M. in [43] for simplicity reasons.

To begin, it is convenient to rewrite Eq.(4.9) in an operator form as:

Lu(t) =10u(t)—10u?(t) —10tju (tu(x)dx, u(0)=0.1 (4.10)
0

where the differential operator L is defined by L= :—t :

It is clear that L is invertible so that the integral operator is defined by:
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t
L) = [yt
0
Applying L™ to both sides of Eq.(4.10) and using the initial condition leads to:
t
u(t)=0.1+L"(10u(t)—10u®(t) —10u (t)u(x )dx) (4.11)
0

With this method, we usually represent u in Eq.(4.11) by the decomposition

series:
ut)=>u, () (4.12)
n=0
Accordingly, the main concern here is to formally determine the components

u,(), ug. To do so, we substitute Eq.(4.12) into both sides of Eq.(4.11) to

obtain

n=0 n=0 0

Su, (t) = 0.1+ Ll(lo S ) -103 A, (t) —1othn (x,t)dx ]
n=0

where the nonlinear terms uz(t) and u(x)u(t) are represented by the so-called

Adomian polynomials A, (t) and B,(x,t), respectively. In other words, we set

u2@t) = YA, ),

n=0
Lo = YB, (X.1).
n=0

The evaluation of the Adomian polynomials A, (t), B,(x,t) has been

discussed for various classes of nonlinearities in [1]. For convenience, we list
below, by using the algorithms introduced in [1], few of the Adomian

polynomials for A, (t) and B, (x,t) that are used in the literature:

For A, (t), we find:
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Aot) =Ug(t), Au(t) =2uot)u), Ay(t) Suf(t) +2ug(t)us(t),

Ag(t) = 2u (t)u,(t) +2ug(tus(t),

A, t)=ud )+ 2u (t)us(t) + 2uq(t)u,(t),...
For B, (x,t), we find:

Bo(X,t) =ug(x)ug(t), By(x,t)=ug(x)uy(t) +uy(xug(t),

B, (X, t) =ug(x)up(t) +us (X Juy(t) +u,(x )ug(t),

B3(X,t) =ug(x Jus(t) +us (x Jup(t) +up (X uy(t) +us(x Jug(t),

B, (X, 1) =ug(xJuy(t) +us(x Jus(t) +us (X Jup(t) +ug(xus(t) +us(x ug(t),...
To determine the components u,, u,, u,,.. of u(t), the following recursive

relationship will be applied:
Ug(t)=0.1,

U, () =L"(10u, (t) -10A, (t)—1othk (x,t)dx), k >0
0

With u,y(t) defined as shown above, this can be very valuable practically in

evaluating the other components. It then follows
Up(t) =0.1,

t
uy (t) = L~ (10u,(t) —10A, (t) —10[Bo(x,t)dx ) =09t +0.05t2,
0

it“’
60

t
U (t) = L7(10u (t) —10A,(t) —10 By (x,t)dx ) = 3.6t —ét‘” +
0
t
ug(t) = LH(10u, (t) —10A,(t) —10[B ,(x ,t)dx ) =
0
6.9t> —3.1541667t * +0.2424t° — 0.0047222t°,

U, (t) = LH(10u5(t) —10A,(t) —10}33(x t)dx) =
0

_2.4t* -9.3516667t° +1.6631944t ® —0.08273800t ’
+0.00123016t 8,
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The components us, Ug, U; and ug were also determined and will be used, but
for brevity not listed. This completes the formal determination of the

approximation of u given by [43]

u(t)=0.1+0.9t +3.55t % + 6.31666667t > —5.5375t * —
63.70916667t > —156.0804167t® —18.47323411t " + (4.13)
1056.288569t 2 +0 (t°).

4.2.3 Solution of Volterra’s population model by VIM

In this subsection the Volterra’s population model is solved by using the
VIM [42], which is characterized by the nonlinear VIDE Eq.(4.9).

