ABSTRACT

One of the ams of study the fuzzy set theory is to develop the
methodology of the formulations and the solutions of problems that are too
complicated or ill-defined to be acceptable to anaysis by conventioa
techniques. Therefore, fuzziness could be considered as a type of imprecision
that steams from a grouping of elements into classes that do not have exact
defined boundaries. Such classes, introduced by Zadeh L. A., in 1965 as atool
used to describe the ambiguity, vagueness and ambivalence in the
mathematical models.
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THEROTICAL RESULTS
IN FUZZY SETS

Additional theoretical concepts in fuzzy set thyeoould be discussed
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Finally, in section four two types of fuzzy integom have been
discussed, which are integration of real valuexkzyufunction over closed
interval and integration of crisp real valued fuotover fuzzy interval since
of it's important in the existence and uniqguenés®tem of fuzzy differential

equations.
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Chapter Two Theoretical Results in Fuzzy Sets

2.1 FUZZY FUNCTIONS [DUBOI S, 1980]

The term “fuzzy function” must be understaodeveral ways

according to where fuzziness occurs. We startwirgt the first type:

2.1.1 Function with Fuzzy Constraint:
Let X and Y be two universal sets and letbe a classical function

f: X~ Y maps from a fuzzy domaiA in X into a fuzzy range§ in Y thenf

is a function with fuzzy constraint if for atd X, 5 ( f (X)) 2 uz(x).

Example(2.1):

Let X =Y = R, and consider two fuzzy sets:
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X ontoY. Let A be a fuzzy subset o, then B= f(f& )is a fuzzy subset of

with membership function defined by:

sup  ux ()if £7H )20
X0t 74(y)

Hg(y) =
0, if f 1(y)=0

wheref *(y) is the inverse image ¢f

22


http://cbs.wondershare.com/go.php?pid=1140&m=db

Chapter Two Theoretical Results in Fuzzy Sets

Example (2.2):

Consider the wuniversal setsX =Y=R and consider a crisp

functionf (x) = x*, with the domain given by the fuzzy set:

A ={(-2,0.9), (-1, 0.6), (0, 0.7), (1, 0.8), (25,
The independent variablehas an ambiguity and the fuzziness which is
propagated to the fuzzy sBt, then we can obtaiB , as:
B={(4, 0.9), (0, 0.7), (1, 0.8)}.

2.1.3 Single Fuzzfying Function :
Fuzzifying function fronX ontoY is a mapping fronX into the fuzzy

power set P(Y Jor 1%), i.e., F:X - P(Y), that is to say the fuzzifying
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Fuzzifying bunch of crisp functions froiontoY is defined with fuzzy

set of crisp function:
f:{(fi,,uf(fi)ﬁi :X = Y,iON: N is the set of natural numb]ers

where ¢ (f;) is the membership function of the crisp functifn

Example (2.3):
X={1, 2,3}, f ={(f, 04),(f, 07),(f, 05)}

wheref (x) = x, f,(xX)=x* f,(X)=1-x.
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Chapter Two Theoretical Results in Fuzzy Sets

2.2 FUZZY MAPPINGS

A fuzzy mapping is a generalization of tbencept of a classical

mapping which can be understood as follows:

Definition (2.1)[Dubois, 1982]:

A fuzzy mappingi; from a crisp sety onto a seV is a mapping fron

to the power set of non-empty subs‘«*é,tslamelyl5 M -{0O}
In other words, to each elemant] U corresponds a fuzzy seﬁ(u) defined

onV, whose membership function js. ., and F(u) IS non-empty.

(u’
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- A lUZLZy SELE 01V -, L.E., d luZZy SeEL Ol orainary mapping imraio v

each mapping U J - Vs assigned a membership gradef . )

Proposition(2.1)[Dubois, 1982]:

A fuzzy mapping is strictly equivalent tduzzy relationR such that

OuOU,vOV, g, (u,v)=0.

Proof: See [Dubois, 1982]m
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Chapter Two Theoretical Results in Fuzzy Sets

Remarks (2.1):

1. As a converse of proposition (2.1), a fuzzytretacan be viewed as a
fuzzy mapping if 4 (u ,.)determines a nonempty fuzzy sfeéu )

2. Fuzzy mappings and fuzzy relations have differazihis of view on

the same mathematical notion.

3. Fuzzy set of mappings (FSM'’s, for short) are natiegent to fuzzy
mapping. Indeed, a natural way of assigning menhigeigradegu(u,v)
to possible images1V of uld U , given an FSMF, is to define
H(uv) = pe(f) wheneverv = f(u). Note thatp(u,v) is not uniquely

defined since there may existf, g U — V, f #g, such that
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define an ordinary multimapping, as follows:
£, (u) :{vmf(u) (V)2 a} 0V, for all u0U.

f, is thea- cut of f
Also, f, can be viewed as a crisp subse¥0f i.e., a set of mappings

fo={f:U -V |Oudu, f(uO f, (u}
= f:U -V]inf gz, (f(u)=a;.
{ i 1py (T2
f, is thea—cut of an FSM generated Wy, denotedy(F )such that
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Chapter Two Theoretical Results in Fuzzy Sets

ey () =0 21 (FW), DT (2.1)

Example(2.4) [Najeib SW., 2002]:

LetX = {2, 3, 4,...,25}, a fuzzy mappingf maps the elements Kto

the power fuzzy seP (X )in the following manner.
f (2 ={(2,0.3),(3,0.5),(4,1),(5,0.5),(6,0.3),(9,0.2)}
f 3 ={(3,0.3),(5,0.5),(7,1),(9,0.5),(14,0.3),(16,3.2)

f (4) ={(4,0.3),(8,0.5),(12,1),(16,0.5),(20,0.3),(22)0.
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iy (F)= mf{ fz(X))IxﬂX}
{,u (f2(2)), 15 (3)(f2(3)) M (4)( 2(4))}
=i { ﬂf(s)( )n“f”(4)(16)}
=inf{ 10505} = 05

So, ¥/( 1?) ={( f,,0),(f, ,0.5)} , Wheref,(X)= 2x andf,(x) = x>.
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Chapter Two Theoretical Results in Fuzzy Sets

Now, to the second case which is the conveskethe above
construction which is also can be made as expressede following

definition.

Definition(2.2) [Najeib S.W., 2002]:

Given a fuzzy set of mapping@‘~ with Ml * - [01], we can

construct a fuzzy mapping : X — P(X) such that?(x )s a fuzzy set

with membership function defined as follows :

J sup Uy € )when f™ (y)z O
e (Y)EAXOE Ny (2.2)
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where
(X)) =X, f2(X) =x? , f3(X) = e*, f4(X) = x +1.

Then the image at=1, is:
b ) =508l 1, (1) | = 109

The possible values of y i$,(1), fo(1), f3(1), f4(1)} = {1,1,6,2}
ﬂ;(l)(y)=§l¢p{ﬂy(f~)(fl), ,Uy(;)(fz)}

=sup{0.205} = 05

flva
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Chapter Two Theoretical Results in Fuzzy Sets

Hz o, (e)=07, u. o (2 =03

So the fuzzy setf  (@F {(1,0.5),(2,0.3),(e,0.7)}
Similarly

f (2= {(2,0.2),(4,0.5),(,0.7),(3,0.3)}

f (3F {(3,0.2),(9,0.5),(&,0.7),(4,0.3)}.

Hence:

F(x)z{(f(x),sup{/jym(f) | y= f(x),ny(F)}j}, for allxOX.
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f,g:h(u)= f(u+ gy UM

< inf sup min ( Py (F(U)), Hgw(a(u)) ),
UL f g:h(u)=F (u)+ g(u)

and since for any mapping:AxB—R.
inf sup p(Xy) > sup infy p(xy),
hence,

Hyhope (h(U)) < l'JBL Myt Dgywy (N(W)

= HyingunV)- =

28
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Chapter Two Theoretical Results in Fuzzy Sets

2.3 FUZZY DIFFERENTIATION [DUBOIS, 1982]

The fuzzy differentiation depends on the typehaf tonsidered function
in section (2.1), i.e., differentiation of non-fyzfunction over fuzzy interval
and that of fuzzifying function at non-fuzzy pointeay be considered as a

type of fuzzy differentiation.