To solve Eq.(4.9) by VIM, we procesed as following:

The correction functional for Eq.(4.9) is:
t t
Uy =Up + [A@)u) () —10u,, () +10u () +10u, () u, (x )dx Jdt  (4.14)
0 0

where we used A(t)=-1 for the first-order integro-differential equation
Eq.(4.9). The zeroth approximation u, can be selected by using the initial value
u(0) =0.1. Selecting uy(t) =0.1, and using Eq.(4.14) the following successive

approximations have been obtained:

Up(t) =0.1,
t ) t

Uy (t) =ug — [[ug(t) —10ug(t) —10ug (t) —10ug (t) Juo(x )dx Jdt
0 0

=0.1+0.9t —0.05t7,

t ) t

Up(t) =u; - j[ui(t) —10uy (t) —10u; (t) —10U1(t)IU1(X )dx Jdt
0 0

=0.1+0.9t +3.55t* —3.2833333t* - 0.7708333t* +0.0699999t° —0.0013888t°,

Us(t) =u, —tj[u;(t) —10u,(t) —10u2(t) —1Ou2(t)tju2(x )dx Idt
0 0
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=0.1+0.9t +3.55t 2 +6.31667t > —24.7375t * ~19.1225¢° + - --
t t
Uy (t) = Uz — [lus(t) —10u5(t) —10u3 (t) —10u(t) fuz(x )dx Jdt
0 0

=0.1+0.9t +3.55t > +6.31667t > —5.5375 * —94.4292t> + - --
The components ug, Ug, U; and ug were also evaluted and will be used, but for

brevity not listed. This completes the formal determination of the approximation

of u(t) given by :

u(t)=0.1+0.9t +3.55t % + 6.31666667t > — 5.5375t *
—63.7091667t° —156.08041667t © —18.47323413t ’ (4.15)
+1056.288569t8 +O (t %)

The approximation in EQ.(4.15) is in a very good agreement with the results
obtained by using ADM .

4.2.3.1 Analysis and Numerical Results

The results obtained here can be discussed to get more details about the
mathematical structure of u(t). In particular, we seek to study the rapid growth
along the logistic curve that will reach a peak, then followed by the slow
exponential decay where u()—>0 as t —oo, [43]. In order to study the
mathematical structure of u(t) the Padé approximants is used. Using the

approximation obtained for u(t) in Eq.(4.15), we find

0.1+ 0.4687931832t +0.924957398t 2 +0.9231294892t 3 + 0.4004234788t 4

[4/4]= 2 3 4
1-4.312068168t +12.5581875t < —13.88063927t ° +10.868304 7t
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Figure (4.1): Relation between Padé approximants [4/4] of u(t) andt for
u(0)=0.1,x=0.1.
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Figure( 4.2): Relation between Padé approximants [4/4] of u(t) andt for
u(0)=0.1,x =0.04,0.1,0.2 and 0.5.
which is the same obtained by ADM. From Fig.(4.1), we can easily observe that
for u@©)=01 and x=0.1, we obtain u,, =0.7651130891 occurs at
t i = 0.4644767409. However, Fig.(4.2) shows the Padé approximants [4/4] of
u(t) for u(0)=0.1 and for x=0.04,0.1,0.2 and 0.5, which is the same obtained by
ADM. The key finding of this graph is that when « increases, the amplitude of
u(t) decreases, whereas the exponential decay increases. Table (4.1) below

summarizes the relation between «, and t,,.. The exact values of u,, were

evaluated by using

42



Chapter Four

Umax =1+ & In(

1+K—UO

obtained by TeeBest [36].

Analytic and Approximate Solutions of Some Real Life Models

(4.16)

Table(4.1):Approximation of u,,,, and exact value of u,,, for

x =0.04,0.1,0.2and 0.5

= Critical t ApProx. Uy, Exact u,,
0.04 | 0.2102464442 0.8612401810 0.8737199832
0.1 | 0.4644767409 0.7651130891 0.7697414491
0.2 | 0.8168581213 0.6579123099 0.6590503816
0.5 | 1.6266622270 0.4852823490 0.4851902914

4.2.4 Solution of the Volterra’s Population Model by DJM

In this section the Volterra’s population model is solved by DJM. Recall
the population growth model characterized by the nonlinear VIDE Eq.(4.9) and
to solve this model by DJM, we integrate Eq.(4.9) with respect tot from 0 to

t and applying the initial condition, then we have:
t t
u(t)=0.1+ [[10u(t) —10u*(t) —10u (t) fu (x )dx Jdt (4.17)
0 0

Now, by applying NIM to Eq.(4.17), we get:
U, =0.1,

u; =N (Ug) = ]'[10u0(t) —loug(t) —10u0(t)tfu0(x )dx ]dt
0 0
= tj[10(o.1) ~10(0.1)? —10(0.1)}0.1dx Jdt =0.9t —0.05t2,
0 0
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t
Uy =N (Ug +ug) =N (Ug) = .[[lO(uo(t)+u1(t))—10(u0(t) +uy(t)%) -
0

t
10(ug (t) +uy (1)) (o (x ) +uy (x ))dx Jdt —uy,
0

= tj[10(o.1+ (0.9t —0.05t 2)) —10(0.1+ (0.9t — 0.05t 2))% —
0

t
10(0.1+ (0.9t —0.05t *))[(0.1+ (0.9x —0.05x *))dx Jdt — (0.9t —0.05t %)
0

—3.6t2-3.28333t° - 0.770833t %,
t

Ug =N (Ug+Up +Uy) =N (Ug +Uy) = [[10@ug +u; +uy) —10Ug +Uy +U,)?
0

t t
—10(ug +uy +U2)I(U0(X ) +ug(X) +uy(x ))dx]—j[lO(uo +Uy)
0 0

t
—10(ug +Uuy)* —10@Ug +Uy) [(Ue(x ) +uy (X ))dx ]
0
—96t3-239667t* —191925t° + 381065t °

t
Ug =N (Ug+Up +Uy +Uz) =N (Ug +U; +Uy) = [[10(Ug +U; +U, +Ug) —
0
t
10(Ug +Up +Uy +U3z)° —=10(Uq +Uy +U, +Ug) [Ug(X) +uUy (X ) +U5(x ) +
0

t
Ug(x))dx ] [[10(ug +u; +Uy) —10(Ug +U; +Uy)° —10(Ug +Uy +U,)
0

t
JUo(x) +uy(x) +up(x))dx ],
0

=19.2t% —753067t° —73.2967t® + 290.762t " +540.771t8

The components usg, Ug, U; and ug were also evaluted and will be used, but for

brevity not listed. This completes the formal determination of the approximation

of u(t) given by
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u(x)=0.1+0.9t +3.55t 2 + 6.31666667t > —5.5375t 4
—63.7091667t°> —156.08041667t ° —18.47323413t ’ (4.18)
+1056.288569t2 +0 (t %)

The approximation given in Eq.(4.18) is in a very good agreement with
the results obtained by using ADM, HPM and VIM in [29], [43], [42]. It is
worth to mention here the DJM is straightforward without required to
calculating Adomian polynomials to handle the nonlinear terms as in ADM and

construct a homotopy as in HPM and calculate Lagrange multiplier as in VIM.,

4.2.4.1 Analysis and Numerical Results
To examine more closely the mathematical structure of u as shown
above, we seek to study the rapid growth along the logistic curve that will reach

a peak, then followed by the slow exponential decay where u(t) >0 ast — o,

[43]. Polynomials are frequently used to approximate power series.Which tends
to exhibit oscillations that may produce an approximation error bounds. In
addition, polynomials can never blow up in a finite plane; and this makes the
singularities not apparent. To overcome these difficulties, the Taylor series is
best manipulated by Padé approximants for numerical approximations. Padé
Approximants [45] have the advantage of manipulating the polynomial

approximation into a rational function to gain more information about u(t). The

coefficients of the polynomials in the numerator and in the denominator are

determined by using the coefficients in the Taylor expansion of the function.

Using the approximation obtained for u(t) in Eq.(4.18), we find

0.1+0.4687931832t +0.924957398t 2 +0.9231294892t * + 0.4004234788t *
1-4.312068168t +12.5581875t 2 —13.88063927t * +10.8683047t *

which is in a very good agreement with results obtained by using ADM and

VIM.

[4/4]=
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Figure (4.3): Padé approximant [4/ 4] shows a rapid growth followed by a

slow exponential decay.

Figure(4.4): Relation between Padé approximants [4/4] of u(t) andt for
u(0)=0.1,x=0.04,0.1,0.2and 0.5.