2.3.1 Differentiation of Crisp Function on Fuzzy Points:

By the extension principle, differentiatioﬁ’(,& of)a non-fuzzy function

f at fuzzy pointx, [Dubois, 1982b] is defined as:

Ui g (YY) = Max iy, (X)
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f'(A)={(3, 0.4), (0, 1), (3, 0.6)

={(3,0.6), (0, 1)}

2.3.2 Differentiation of Fuzzfying Function Over a Set of Non-Fuzzy

Points:

For all x belongs to the ordinary domaiD, we will define the

differentiation of fuzzifying functionf ata non-fuzzy point. Let amy-cut of
f be differentiable for an arbitraryx in D, we define differentiation
(dF/dx)(xo) at an ordinary poirn, as:
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Chapter Two Theoretical Results in Fuzzy Sets

- = M ~(f,
'u(df/dx)( )O)(p) (df},/dx?(xxo): p:uf ( a)

The next example illustrates the above definiti

Example (2.7):

Consider the fuzzifying function:
f ={(f, 0.4), £ 0.7), €, 0.4)}
wheref,f, andfy are crisp functions defined by:

200 = X, F(X) =X andfy(x) =% + 1
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Hence:

~

%(xo) = max {(1, 0.4), (1, 0.7), (0.75, 0.4)}

={(1, 0.7),(0.75, 0.4)}.

Another type of fuzzy differentiation which called thd_- R type could
be used also in differentiating fuzzy functionsr(faore details, see, e.g.,
[Dubois, 1982]).
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Chapter Two Theoretical Results in Fuzzy Sets

2.3.3 Algebraic Properties of Differentiation

As in non-fuzzy differentiation so many propertaags given and proved
successfully. Therefore, similarly several algebrproperties undertaking
fuzzy differentiation could be given. The proofslivide given here for the

sake of completeness.
We start first with the following theorem:

Theorem (2.1):

The extended sum of the derivatives of the real valued functidrad

g at the fuzzy poin&, is defined by:

FUYYNTIA(YNTIMF 2T
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Theorem (2.2):

If f' andg' are continuous and both non-decreasing (or nam#&sing),

then:
fr (%) 0 g(%)==F"+9)(%)

Proof: See [Dubois, 1982]m

The next theorem illustrates the differeidia of product of two

functions, which is given in [Dubois, 1982] and ethiteratures without proof

31
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Chapter Two Theoretical Results in Fuzzy Sets

(to the best of our knowledge); which will be pnegel here for

completeness:

Theorem (2.3):

1. If f andg are crisp functions frofX to Y and X, is a fuzzy point irX then:

€9)' (%) = (Fg +fg) (%) O[f'(X%)0 9(3)] O [f(%) 0 g'(%,)]

2. 1tf, g, f' andg' are continuoud, andg are both positive, anid andg’ are

both non-decreasing, § are negative and, g’ are non decreasing), then:
€9)' (%) =[f'(%) 0 9(%)] O [f(%) 0 g(%)]

Proof:

This is a watermark for the trial version, register to get the full one!

Benefits for registered users:

1.No watermark on the output documents.
2.Can operate scanned PDF files via OCR.

3.No page quantity limitations for converted PDF files.

= s i ) ()29
sty=f'(9 o $+ () ()

Also, using the extension principle to the left tiande, one can get:

f g)(%0)(Y) =Htg+ig) 59 (V)= sup min 1k € )iz, &
A oY) =HIGHGO )= L 0 & 1k, €ty &)
= sup ;1)(0@() .......... (2.4)

x:y=f"(x)g(x)+f(x d( %

Now, from equations (2.3) and (2.4), we have:

32
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sup Hyo & )< sup mif{,lézo 6 ), Ly, (}
xiy=f"(x) g(x)+ f(X) d( ¥ sty=f'(9d 9+ () &}

SinceX is a fuzzy point which has a supremum value tioeegf

ta) (%) = (F'g+fg) (%) O [f'(%) 0 9(%)]1 O [f(5) 0 g'(3)]-

2. Since f'and ¢ are continuous on [a, b] and both non decreasing i

[a, b], then:

Os Ot>s, OxO[st] O[ab], such that:

00 909 +f'(x) g'(x) =1(s) g(s) + (1) g (V).
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Mio\l\l — 1 LM—X-O\\J/1 M‘X‘O\"/J

Hence:

HIt "(xp)0 g(x0)]T[f (R0)] g'(x0)] (V) =

sup mir{ SUp Mg, § )0 SUP g, t(})

uyviy=u+v =f(9 d3 LR @
= sup min{ Sup  Hg, X ) Sup g, K})’ X=s=t.
x:y=f'(x) g(x)+ (%) d( B (Y g X v { X0 X
= sup Hxy & ).

x:y=f'(x)g(x)+ f(x) g( ¥

33
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Therefore;

"xA) g% 5 sol(Y) = sup Hyq &)
UCRECE LICORCIE b A Y PP
But;

Hiroriog ) = Fivgeiaizn (V)= SUP -z (Y)
Then:

(f 9)(Xo) =[f (XU (%I O[ (X0 d >g]. ™

24 FUZZY INTEGRATION
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The first two of the above three types Wwéldiscussed next:

2.4.1 Integration of Real Fuzzy Function over Crisp Closed | nterval

[Dubois, 1982]

We shall now consider a fuzzy functiofi , which shall be integrated

over the crisp intervahg|b).

34
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Definition(2.3):

Let f: X —>I5(R), the integral of f over X = [a,b] denoted by

j F(t)dt is defined levelwise, as follows:
X

{j f(t)dt] = [ fz(Hdt, forall O<a<1
X a X

:{J'f _(t)dt,j f +(t)dtj ............................ (2.5)
X a X a

Remark (2.2):
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Following, some properties of the integnatad fuzzy function over crisp
interval which are given in [Dubois, 1982].

Lf(fogo {j f] O {J' g], wheref andg are real fuzzy functions from
X X X

the closed interva{ to R, with bounded support.

2. Under the commutativity condition fq'r and [,
X
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Example(2.8):

Consider the bunch fuzzy function givenari(4), by:
f ={(f, 0.4), €, 0.7), €, 0.4)}

where
00 =% 500 =X, £, =x+1

and tn intanrata thic hiincrh fiinArtinn nvar 1 21 memfAarmm thic ac fallAwie:-
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Hence, tne Integraton resuit IS With PossIDIity Us given by:
> _ 7
loA1,2) = {(5, 0.7)}

i) Integration ain = 0.4, there are two functions

f =f,(x) =xandf =f,(x) =x+1, then for
1", (1,2) =j2‘de= 1x2 2: 3
o ) ) 2 2

1

and

36
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- (1,2) =j(x+1)dx=%x2 R x}zz

1

N | o

The integration results are with possibility 0.4€R,
~ _ 3 5
Io4(1,2) = {(5’ 0.4),(5, 0.4)}.
Finally, we have the total integration.

> 7 5
11.2) =4, 0.7), é 0.4)(2, 0.4)}
2.4.2 Integration of a (Crisp) Real Valued Function Over a Fuzzy Interval
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ao Or O are related 1o each other By = Int S(a) < Sup Sp ) = b,.

Fig.(2.6) Fuzzly bounded interval.
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Definition (2.4)[Klir, G. J., 2000]:

Let f be a real valued function which is integrableha interval J= [ay,
bo], then according to the extension principle themership function of the

fuzzy integral[ f is given by:

H,(2)= Sup Mind s (%), 45 (Y)} -

D xy]J:z:_[f
X

Some Properties of The Integration of Crisp Fumctwer Fuzzy Interval
[Klir, G. J., 2000]:

1. Let f be any functioh: D — R, which is integrable ob, then:
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where [0 denotes the usual fuzzy set inclusio&[ﬂ C Uz < ) and O

denotes the extended addition

3.1ff,g:10 -R orf,g:10 - R, then:

g

;91!—.5'(

(f+g):j:'f []

D ey T}

The following examples illustrate fuzzy integratiand its properties:

38


http://cbs.wondershare.com/go.php?pid=1140&m=db

Chapter Two Theoretical Results in Fuzzy Sets

Example (2.9):

Let:
A ={(4,0.8), (5, 1), (6, 0.4)}
b ={(6, 0.7), (7, 1), (8, 0.2)}

and,f(x) = 2,x 0 [ag, bg] = [4, 8]

The problem is to find the fuzzy integration ffk) over J= [4, 8] The

following table illustrate these results.