Figure(4.3) shows the behavior of u(t) and explores the rapid growth that will

reach a peak followed by a slow exponential decay. Which is the same results
obtained by ADM and VIM. Also Figure(4.4), is the same results that is
obtained by ADM and VIM. From Fig.(4.3), we can easily observe that for
u@)=0.1 and x=01, we obtain u.,, =0.7651130891 which occurs at

teriticas = 0.4644767409. Table (4.2) summarizes the relation between x and

teritical - 1NE exact values of u,,,, were evaluated by using Eq.(4.16) obtained by

[36].
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Table( 4.2): Approximation of u,,,, and exact value of u,,, for
x=0.04,0.1,0.2and 0.5

x Critical t ADProX. Up,, Exact u,,,
0.04 | 0.2102464442 0.8612401810 0.8737199832
0.1 0.4644767409 0.7651130891 0.7697414491
0.2 0.8168581213 0.6579123099 0.6590503816
0.5 1.6266622270 0.4852823490 0.4851902914

4.2.5 Solution of Volterra’s Population Model by PSM

In this section, the Volterra’s population model is solved by using PSM.
Recall that the population growth model is characterized by the nonlinear VIE
Eq.(4.17) , and by applying the PSM to Eq.(4.17).

Suppose the solution of Eq.(4.17) with uy(t) =u(0) =e,=0.1

isu;(t) =e,+eqt and hence

u;t)=0.1+egt (4.19)
Substituting Eq.(4.19) into EQ.(4.17), yields to:
t
0.1+et =0.1+ [[10(0.1+et) —10(0.1+et)?
0 t (4.20)
—10(0.1+e;t)[(0.1+eyx )dx Jdt
0
After simplifying, we get e; = 0.9 and hence,
u,(t) =0.1+0.9t (4.21)

Which is the first approximtion for the solution of Eq.(4.17).

The second approximate solution of Eq.(4.17) can be supposed as:

u(t) =0.1+0.9t +e,t? (4.22)
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and substitute Eq.(4.22) in Eq.(4.17), will give:

t
O.1+et +et? = 0.1+ [[10(0.1+et +e,t?) —10(0.1+et +e,t*)?
0 t (4.23)
~10(0.1+eqt +e5t?)[(0.1+e;x +e,x *)dx Jdt
0

After simplifying, the second constant e, is found to be e, = 3.55 and hence,

U,(t) = 0.1+ 0.9t +3.55t 2 (4.24)

Similarly, proceeding in this way, the following approximate solution have

been obtained,

u(t)=0.1+0.9 +3.55t% + 6.316667t > —5.5375t * —
63.7091667t > —156.0804167t ° —18.4732341t ’ (4.25)
+1056.288569t8 +O (t %).
4.2.5.1 Analysis and Numerical Results
In order to study the mathematical structure of u(t), the Pade pproximants that
presented and implemented in chapter one is used. Using the approximation
obtained for u(t) in Eqg.(4.25), we find

0.1+ 0.4687931832t +0.924957398t 2 +0.9231294892t 3 + 0.4004234788t 4

[4/4]= 2 3 4
1-4.312068168t +12.5581875t © —13.88063927t © +10.868304 7t

wwwwwwwwwwwwwwwwwwwwwwwwww
07 ;’ k=01

06 ;
05 ;
04 f—
03 ;
02 ¢

o1F

00, . . =

Figure (4.5): Relation between Padé approximants [4/4] of u(t) andt for
u(0)=0.1,x=0.1.
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Figure(4.6): Relation between Padé approximants [4/4] of u(t) andt for
u(0)=0.1,x=0.04,0.1,0.2and 0.5.

Figure(4.5) shows the relation between the Padé approximants [4/4] of u(t) and

t. Which is the same results obtained by ADM, VIM and DJM. Also
Figure(4.6), is the same results is that obtained by ADM, VIM and NIM. From

Fig.4.5, we can easily observe that for u(©)=0.1 and x=0.1, we obtain
Unax = 0.7651130891 which occurs at t;.q = 0.4644767409. Table (4.3)
summarizes the relation between x, U, and t..ica - Moreover, the results of
the corresponding absolute errors & =fxact solution—approximate solution| are
also presented for the Padé approximants and [4/4]. The exact values of u,,

were evaluated by using Eq.(4.16) obtained by TeeBest in [36]. It can seen
clearly from Table (4.3) that the results obtained by PSM is in a very good
agreement with the exact solution and the absolute errors are decreases when the

values of x are increases as u(t) becomes smooth.

49



Chapter Four Analytic and Approximate Solutions of Some Real Life Models

Table (4.3): Approximation of u,,,, and exact value of u,,, and absolute

errors for ¥ =0.04,0.1,0.2 and 0.5 with the Padé approximants [4/ 4]

K Critical t ApPProx. U, Exact u,,, ¢ for [4/4]

0.04 | 0.2102464442 | 0.8612401810 | 0.8737199832 | 4.62836x10°

0.1 | 0.4644767409 | 0.7651130891 | 0.7697414491 | 1.13807x10°

0.2 | 0.8168581213 | 0.657912310 | 0.6590503816 | 9.20576x10™

0.5 | 1.6266622270 | 0.4852823490 | 0.4851902914 | 1.24798x10”

4.3 Convergence of PSM for Volterra’s population model
Volterra’s population model given by Eq.(4.9) may be generalized to the

following inetgro-differential equation :
u'(x)=g(x,u(x))+u (x))jk (x,t,u(t),u'(t))dt, u)=a (4.26)
0

In the following theorem we prove convergence of the PSM for Volterra’s
population model. The proof of the convergence theorem is a modification to the

proof of theorem (3.3).

Theorem (4.1):

Let u be the exact solution of the generalized Volterra’s population model
(4.26) and assume that u has a power series representation. Then, the

approximate solution obtaind by PSM converge to exact solution.

Proof : Assume the approximation solution to Eq.(4.26) be as follows

U=ey+eX +e,X2 +...

m
u" o153

Hence, it suffices to prove that e, = :
m!
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If m =0 and with the cooperation of the initial condition, we get
a=u(0)=¢e,+e,0+e,0+...=e; >ey,=a
If m =1, and since u(x) is the exact solution of Eq.(4.26), then it satisfies this

integro-differential equation. i.e.
X
u'(x)=g(x,u(x)) +u(x)jk (x,t,u(t),u’(t))dt (4.27)
0
and hence, substituting x=0 in Eq.(4.27) gives

u'(0)=g(O,u(0))+u (O)j!k (x,t,u(t),u’(t))dt =g(O,u(0)) (4.28)
0

and since u’(x) =U"(X) = +2e,X +3e5x % +...
and therefore, u’(0) =u’(0), then g(O,u(0)) =u’(0)
If m=2, then differentiate Eq.(4.26) with respect to x and substitute u =u(x),

we get
14 a 8 '
u (X)=a—9(x,U(X))+—9(X,U(X))u (x)
X ou

+u’(x))jk (x,t,u,u’)dt +u(x)[k (x,t,u,u’) (4.29)
0

X 0
+ | —k (x,t,u,u”]dt
gax ( )]

Evaluate Eq.(4.29) at x =0, gives
" a a !/
u”(0) =a—g(O,U(O))+—g(O,U(0))u (0)
X ou

+U ’(O)}k (x,t,u,u’)dt +u(0)[k (x,t,u,u’) (4.30)
0 5 i ’
+£a—xk(x t,u,undt

- aig 0,0(0)) +-2 g (0.u (0)u’(0) +u (O)k (0,u(0),u’(0)) (4.31)
X ou
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and since
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u”(x ) =a"(x)then u”(0) =u"(0)

Therefore,

2%=§qum»ﬁ%g@wmwmwumwwumWﬂm

and hence
22, =2 g(0.e0) +-2g(0.e0)e; +eok (0.g.e1) (4.32)
2 GX g ™~0 au g 1~0/v1 0 1S 01C1 .
Comparing Eq.(4.31) and Eq.(4.32), we get 2e, =u"(0) —»e, = u 2(?) _

So by inducting, one can show that e; = 3l €4 =

u 4 (0) u " (0)
41

By mathematical induction and so in general :

_u"(0)

m

, m=1,23,...

This completes the proof of Theorem 4.1. -

4.4 The Hybrid Selection Model, [46]

The Hybrid selection model with constant coefficients has the following

model:

u'=ku(@-u)-u), u(0)=0.5. (4.18)

where Kk is a positive constant that depends on the genetic characteristic. In the

hybrid model, u is the portion of population of a certain characteristic and t is

the time measured in generations.

4.4.1 Solving the Hybrid Selection Model by DIM

To solve Eq.(4.18), we integrate the differential equation from 0 to t and

applying the initial condition, then the following nonlinear VIE is obtained:
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t
u(t) =05+ [[ku(1-u)2—-u)dt (4.19)
0
Now, applying the DJM to Eq.(4.19) it is found that:
==
0= 5

t
0

Uz =N (Ug +uy) =N (Uo)

t
= [k (Ug +up) (1= (Ug +Uy))(2 — (Ug +uy))ldt —uy
0

3 9 27
= = (kt)? ——(kt)* ———(kt)*,
64( ) 128( ) 2048( )