Table (2.1)
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(5, 6) 2 0.7
5, 7) 4 1.0
(5, 8) 6 0.2
(6, 6) 0 0.4
(6,7) 2 0.4
(6, 8) 4 0.2

and by using the definition (2.4), then:
[f ={(0, 0.4), (4, 0.7), (4, 1), (6, 0.8), (8, 0.2)}.
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Example (2.10):

Let:
f(x) = 2x - 3,9(X) = —2x + 5
and
a ={(1,0.8), (2, 1), (3, 0.4)}
b ={(3,0.7), (4, 1), (5, 0.3)}
SO.
f f(x)dx =x"-3x [/ = (b* -3b) - (a’ - 3a).

h
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Yy — 1\ 7Y, V.9), (4, V.9), (&, 1), \U, V.O), \&, V.1 )}

[

D ey T}

N LA
—n

g = {(-6, 0.3), €4, 0.3), (2, 0.4), (0, 0.7), (2, 0.7), (4, 1), (6,
0.8), (8, 0.7), (10, 0.3), (12, 0.3), (14, 0.3)}

(f +g) ={(0, 0.4), (2, 0.7), (4, 1), (6, 0.8), (8, 0.3)}

D ey T}

and it is clear that:
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TIVII I AL T y UM VTS MU R

Also, this chapter consists of an introductionotber types of fuzzy
differential equations with boundary conditions @tis solved by using the
shooting method to solve numerically boundary vaiiablems.

3.1FUZZY DIFFERENTIAL EQUATIONS

Most dynamical real life problems could be formeth as a
mathematical model, in which most of them are fdatad either as system
of ordinary or partial differential equations, esjpdly in mathematical
physics. Therefore, studies could be oriented tdwao directions. The first

direction is the evaluation of the solution and mhodg methods to find such
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solution. While the second orientation is to studg stability of solutions
without evaluating this solution explicitly.

In connection with these studies of differentiglations a new field
appeared recently in the late of 20-th century,cwhs the so calleduzzy
differential equations.

Consider the fuzzy differential equations:
V()= Tt y), Y(tg)U Yo ,OtOD v, (3.1)

Wherety, §o are given, It's clear that the solution will degdeon the fuzzy

initial and hence the solutigrt) will be fuzzy and alsé is a given function.
Before studying the solution of fuzzy differentafuations, we will

first study the existence and uniqueness theoremfumty differential
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where A is a fuzzy set an@(w) = x. If X~ andY" are fuzzy Banach spaces,

thenT is calledfuzzy operator.
Also, if T(qA+ 6B = gT A+ ¢ T B, UABOI* andc,c, OR orC,

thenT is calledinear operator.

Definition (3.2)[Najeib S.W., 2002]:

A fuzzy function F:X - F(R)is called levelwise continuous gtl1 X
if the mappingF, is continuous at =t, with respect to the Hausdorff metric

Dy onF(R)for all a [01] .
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3.2 THE EXISTENCE AND UNIQUNESS THEOREM OF
FUZZY DIFFERENTIAL EQUATIONS USING
SCHAUDER FUZZY FIXED POINT THEOREM

In this section, the existence and uniqueness é¢neoof fuzzy
differential equations is considered using Schafdezy fixed point theorem.
The proof of the theorem is given by transformimg fuzzy differential
equation to an alternative Volterra fuzzy integrquiation and then satisfying
the conditions of the Schauder fuzzy fixed poimoitem.

First, recall the fuzzy version of Schauder dixmint.

Theorem (3.1) (Schauder Fuzzy Fixed Point Theorem) [Al-Hamaiwand
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existence of a solution of the fuzzy integral egumat This is important,
because integrals are in general easier to estithaie derivatives, also

integral equations could carry iterations rathantdifferentiation.

Definition(3.3) [Park and Han, 1999]:

A mappingy: | 7 — E"is a solution to the problery(t) = f(t, y(t)),

y(to) U Yo, , if it is levelwise continuous and satisfy theeigital equation:

t
y(t) = y0+j HERE) I S ] (PSR ] U (3.2)
to
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Definition (3.4) [Park and Han, 1999]:

A function [[] which satisfies an inequality of the form

d([f(t, x2)]%, [f(t, X)] %) < Ld([X2] %, [Xa]%) wevevnvieeieeiiiiane (3.3)
for all (t, x1), (t, x2) in a region D is said to satisfy a Lipschitz ciimth to

[ ] on D, whered represent the Hausdorff distance

Remark (3.1) [Park and Han, 1999]:

Define & to be the smaller of the two positive numbersa@nd %/I :

then the fuzzy integral equation (3.2) is definedlee interval

r | | A
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S(a) ={,uD R":d (V,¥,) < a} andf :A ~ R" be levelwise continuous and
bounded function for anyt, y(t)) A, then there exist a solution to (3.5)
which passes througtty, y).
Proof:

The proof is based on Schauder fuzzy fixed pdiabtem (3.1). First of
all, in order to fix our symbols, define the follow sets:

It ={tOR:0<t<T} andBs ={¢ OC: || <1+ 3 .
and suppose thaf is bounded function at,, that is, there existM OR",

such that:
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Since f is levelwise continues, then there exdsp3 > 0, such that:

[fto+t,y+@)|< M, where (@ Tl XBg .ooooiiiiiiei, (3.7)

Now, since our proof depends on the Schauderyfue®ed point

theorem, then it sufficient to prove thif is a non empty, closed, bounded,

and convex fuzzy subset of a fuzzy Banach sfand then the fuzzy

X

operatorT : 1X — I X is a compact fuzzy operator.

Another set which will be constructed that contaatisfuzzy subsets, such

that, for anya*,,B* OR let:

A R*\:Iinmnrp*x Iy B1Zon00 70y ROF Ll
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[0+ oo +) - 20)| <[CO)] +[# o +1) - 0]
< +B-F =B<1+p

Now, using (3.7) we have
Hf (to+t.C@) +Plto+1) H <M t01 . JOA@ ).
Now, we will define a fuzzy operatﬁr, as follows:

T:Na',f)- dR x %a), R0 & ,5).

and
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t
Yo+ [f(s,d(s)ds ,if 01,
0

T({(t) =
0 if t =0

Since the fuzzy fixed points of in A(a*,ﬁ) Is a solution to the fuzzy

differential equation with the following constraint
(o + 1) = (1) + P(to+1).
Now, to prove thatA(a*,,B*) Is a closed, bounded and convex fuzzy

subset ofc[R" x Sa’), R].
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10 prove
ZHt) =28 + Q- N0 0 AG@ B ).
i.e., to prove () IC[R' x o), R], H0)0 0, ZP¢)D By

Now, sinced;(t),{,(t)OC[R" x §a*), R] and since the linear combination
of levelwise continuous functions are also leveéngsntinuous, hence:
{HHOCIR < ga'), R].
and also
JH0)=A41(0)+ (1= A1), (0)
=A.0+(1-1).0=0.
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Moreover, to prove thaHfD(t)H OA@ . B)ie., to provq‘im(t)u <1+ 4"
170) = e+ a- 12,0
<[1410]+|a-0] =410+ 1- ()20
<SAB +@1-N)F =4 <1+ 5.
So,{H(t) = Adi(t) + (- N DA@ B)
Hence,A(a , S )is a convex set.