Ug =N (Ug+u;+U,)—N (Uy +uy) = tj[k (Ug+Uy +Uy)
0
(1— (U +uy +U3))(2 - (Ug +Uy +Uy))Jdt —
t

JIk U +ug)(1= (g +up))(2 - (Ug +uy))ldt
0

17 3 63 4 27 5
= ——(kt)” ———(kt)™ + ——(kt)".
256 (kt) 2048 (kt) 2560 (kt)

and so on. This gives

3 3 ) 17 3
—kt ——(kt)* ——(kt
8 64( ) 256( )
125

— === (kt)* +£(kt)5 +..
4096 81920

ut)=05+
(4.20)
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Figure( 4.7): The solution u(t) for k =0.25, and 0<t <20

This in turn gives

i) = V1+3e¥ 1
\/1+363kt

which is the exact solution of the problem and it is the same results obtained by

VIM [46]. Figure(4.7) shows the solution u which is an increasing function

bounded by u =1.

4.4.2 Solving the Hybrid Selection Model by PSM

Now, applying PSM to solve Eq.(4.19), we suppose the solution of
Eq.(4.19) with uy(t) =u(0) =ey= 0.5 is, u;(t) =ey +et , which implies

u;(t) =05+eqt, (4.21)
Substitute Eq.(4.21) into Eq.(4.19), yields to:

0.5+et =05+ tj[k (0.5+et)(1-(0.5+e))2—(0.5+et)dt, (4.22)
0

After simplifying, we get, e, = gk and hence:

0 (t) = 0.5+gkt, (4.23)

54



Chapter Four Analytic and Approximate Solutions of Some Real Life Models

which is the first approximation for the solution of Eq.(4.19).

Similarly, the solution of Eq.(4.19) can be supposed as:
u(t)=0.5+gkt +est?, (4.24)
and substitute Eq.(4.24) into Eq.(4.19), give:

t
0.5+gkt ret? =05+ [k (O.5+§kt ret?)
0

(1—(0.5+§kt ret?) (4.25)

(2—(0.5+§kt ret2)t.
After simplifying, we get, e, = 6_3;1k 2 and hence,

3 3 2
U,(t)=05+—-kt + —(kt)*, 4.26
) =05+ kt+ = (kt) (4.26)

Proceeding in this way, we get:

3 3 > 17 3
ut)=05+—-kt + —(kt) ——(kt
®) 8 64( ) 256( )

125 721 (427)
— 2 (k) = (kt)® +...
4096 81920

S S T S B SO SN
0 5 10 15 2
t

Figure (4.8): The solution u(t) for k =0.25,and 0<t <20
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This in turn gives

[ 3kt
u(t) = 1+3e 1.
V1+3e3K
which is the exact solution of the problem and it is the same results obtained by
DJM and VIM in [46].

4.5 The Riccati Equation
The Riccati equation is one of the most interesting nonlinear differential

equations of the first order. It is written in the form:
u'=a(x)u+b(x)u?+c(x),x =0
where a, b, ¢ are continuous functions of x and c(x),b(x) #0,Vx €[0,x)

By integrating the equation from 0 to x, we get :
X
u(x)=uqy+ j[a(t)u () +b(t)u?(t) +c(t)]dt
0

4.5.1 Solving the Riccati Equation by DIM

Consider the Riccati equation of the form [46]:
u'tt) =u?(t)—2xu(t)+x2+1, u(0)=0.5. (4.28)
To solve Eq.(4.28), integrate from 0 to x, and apply the initial condition, we

get:
X
ut)=05+ [[u®—2tu +x*+1dt. (4.29)
0
Now, apply DJM to Eq.(4.29) we find:

UOZE’

X
up =N (Ug) = [[ug — 2tug +x * +1]dt
0

= u1=§x +%x2—%x3,
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X
Uy =N (Ug+Up) =N (Ug) = [[(Ug +uy)® — 2t (Ug +Uy) +x * +1]dt —uy
0

_lo T 1 4
8

——X
48 28

X
Ug =N (Ug+Up +Up) =N (Ug +Uy) = [[(Ug +Up +U,)?
0
X
— 2t (Ug +Up +Up) +X 2 +11dt — [[(Ug +up)® — 2t Ug +uy) +x > +1]dt
0
S IV FUE IV S
16 48 960
and so on, this gives
u(x)=x +l(l+lx +lx2+1x3+ix4+ix5+...) (4.30)
2 2 4 8 16 32

That converges to

u(x)=x + x| <2.