Now, since the composition of two levelwise countos functions is

levelwise continuous, hencB({(t)) is also levelwise continuous and since

*

~ ~ ~ ~ +
—_— 7 FsA\N — A 1 =7 T /:\\ M ArF —~ —~ N R
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31+ij (s,Z(s))Hds
0

<1+Mt
<1+Ma <1+ 8

Hence, T({(1)) O B, ie, TEWOAa ,L).

Now, to proveT is levelwise continuous oA(a™,3 .)

Lett,, 01  such thaft -ty<J, then:

[T -T (W)=

t f1
Yo(h + | fds= %~ fd)%
0 0
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0 t
= jfds+j fd
tl 0

t t t
=|[ fds|< | f|ds< [ mds
5} t1 t1
=M(t-t)<sMjt-tj<e

£
If t—t,|<—=09(¢).
t-tf< =0
Hence, T (A(@’, 8" ))is contained in a compact subseQjR* xS(a*),R" . ]
Now, Iet{ Zk} be a sequence iA(a*,ﬁ) such that{ Zk} - {,sincef is
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l.e., T Is a pointwise convergent IA(a ,[ ).

i.e., T is levelwise continuous and maps compactly, teeed bounded and
convex subset oA(a*,ﬁ) into a subset of it, i.eT : A(a*,,B*) - A(a* ,é )

IS compact

Hence using Schauder fuzzy fixed point theor@mhas a fixed point which

shows that the fuzzy fixed point™ is the desired solution of the fuzzy

differential equation. m

Under the same conditions of the last theoremtimthadil considerations
are given in order to guarantee the uniquenedseo$dlutions as it is seen in

the next theorem:
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Theorem (3.3) (The Uniqueness Theorem):

Let A be an open fuzzy subset &x R x $a'), R] and suppose

thatf :A - R" be levelwise continuous anéi(t,# bDe Lipschitzian with
respect to§ in every compact fuzzy subset Af with Lipschitz constank.
If (x0,¢)DA, then the fuzzy differential equation (3.1) hasnague solution

passes throudlx,,# Where KT <1.
Proof:

Consider I and Bs which are defined as in theorem (3.1), and let

X(t), y(t) be any two functions related to the solution & thzzy differential

PR B i VP W A N ™n e IR D Y [ 3V AFAN -4 -\ 1
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to
t
< [K[x(9- 3| ds

to

<KT sup [x(s)- y(sj< sup| x(sr W(§<&
Xpss<1 ps =1

We can choos& small as necessary to insure tikat” <1, for all t [ Ia* :
Hencex(t) = y(t),00t0 Ia* :

This completes the proof of the theoremm

49


http://cbs.wondershare.com/go.php?pid=1140&m=db

Chapter Three Solution of Fuzzy Differential Equations

3.3 SOLUTION OF LINEAR HOMOGENOUS FUZZY SYSTEM
[PEARSON D.W., 1997]

Consider the following fuzzy differential equation
X' = f(x), x(0)U %
where the structure of the equation is known, regmeed by a given vector

field f, but the model parameters on the initial vakjeare not known exactly

and the initial condition is a fuzzy number.

3.3.1 Solution of Fuzzy Differential Equations [Pearson D.W., 1997]:
In this subsection, we shall study, as a survemeshod for solving
linear system of fuzzy differential equations.
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[%9]a={S: % (8) = a}, 0<a< 1.

Due to the properties of the so defined fuzzy nusbeorresponds to an

interval for each given value of

[Xola=[X0, %]
where x, and X, represents the lower and upper bounds of the famnyber
%o .-

Suppose that each element of the vegtar (3.9) at timet is a fuzzy

number, where:
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XK =[x, XEO T K=1, 2,0 (3.10)

it is shown that the evolution of the system (X8nh be described by 2n-
differential equations for the end points of theemals, this is for each given
time instantt and value ofa. These equations for the end points of the

intervals are:

£5(0) = Min{ Ya,u’ 1u O [, % 0)])
XE(t) =Max { Y a,u’ 1u O [X, (1), % 0)])
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Llj _ iéa\l.}, 11 Clkj = VUV
xJ(1), if ag<0

and
K n
Xy (t)=ZakjuJ ................................................................. (3.13)
j=1
where
o xi), if a;=0
S X0 a
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This means, for example, for any1[0,1] andk = 1, 2, 3, (i.e., 83
system), then six differential equations will betabed where two of them

are for eaclk and eachr related to one of end points, in other words:
X (® X ()
X5 (0 =[x5(), X5 (O]=| x50 X5
X () %)

The method for solving directly linear fuzzy systemmeaningless; therefore
an introduction of the representation of the fuzgstem using complex

numbers is necessary

In order to solve the fuzzy system of difatial equations:
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l—a/ - I_\a/\t} LI | I\a/\t} ------------------------------------------------------ \u-.l._l'l
and the two operations carried on the complex nusnag

(a) Identity operation which is given éysuch that:

(b) The operatog corresponding to a flip about the diagonal in the

complex plane, i.e.

9(Z) = g(xK (1) +i XE(1) = x50 +ixS) o, (3.16)

whereg’® = e andg® = e if k is even andf* = g if k is odd, and therefore:
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(UG ZE = (U ZS FOrUOR Lo, (3.17)

Using (3.14), (3.15) and (3.16), yields:

28 = xE(t) +i %K (1)
and hence:

Zk = XK (t) +ixX(t)

n . n .
but X5 (1) = Y agul andi X5 (t) =i Y aqu’. Then:
j=1 j=1

n . n .
XK +ixKt) =Y agul+i > agul
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Ay, gy =2v
{ak,(gzz), it a,<0

Now, using equation (3.17), whenever:

« |agze, if ag=20
=
! gakaﬁ, if a,<0

and in order to simplify the last formula, let:

b = ey, if a; =20
" gy, if a <0
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then:

9 _{b,jz;, if a, =0
a Koo
bz,, if a,<0
or in matrix form:

ZX =BZ¢

with initial conditionz,(0) = z.

Now, X = Ax, which has the solutior = c€" and sincex(0) = xo, then
X(t) = X, €. Similarly:

7.t = 7. eBt (2 19)
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and for smalt, we have:
exptB)z.o = expt(eC + gD))zx0
= expteC) exptgD) z, + O(t)

whereQO(t) is a function oft, such thaO(t)/t = 0 ast 0 — 0. The first part
expteC) is simply the standard matrix exponential, beeaus the identity
operator. For the second part egf), noting thatg® = e if k is even and
g“ =g if it is odd and then proceed to calculate thenfrpower series of

exp tgD) as follows:
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2 t3

exptgD)z = [I +tgD +%92D2 +§ g3D3+ Jzo

2 3
=1 +—gzD2+...]zo + [th++%g3D3+...]zo

t? t®
=11 +§D2 +...jzo + (tD ++§D3 +...jgzo

= cosh{D)z + sinh(D)gz
Hence:

Zqo(t) = exptC)(cosh{D)z,, + sinh{D)gz,)
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Therefore:

X5 (0= 3 A (Ox) (0 +@g (D%} (9

=1

X5 (0= A (%) (0 +¢ig (9%, ()

=1
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Example(3.1) [Pearson D.W.,1997]:

1
Consider the linear systexi = Ax, whereA = {0 } with initial

values to be(0) about 1 and,(0) about-1, which are fuzzy numbers and

using the membership functions defined by setfimgexample,

0, s<0
xi(s) ={2s—- &, 0< <2
0, sS>2
and
0, s<-2
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111 MPPIUI\IIIIMI.\/ GWVIUULIviI HIVL,II Uy \,\.1uu|.|un \\J.ﬂl.”,l,\.'ll LLAINLC O LITw 1V,
K n . .
X (t) =Y @ ()X (1) +4,, ()X, (1)
i=1
n . .
Xy (1) = 2 By (K] () +, ()X, (1)
i=1

So, if we let for simplicity
a=1-+J1-a ,b=1++J1-ac=-1-+1-a,d=-1++1-a
Then the approximate solution could be evaluatedlasvs:

To find B, recall thaby; = eg; if a; = 0 andb; = ga; if a; <0, then
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ay; = —1 implies thato; = g(-1) = —i, a1 =1 2 0 impliesb,, = &(1) =1 and so

—1 1
9311 eqz} = { ! } and we can write the matrBas the sum
ex; 9ap 0 -2

of two matrices, the first matrix is multiplied bye operatoe and the other is

on.B={

multiplied byg, hence:
—-i 1]
B= _
{O -2
0 1] [-1 O
= +
{0 0} 0 —2}

—QIVO 1—| ¢m[_1 O—I—Qf‘_Lmr\
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Therefore:

#(t) = e coshiD)

2 4
1+t—+t—+... t +2t3 +gt5 +...

= 21 4 3
0 1+2tz+§t4+...

Similarly, one can find sinh(tD), which takes tloerh:

3

Sinh¢D) = 3
0 -2t -2t -

wl b
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Hence:

WUt) = e“tsinh(D)

3
L o
= 3 3
0o -a-Zp-.
3

Now, lettingt = 0.2, we have:

0 1.08166

1.020066 0.21621
0| j

U0.2)= {— 0.201333 - 0.08213%
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X;(0.2)=-0.4106666 + 1.0806664
For example, it = 0.1, then

x,,(0.2)=-0.7570682X:,(0.2)= 2.126394

x2,(0.2)= —2.085526 andx’,(0.2)= 0.744773

and so on for any value af(1[0,]].

Remarks(3.2):
1- In order to check the accuracy of the resaltspmparison have been

made between the crisp solution and the approxireahation of a fuzzy
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system ata =1, in which this comparison will be given in the léaing

graph:

3.5

..... Crisp
__ Approximate
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-0.5

e

..... Crisp
____ Approximate

Fig (3.2) Compare between the second solutionestistem (the crisp

solution and the fuzzy solution witt=1).
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2- The next two figures presents the membershigtions for the

solutions x and X att = 0.2 for eaclD < a <1 with step size 0.1.

a=1.00 —
0.80 —
0.60 —

0.40 —

0.20 —
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]

o
N
o

©
N
o

0.00 B I i R e E

-3.00 -2.00 -1.00 0.00 1.00

Fig (3.4) represents the upper and lower solutidne’ att = 0.2 at each
0< a <1 with step size 0.1.

60


http://cbs.wondershare.com/go.php?pid=1140&m=db

Chapter Three Solution of Fuzzy Differential Equations

3.4 SOLUTION OF NON-HOMOGENOUS AND NONLINEAR

SYSTEM OF FUZZY DIFFERENTIAL EQUATIONS

The last approach followed in section (3.3) is gbcdlt to modify for
solving non-homogenous fuzzy systems.

Therefore, new approaches are given in this sedtorsolving non-
homogenous fuzzy differential equations. The apipnate methods followed
in this section are:

1- The method of successive approximation for solvingn-
homogenous fuzzy systems.
2- The method of linearization for solving nonlineanda non-

homogenous fuzzy systems.

This is a watermark for the trial version, register to get the full one!

Benefits for registered users:

1.No watermark on the output documents.
2.Can operate scanned PDF files via OCR.

3.No page quantity limitations for converted PDF files.

function f, the initial conditiony, and the solutiony(t) are assumed to be
fuzzy while the parameter is considered to be crisp. whehét) represent

the non-homogenous term.

Now, according to definition (3.3), then equat{@®1) is equivalent to
the fuzzy integral equation (3.2). The problem niewto solve the fuzzy
integral equation (3.2), and recalling the solutainthis problem had been
discussed by [Najieb S.W., 2002].

Now, the method of successive approximations fdwisgp fuzzy

integral equations is to consider the fuzzy integoaation:
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t
O = Yo+ [[ KGN+ T dhoei (3.22)
0
where §(t) =((v (),a)), K, x)=((K;(t, x),a)),i=1,2,...n. Then:

(Cyi (0,a)) = (%) + [ ((K (tx.a))((y(R.g)) +((h(R.q ) d

O!—i'_"

Implies
t
(Y(.a)=| Yo+ [KEOYR+ I DG |, (3.23)
0

Which implies thatla, [0 [01]

t‘
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Example(3.2)
To solve the non-homogenous fuzzy differenttplation

V' = T (t,y)=K(t, ) ¥(t)+h(t) where
K (t, %) ={(k,(t,x),04), (k, (t,X).10)}

h(t) ={(h, ¢).04),(h, (t).10)}
and, k,(t,x) =3t, k,(t,x) =1, h(t)=3t andh(t)= 1

Applying equation (3.25), we get far = 0.4

t
y£m+1)(t) R, +J.[ r(l(t, x);{m)( X+ K ))J ds
0
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t
y{m D) 1+j[%xy1(m)(x)+% x} AX e, (3.26)
0

Since, y? (t) = 1then from equation (3.25) we obtain:
VOO =1+ [[3 x4 Jdx =1+

and hence:

4

‘ t® t? t
@) =1+ ([ XL+ =) +ixX]dx=1+—+—
y," (1) {[2(2)21 >t
4 2 t4 t6

‘ t* t
Aty =1+ [t xOQ+—+— +ixldx=1+—+—+—
VOO =1+ (x5 + ) X AT

t 2 14 6 t2 t4 6 8

(AN . r_a
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D0 3o+ | [Kzu NHED(3+ b 3] o

t
7MY 01+ [ 155 (9+ 1]
0
and similarly:

gty o1+ j [@.@+ Jdx= =+ 2.

t
yRAM01+ [[@).0+ 2)+ Jdx= 1 2+ £ .
0
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t 3
g 01+ [[ @.0+ 2+ 1 Tdx= 3+ 2+ t2+% |
0

if we continue in this process we ggi(t) also as

3
yo(t) =1+ 2t +1t2 +%+

=1+2(e' - 1)
So the solution of the fuzzy integral equation @vhis equivalent to

the solution of the fuzzy differential equationgisen by:
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The solution of fuzzy differential equations inglsubsection deals with
ordinary differential equations with fuzzy initiaalues.

The linearization approach depends on transforniirey non-linear
fuzzy system to a linear fuzzy system and thengugie method of parametric
equations (see section 3.3) to solve the resudtysgem.

Similar approach can be used to solve non-homagersystem of
fuzzy differential equations.

The solution of fuzzy differential equations aleoacompared with the
exact solution of ordinary differential equations,, with crisp initial values

whena =1.
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3.4.2.1 Linearization Theorem of Non-Linear and Non-Homogenous Fuzzy
Differential Equations

Suppose that the non-linear fuzzy system given by:

y=1(xy), y(0)U Yo

wheref is a given function which is assumed to be diffiéisble, X, is fixed

andyp is given fuzzy number which can be rewritten as:

Y OAY+ 9(Y), YOOI T crnrerememneiee e e (3.27)

or

Yi=an it apYot..t 3y Bt A W Yo ¥)
Yo =ap1Yit AgYot..t ag Bt 94 Vi Yo ¥)
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equilibrium point.
The systematic approach of obtaining the lineaomats by utilizing

Taylor series expansion of a functidrfx , x,,...,X, in)some neighborhood of

n

a point(n,,1,,...,17, )is given by:

of of

F (X, X000 ) = (710,001, ~10)— (1., 10,---17, ~10,)— (T 1011,

(X X0 X) = F(70017,,-0-17,) + (X /7)6)(1(/7/7 17,)+(% /7)6)(2(/7/7 7.)
of

+"'+(Xn _”n)&(’h!”z!""’?n) + r(xl’XZ""’Xn)'

wherer is the reminder function satisfying
Lim r(X]_’XZ""’Xn ): 0
r-0
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wherell =/(xy =72+ (Xg=1192+...+ (% ~11n)?
therefore, if(17,,7,,.../7, )is a fixed points of the systery’ = (X, X%,..., %),
then the linearized system is given¥y= AY, where

oy oor o]
0x; Ox,  0X,
oy o, o,
A=|0x; 0x,  0X,

o, o, ot
_axl axz aXn . (Xl'XZ ..... Xn ):071/721---/-7n )

The following examples illustrate the above discuss
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J=
0 -1
Therefore, the linearized fuzzy system is given by:

1 0|l y
y = . w001, y,(0)0-1.
0 - 1 y2

Now, using the method discussed in section (3.8),stlve the linear

homogenous fuzzy system
B= _
0 -
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_e10+00_eC+D
—009 = g

0 -1
Hence,

eCt={et O} and cosft()){1 0 }
0 1 0 coshf)

Therefore:

ct t 0
H(t)= e cosh(D)zﬁ) Cosh()}

Similarly:
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TN VY 1Ly T aEmy VYN HIVAV

102

#(02) = { 0 1.02}

and (0.2)= B _32}

and therefore the approximate solution is given by:

y (0.2)=(1.22r, y,(0.2)= (1.22p, y: (0.2)= (1.02¢ + (-0.2H
and y?(0.2)=(-0.2x + (1.02¢

wherea=1-+J1-a ,b=1++J1-a,c=-1-+J1l-a,d=-1++J1-a.
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Remark(3.3)

Now, To check the accuracy of the solution of tlen-finear fuzzy

system. We must find the solution of the non-linaesp system by letting
a=1.Lettinga =1 gives y'(t)=y,, y'(t)=y,,and hence
v'(0.2)=1.22, y? (0.2F - 0.82

Solving the crisp system using Euler method, gives:

y(0.2)=1.31 y?(0.2)=-0.86

Example (3.4):
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Sl o ||z 4]
dy, 0y,
So, we get the following homogenous fuzzy system

o R VT |
Y—_24y,Y1’y2 -

2

So, if we let for simplicity
Y. =a=1-1-a Yo =b=1+1-a
Y. =c=-1-1-a ,Y,=d=-1+/1-a

Now, Proceeding similarly as in example (3.3), \aed
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1 -3 1 0 0O -3

B= = +
-2 4| |0 4] |-2 O

1 0 0 -
C= , D=
0 4} {—2 O}

and therefore,

40 ¢ @+3r+3t%) 0
t) =
1+ 4 + 112 + 123+571t4+ 6°+ 1p°
Also,
0 e (-3t° - 3t)
1) =
40 {—2t—8t2—323—8t“—16t5 0 }
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Also, fort =1we have:

14.951 0} andt//(l){

0 71.5

66 0

¢(l):{ 0 —16.31}

Also, by equation (3.20) we get:
YL (1) = (14.951p+ € 16.31)
Yo (1)= (14.951p+ ¢ 16.31)
Y5 (@)= (71.5)+ (66)
Y2(1)= (71.5d+ (66p
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Remark (3.4):
The solution of the non-homogenous fuzzy systemidiwhs the

linearized to the homogenous system) could be @dteakd compared with
the exact non-homogenous crisp system;
Supposea =1 for the solution of the non-homogenous fuzzy exyst

we have

Y1(0 1 (1 1.2
Y(0)= 10) | _ Y)= 1(1) | _|31.26
Y,(0)| |-1 Y, (1) -5.5

Then the exact solution of the non-homogenous @yspem is:

v =19 |- N vo- Yi)]_ f1'332
Y20)] [ Yo1)| |-5.467
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where the crisp solution for these examples is @eyb with the solution of

the boundary value problem of crisp differentialiatpns.

3.5.1 Boundary Value Problems of Fuzzy Differential Equations:

The boundary value problems whose equations amengwith fuzzy
initial conditions given at two or more points. Whehe fuzzy initial
conditions are given at two points then the probiencalled (a two point
fuzzy boundary value problems).

We consider differential equations of order two hwiboundary fuzzy

conditions at andb.
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The general problem of the second order is given by
y'=f(t,y,Y), ast<b. . (3.29)

with boundary conditions
1- y(a)U a, y(b)U 8.
2-y(@Ua, ybUpS.
3-y@Ua, ybu s
4-agy(a)+ay(ald, byy(B+hy(ho .
where ag, by, &, Iy are given constants amt] 8 are fuzzy numbers.
Whenf is linear iny and y' then we get a fuzzy boundary problem of

order two, The general form of a linear second ofdezy boundary value
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2- A unique solution of the problem is assumedd@kist.

3.5.2 The Shooting Method for Solving Boundary Value Problems:

Consider the second order boundary value problems

y'=P)y+ oy y+ (9, a<t<b

y@oa, yb)oa.
Consider the homogenous problem

(1) u" = p(t)u + o u with u(a)J 0,u (a)0 1.
Consider the non homogenous problem

2) V' = p()V + o § v+ (D with v(a) T &, v(a 0 0.
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Then the solution can be obtained using the previdigcussed methods
which are given by:

YO =v () +Au(9

Y(O) = a(t) + A (Y
where

A= B-wub) 7 _ B - va(b)
uy(b) u1(b)

Example (3.5):

To solve the homogenous fuzzy boundary value probising the

shooting method, where
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= , u(0)L 0,u, (0) 1, tL[0,1]
) 14 ol

Now, applying the method of parametric represemtathentioned in earlier,

one will find the solution to be as follows:

Hence at =1
ul@=a+c-b UsQ)=b+d-a

U2@=c-b, Us@)=d-a

Where a=—-+Jl1l-a, b=+vJl1l-a,c=1-V1-a,d=1+J1-¢a
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Now, consider now the second problem

v] o 1w
- , w(0)0 1,v,(0)1 0, t0[0,1]
V| |1 0f|w

and fort =1
vi@=a+c-b Vi()=b+ ¢ a

VZ®=c-b Va()= d- a

wherea=1-+/1-a,b=1+J1-a,c=—-Jl1-a,d=+vJ1-qa

Now,

B-\V.(D) —1—(a+r—h
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We can check the results by comparing with thepcsislution ata =1, and

fort =1, we have
YD) =V@)+AU; (1)=-0.9992  Y(1)=W 1)+ AU1(1)=-0.9992

Where the crisp solution &t 1is:Y(1) =-1.

Also, we could make a good comparison betweentisp solution and fuzzy

solution witha =1in the next figure:
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5. —— Crisp

—=— Approximate

1.5~

Fig (3.5) A comparison between the crisp solutind fuzzy solution atr =1

Examnole (3.6);
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| (1 o] oA e

So, the desired system is linear homogenous sysfefuzzy initial value
problem, and upon carrying out similar calculatioims solving fuzzy

differential equations, whenever for 0.4
Ul (0.4)= (1.08p+ (0.41) ,Uy (0.45 (108} (0.4d)

U2(0.4)= (0.41p+ (1.08) ,Us (0.45 (0.4by (1.08)

where a=-vJ1-a,b=+1-a,c=1-Jl-a,d=1+Jl1-a
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Also the non-homogenous problem:
V' =v+2t, v(0)J 1, V(0)J 0O

or in matrix form

V:’|_ _ 0O 1 i + 0] _ \'% _ fl
Vo | |1 0l|lvp| |2] |w+2t| | £
with v (0)0 1, v,(0)0 0, t[0[0,0.4]
So, the desired non-homogenous system of differertjuations with

fuzzy initial conditions could also be solved.

Solving the non-homogenous system using the linatoin method.

Pﬂ 40 Wvﬂ Jﬂ, v(0)1 1, v,(0)0 0, t0[0,0.4]

VA 1 0Ol va
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Now, to find the value ofA and A :

B-wi(b _1.103- (1.08a+ 0.4d )= B-\ ) 1.103 (1.08 0.41 )
U, (b) (1.08a+ 0.4t) ' U1(b) 1.08+ 0.4d

A:

Hence, the general solution of fuzzy boundary vadeblem using shooting
method is given by:
YO =M()+AU (Y
Y(1) = (1) + AU1(1)
and att =b=0.4 with a =1, then
Y(0.4)=V (0.4)+ AU, (0.4F 1.103
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Y(0.4)=V, (0.4y+ AUy (0.4F 1.103
Clearly, y(t) and y(t) are equal only wherr =1and whent =b.