2-X
which is the exact solution of the problem and it is the same results obtained by
VIM [46].

4.5.2 Solving the Riccati Equation by PSM
Now, applying the PSM to Eq.(4.29), and suppose the first approximate
solution of Eq.(4.29) with ug(x) =u(0) =e, =0.5 is u;(x ) =ey +e;x , and hence
u;(x)=0.5+exx, (4.31)
Substitute Eqg.(4.31) in Eq.(4.29), to get,

X
05+exx =05+ [[(0.5+et)” —2t(0.5+et) +x * +1]dt. (4.32)
0
T 5
After simplifying, we get, e; = " and hence,
5
u;(x) = O'5+ZX' (4.33)
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which is the first approximation for the solution of Eq.(4.29). The solution of

Eq.(4.29) can be supposed as:
_ S 2
u(x)= 0'5+ZX +€,X °, (4.34)
Substitute Eq.(4.34) in Eq.(4.29), we have,

X
0.5+§x +e,x%= 0.5+I[(0.5+;t +et?)’ -
0

(4.35)
S 2 2
2t(0.5+Zt +e,t %) +x 7 +1]dt.
After simplifying, we get, e, =% and hence,
uz(x):0.5+§x +1x2, (4.36)
4 8
Proceeding in this way, we get,
u(x)=x +1(1+1x +1x2+1x3+ix4+ix5+...) (4.37)
2 2 4 8 16 32

That converges to

u(x)=x + x| <2.

2-x '
which is the exact solution of the problem and it is the same results obtained by
DJM and find VIM in [46].

4.6 The Logistic Differential Equation
The logistic function is the solution of the simple first-order nonlinear

differential equation [47].
u’:,uu(l—u),u(O):%,y>0,x >0 (4.38)

The logistic function finds many applications in a range of fields, including

artificial neural networks, biology, biomathematics, demography, economics,

58



Chapter Four Analytic and Approximate Solutions of Some Real Life Models

chemistry, mathematical psychology, probability, sociology, political science,

and statistics.

4.6.1 Solving the Logistic Differential Equation by DIM
To solve Eq.(4.38) using the DJM, integrate from 0 to x , and apply the

initial condition, we get
X
U(x)=05+[[ zut)(@—u(t)]dt (4.39)
0
Now applying the DJM to Eq.(4.39), one may find:

1
Up=">,

Uy = [[ag (€)1 —uo (t)ldt = %x,
0

Uy = [[a(Ug +Up)(t)(L— (g +Up)©)]dt —u; = —;‘—8x3,
0

Ug = [ +Uy +Up)(t)(A— (Ug +Uuy +U,)()[dt
0

— [[a(ug +ug)(t)(1— (g +uy)(t)]dt
0

5 7
_,UXS H 7

= - X .
480 16128

and so on, which gives

3 5 7 9
u(x)=l+ﬁx Hoy3 g Hoys LT 7 &x9+...(4.40)

2 4" 48" 480" 80640 1451520
While the exact solutionis given by [40].
e
1+e

which is the same results obtained by VIM [47].

u(x)=
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4.6.2 Solving the Logistic Differential Equation by PSM
Now, using the PSM to solve Eq.(4.39), we suppose the solution of
Eq.(4.39) with uy(x) =u(0) =e,= 0.5 is, u;(x) =€, +e;x , and hence:
u;(x)=0.5+exx, (4.41)
Substitute Eq.(4.41) into Eq.(4.39), then:

0.5+ex =0.5+ )j[,u(O.S +et)(1—-(0.5+¢t))dt. (4.42)
0

After simplifying, we get, e; = " and hence:

uy(x) = o.5+§x, (4.43)

which is the first approximation for the solution of Eq.(4.39). The solution of

Eq.(4.39) can be supposed as:
u(x):O.5+§x +e,x 2, (4.44)
Substitute Eq.(4.44) into Eqg.(4.39), we have,

X
0.5+%x +€,X 2=05+ J.[y(O.5+§t +e2t2)
0 (4.45)

(1—(0.5+%t +e,t2))t.

3
After simplifying, weget, e, = /:—8 and hence,

3
u(x):O.5+§x +%x2, (4.46)

Proceeding in this way, we get,

3 5

u(x):£+ﬁx H 3y H s

2 4 48 480
7 9
Yip 7 3l o
80640 1451520

(4.47)
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While the exact solution is given by [47].

e X

u(x)= .
®) 1+eX

which is the exact solution of the problem and it is the same results
obtained by DJM and VIM in [47].
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Conclusions and Recommendations

The fundamental goals of this thesis are to construct an analytic and
approximate solutions to VIDE and its applications to certain scientific models.
The goals have been achieved by implementing the DJM [15] and the PSM [38],
[39] in a straightforward manner to the nonlinear VIDE.

In this chapter we shall review the main results presented in the thesis and

make some suggestions for future work.

5.1 Conclusions

There are three important points to be noted in this work. First, unlike the
traditional grid points techniques used by TeeBest in [36], the solution is
defined at grid points only, the solution here is given in a series form. Second, in
[36], the scheme used 20 iteration steps, whereas less than 10 iteration steps
were used in this thesis. Third, the high agreement of the approximations of the
solution between the methods used at this work is clear and remarkable. This
advantage over existing techniques demonstrates the reliability and the
efficiency of these methods. Furthermore, the efficiency of these approaches can
be dramatically enhanced by computing further terms or further components of
the solution when the DJM or the PSM are used, respectively. In this thesis, a
solution that is valid in the domain of definition is obtained and the
mathematical structure of the solution was successfully enhanced by employing
Padé approximants. The Padé approximants, that is often show superior
performance over series approximations, provide a successful tool and
promising scheme for identical applications. Among the obtained conclusions
obtained from this thesis are as follows:
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1.

The DJM and the PSM have been successfully applied to Volterra’s
population model. The numerical results reveal that the proposed
methods is very simple, straightforward and provided the same results
obtained by ADM, HPM and VIM in [43], [29], [42].

. The DJM and PSM unlike the mesh points schemes does not provide

any linear or nonlinear system of equations.

The DJM and PSM does not require any discretization, linearization or
small perturbations and therefore is capable of greatly reducing the size
of calculations while still maintaining high accuracy of the numerical
solution.

It is worth pointing out that the ADM requires to evaluate of the
Adomian polynomials that mostly require tedious algebraic
calculations. Also, HPM requires to construct a homotopy and solve the
corresponding algebric equation and the VIM requires to calculate the
Lagrange multiplier. It is interesting to point out that the DJM and the
PSM reduces the volume of calculations in comparative with existing
techniques, since the iteration is direct and straightforward.

Moreover, for nonlinear equations that arise frequently to express
nonlinear phenomenon, the DJM and PSM are powerful and efficient,
facilitate the computational work and give the solution rapidly in
comparative with other numerical techniques.

Furthermore, the methods are used to solve some scientific models,
namely, the hybrid selection model, the Riccati model and the logistic
model to provide the analytic solution and the results showed the DJM
and PSM provided the same results obtained by VIM, [46], [47].

. The simple, easy-to-apply, economical in terms of computer

power/memory and fast algorithm of the proposed methods is the main

advantages over other existing methods.
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Table (5.1): Comparison between the absolute errors of ADM, HPM, VIM,
PSM and DIM

ADM

HPM

VIM

PSM

DJM

0.1

4.62836x107

4.62836x107°

4.62836x107

4.62836x10°

4.62836x10°

0.2

1.13807x107°

1.13807x10°°

1.13807x10°°

1.13807x10°®

1.13807x107°

0.5

9.20568x10°

9.20568x10™

9.20576x10™

9.20576x10™

9.20568x10™

0.04

1.24798x1072

1.24798x10

1.24798x10

1.24798x1072

1.24798x10

It can be seen from the Table (5.1) that, the absolute errors of DJM and

PSM are completely the same as the absolute errors of ADM, HPM and VIM as

expected because the approximation in Eq.(4.18) and Eq.(4.25) is the same for

all methods.

5.2 Recommendations

Our recommendations for future work are:

1.
2.

Solve the mixed Volterra-Fredholm integral equation by DJM or PSM.
Solving Burger’s, coupled Burger’s equation and system of two-
dimensional Burger’s equations by DJM or PSM.

Solving the Bratu-type equations by PSM.

Solving the Fokker-Planck equation by DJM or PSM.

Solving two forms of Blasiu’s equation on a half-infinite domain by

DJM or PSM.

Solving nonlinear systems of PDEs by DJM or PSM.

Solving the evolution equations by PSM.

Solving nonlinear Klein-Gordon Equations and nonlinear Schrodinger
equations by PSM.
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