Also, we can make a comparison between the cadjtiesn and the

fuzzy solution witha =1, by the following figure:

1.12

11 |—Cnsp

—8— Approximate

1.08 ~

1.06

1.04

1.02 ~
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mewoda, wrnere.

y'=2yy, y0)I-1y@)0-1 ,t0[0,7%]
Hence the linearized system evaluated at (1/% Qivien by:

i| |0 1w
= , Y(0)0 -1y(%)0 -1
y2| |0 |7
Now, consider the first problem:
Wl |0 1| v
= , W (0)J 0,u, (0)C 1, tO[0, 7]
us | |0 1| us
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and upon applying the method of parametric repitasien mentioned earlier,

one will find the solution to be as follows:

Hence att =77,

UL (%) =a+(3.811 Uy (7 )= b+ (3.811)
U2 (73)=(4.811F Ua (7)= (4.811)
Where a=—-Jl-a, b=+vl1-a,c=1-J1-a,d=1+y1-a

Now, consider now the second problem

vi| |O 1w
{ “:IV H w v (0) -1,v, (0) 0, tO[0,7%]

g a 1
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F-Vi(b) _1-(a+(3.811F)
Uy(b)  (a+(3.811k)
yi B-Vi(b) _1-(b+(3.811))
U1(b) (b+(3.811d)

A=

The general solution of FBVP using the shootinghodtis given by:
Y() =M()+AU(D), Y()=VY()+Au(}
We can check the results by comparing with thepcsisiution ata =1, and

for t =77, we have

Y(7) =M(7) + AU (T ==1,  Y(%) =\h(%) + AUr(7p) = -1
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Where the crisp solution a7, is: Y(7%) =-1.

Also, we could make a good comparison betweenrigp solution and fuzzy

solution witha =1 in the next figure:

1.5

0.5 1

0 ‘ ‘ ‘ ‘
) 0.5/ / 1 15 2

This is a watermark for the trial version, register to get the full one!

Benefits for registered users:

1.No watermark on the output documents.
2.Can operate scanned PDF files via OCR.

3.No page quantity limitations for converted PDF files.

78


http://cbs.wondershare.com/go.php?pid=1140&m=db

THEROTICAL RESULTS
IN FUZZY SETS

Additional theoretical concepts in fuzzy set thyeoould be discussed

rAanrarnina fl1772v mMmannina Aiffarantiatinn anAd imbdrmin Af fli7z2v fiinAtinn
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Finally, in section four two types of fuzzy integom have been
discussed, which are integration of real valuexkzyufunction over closed
interval and integration of crisp real valued fuotover fuzzy interval since
of it's important in the existence and uniqguenés®tem of fuzzy differential

equations.
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2.1 FUZZY FUNCTIONS [DUBOI S, 1980]

The term “fuzzy function” must be understaodeveral ways

according to where fuzziness occurs. We startwirgt the first type:

2.1.1 Function with Fuzzy Constraint:
Let X and Y be two universal sets and letbe a classical function

f: X~ Y maps from a fuzzy domaiA in X into a fuzzy range§ in Y thenf

is a function with fuzzy constraint if for atd X, 5 ( f (X)) 2 uz(x).

Example(2.1):

Let X =Y = R, and consider two fuzzy sets:
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X ontoY. Let A be a fuzzy subset o, then B= f(f& )is a fuzzy subset of

with membership function defined by:

sup  ux ()if £7H )20
X0t 74(y)

Hg(y) =
0, if f 1(y)=0

wheref *(y) is the inverse image ¢f
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Example (2.2):

Consider the wuniversal setsX =Y=R and consider a crisp

functionf (x) = x*, with the domain given by the fuzzy set:

A ={(-2,0.9), (-1, 0.6), (0, 0.7), (1, 0.8), (25,
The independent variablehas an ambiguity and the fuzziness which is
propagated to the fuzzy sBt, then we can obtaiB , as:
B={(4, 0.9), (0, 0.7), (1, 0.8)}.

2.1.3 Single Fuzzfying Function :
Fuzzifying function fronX ontoY is a mapping fronX into the fuzzy

power set P(Y Jor 1%), i.e., F:X - P(Y), that is to say the fuzzifying
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Fuzzifying bunch of crisp functions froiontoY is defined with fuzzy

set of crisp function:
f:{(fi,,uf(fi)ﬁi :X = Y,iON: N is the set of natural numb]ers

where ¢ (f;) is the membership function of the crisp functifn

Example (2.3):
X={1, 2,3}, f ={(f, 04),(f, 07),(f, 05)}

wheref (x) = x, f,(xX)=x* f,(X)=1-x.
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2.2 FUZZY MAPPINGS

A fuzzy mapping is a generalization of tbencept of a classical

mapping which can be understood as follows:

Definition (2.1)[Dubois, 1982]:

A fuzzy mappingi; from a crisp sety onto a seV is a mapping fron

to the power set of non-empty subs‘«*é,tslamelyl5 M -{0O}
In other words, to each elemant] U corresponds a fuzzy seﬁ(u) defined

onV, whose membership function js. ., and F(u) IS non-empty.

(u’
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- A lUZLZy SELE 01V -, L.E., d luZZy SeEL Ol orainary mapping imraio v

each mapping U J - Vs assigned a membership gradef . )

Proposition(2.1)[Dubois, 1982]:

A fuzzy mapping is strictly equivalent tduzzy relationR such that

OuOU,vOV, g, (u,v)=0.

Proof: See [Dubois, 1982]m
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Remarks (2.1):

1. As a converse of proposition (2.1), a fuzzytretacan be viewed as a
fuzzy mapping if 4 (u ,.)determines a nonempty fuzzy sfeéu )

2. Fuzzy mappings and fuzzy relations have differazihis of view on

the same mathematical notion.

3. Fuzzy set of mappings (FSM'’s, for short) are natiegent to fuzzy
mapping. Indeed, a natural way of assigning menhigeigradegu(u,v)
to possible images1V of uld U , given an FSMF, is to define
H(uv) = pe(f) wheneverv = f(u). Note thatp(u,v) is not uniquely

defined since there may existf, g U — V, f #g, such that

This is a watermark for the trial version, register to get the full one!

Benefits for registered users:

1.No watermark on the output documents.
2.Can operate scanned PDF files via OCR.

3.No page quantity limitations for converted PDF files.

define an ordinary multimapping, as follows:
£, (u) :{vmf(u) (V)2 a} 0V, for all u0U.

f, is thea- cut of f
Also, f, can be viewed as a crisp subse¥0f i.e., a set of mappings

fo={f:U -V |Oudu, f(uO f, (u}
= f:U -V]inf gz, (f(u)=a;.
{ i 1py (T2
f, is thea—cut of an FSM generated Wy, denotedy(F )such that
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ey () =0 21 (FW), DT (2.1)

Example(2.4) [Najeib SW., 2002]:

LetX = {2, 3, 4,...,25}, a fuzzy mappingf maps the elements Kto

the power fuzzy seP (X )in the following manner.
f (2 ={(2,0.3),(3,0.5),(4,1),(5,0.5),(6,0.3),(9,0.2)}
f 3 ={(3,0.3),(5,0.5),(7,1),(9,0.5),(14,0.3),(16,3.2)

f (4) ={(4,0.3),(8,0.5),(12,1),(16,0.5),(20,0.3),(22)0.
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iy (F)= mf{ fz(X))IxﬂX}
{,u (f2(2)), 15 (3)(f2(3)) M (4)( 2(4))}
=i { ﬂf(s)( )n“f”(4)(16)}
=inf{ 10505} = 05

So, ¥/( 1?) ={( f,,0),(f, ,0.5)} , Wheref,(X)= 2x andf,(x) = x>.
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Now, to the second case which is the conveskethe above
construction which is also can be made as expressede following

definition.

Definition(2.2) [Najeib S.W., 2002]:

Given a fuzzy set of mapping@‘~ with Ml * - [01], we can

construct a fuzzy mapping : X — P(X) such that?(x )s a fuzzy set

with membership function defined as follows :

J sup Uy € )when f™ (y)z O
e (Y)EAXOE Ny (2.2)
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where
(X)) =X, f2(X) =x? , f3(X) = e*, f4(X) = x +1.

Then the image at=1, is:
b ) =508l 1, (1) | = 109

The possible values of y i$,(1), fo(1), f3(1), f4(1)} = {1,1,6,2}
ﬂ;(l)(y)=§l¢p{ﬂy(f~)(fl), ,Uy(;)(fz)}

=sup{0.205} = 05

flva
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Hz o, (e)=07, u. o (2 =03

So the fuzzy setf  (@F {(1,0.5),(2,0.3),(e,0.7)}
Similarly

f (2= {(2,0.2),(4,0.5),(,0.7),(3,0.3)}

f (3F {(3,0.2),(9,0.5),(&,0.7),(4,0.3)}.

Hence:

F(x)z{(f(x),sup{/jym(f) | y= f(x),ny(F)}j}, for allxOX.
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f,g:h(u)= f(u+ gy UM

< inf sup min ( Py (F(U)), Hgw(a(u)) ),
UL f g:h(u)=F (u)+ g(u)

and since for any mapping:AxB—R.
inf sup p(Xy) > sup infy p(xy),
hence,

Hyhope (h(U)) < l'JBL Myt Dgywy (N(W)

= HyingunV)- =
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2.3 FUZZY DIFFERENTIATION [DUBOIS, 1982]

The fuzzy differentiation depends on the typehaf tonsidered function
in section (2.1), i.e., differentiation of non-fyzfunction over fuzzy interval
and that of fuzzifying function at non-fuzzy pointeay be considered as a

type of fuzzy differentiation.

2.3.1 Differentiation of Crisp Function on Fuzzy Points:

By the extension principle, differentiatioﬁ’(,& of)a non-fuzzy function

f at fuzzy pointx, [Dubois, 1982b] is defined as:

Ui g (YY) = Max iy, (X)
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f'(A)={(3, 0.4), (0, 1), (3, 0.6)

={(3,0.6), (0, 1)}

2.3.2 Differentiation of Fuzzfying Function Over a Set of Non-Fuzzy

Points:

For all x belongs to the ordinary domaiD, we will define the

differentiation of fuzzifying functionf ata non-fuzzy point. Let amy-cut of
f be differentiable for an arbitraryx in D, we define differentiation
(dF/dx)(xo) at an ordinary poirn, as:
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- = M ~(f,
'u(df/dx)( )O)(p) (df},/dx?(xxo): p:uf ( a)

The next example illustrates the above definiti

Example (2.7):

Consider the fuzzifying function:
f ={(f, 0.4), £ 0.7), €, 0.4)}
wheref,f, andfy are crisp functions defined by:

200 = X, F(X) =X andfy(x) =% + 1
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Hence:

~

%(xo) = max {(1, 0.4), (1, 0.7), (0.75, 0.4)}

={(1, 0.7),(0.75, 0.4)}.

Another type of fuzzy differentiation which called thd_- R type could
be used also in differentiating fuzzy functionsr(faore details, see, e.g.,
[Dubois, 1982]).
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2.3.3 Algebraic Properties of Differentiation

As in non-fuzzy differentiation so many propertaags given and proved
successfully. Therefore, similarly several algebrproperties undertaking
fuzzy differentiation could be given. The proofslivide given here for the

sake of completeness.
We start first with the following theorem:

Theorem (2.1):

The extended sum of the derivatives of the real valued functidrad

g at the fuzzy poin&, is defined by:

FUYYNTIA(YNTIMF 2T
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Theorem (2.2):

If f' andg' are continuous and both non-decreasing (or nam#&sing),

then:
fr (%) 0 g(%)==F"+9)(%)

Proof: See [Dubois, 1982]m

The next theorem illustrates the differeidia of product of two

functions, which is given in [Dubois, 1982] and ethiteratures without proof
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(to the best of our knowledge); which will be pnegel here for

completeness:

Theorem (2.3):

1. If f andg are crisp functions frofX to Y and X, is a fuzzy point irX then:

€9)' (%) = (Fg +fg) (%) O[f'(X%)0 9(3)] O [f(%) 0 g'(%,)]

2. 1tf, g, f' andg' are continuoud, andg are both positive, anid andg’ are

both non-decreasing, § are negative and, g’ are non decreasing), then:
€9)' (%) =[f'(%) 0 9(%)] O [f(%) 0 g(%)]

Proof:
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= s i ) ()29
sty=f'(9 o $+ () ()

Also, using the extension principle to the left tiande, one can get:

f g)(%0)(Y) =Htg+ig) 59 (V)= sup min 1k € )iz, &
A oY) =HIGHGO )= L 0 & 1k, €ty &)
= sup ;1)(0@() .......... (2.4)

x:y=f"(x)g(x)+f(x d( %

Now, from equations (2.3) and (2.4), we have:
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sup Hyo & )< sup mif{,lézo 6 ), Ly, (}
xiy=f"(x) g(x)+ f(X) d( ¥ sty=f'(9d 9+ () &}

SinceX is a fuzzy point which has a supremum value tioeegf

ta) (%) = (F'g+fg) (%) O [f'(%) 0 9(%)]1 O [f(5) 0 g'(3)]-

2. Since f'and ¢ are continuous on [a, b] and both non decreasing i

[a, b], then:

Os Ot>s, OxO[st] O[ab], such that:

00 909 +f'(x) g'(x) =1(s) g(s) + (1) g (V).
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Mio\l\l — 1 LM—X-O\\J/1 M‘X‘O\"/J

Hence:

HIt "(xp)0 g(x0)]T[f (R0)] g'(x0)] (V) =

sup mir{ SUp Mg, § )0 SUP g, t(})

uyviy=u+v =f(9 d3 LR @
= sup min{ Sup  Hg, X ) Sup g, K})’ X=s=t.
x:y=f'(x) g(x)+ (%) d( B (Y g X v { X0 X
= sup Hxy & ).

x:y=f'(x)g(x)+ f(x) g( ¥
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Therefore;

"xA) g% 5 sol(Y) = sup Hyq &)
UCRECE LICORCIE b A Y PP
But;

Hiroriog ) = Fivgeiaizn (V)= SUP -z (Y)
Then:

(f 9)(Xo) =[f (XU (%I O[ (X0 d >g]. ™

24 FUZZY INTEGRATION
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The first two of the above three types Wwéldiscussed next:

2.4.1 Integration of Real Fuzzy Function over Crisp Closed | nterval

[Dubois, 1982]

We shall now consider a fuzzy functiofi , which shall be integrated

over the crisp intervahg|b).
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Definition(2.3):

Let f: X —>I5(R), the integral of f over X = [a,b] denoted by

j F(t)dt is defined levelwise, as follows:
X

{j f(t)dt] = [ fz(Hdt, forall O<a<1
X a X

:{J'f _(t)dt,j f +(t)dtj ............................ (2.5)
X a X a

Remark (2.2):
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Following, some properties of the integnatad fuzzy function over crisp
interval which are given in [Dubois, 1982].

Lf(fogo {j f] O {J' g], wheref andg are real fuzzy functions from
X X X

the closed interva{ to R, with bounded support.

2. Under the commutativity condition fq'r and [,
X
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Example(2.8):

Consider the bunch fuzzy function givenari(4), by:
f ={(f, 0.4), €, 0.7), €, 0.4)}

where
00 =% 500 =X, £, =x+1

and tn intanrata thic hiincrh fiinArtinn nvar 1 21 memfAarmm thic ac fallAwie:-
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Hence, tne Integraton resuit IS With PossIDIity Us given by:
> _ 7
loA1,2) = {(5, 0.7)}

i) Integration ain = 0.4, there are two functions

f =f,(x) =xandf =f,(x) =x+1, then for
1", (1,2) =j2‘de= 1x2 2: 3
o ) ) 2 2

1

and
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- (1,2) =j(x+1)dx=%x2 R x}zz

1

N | o

The integration results are with possibility 0.4€R,
~ _ 3 5
Io4(1,2) = {(5’ 0.4),(5, 0.4)}.
Finally, we have the total integration.

> 7 5
11.2) =4, 0.7), é 0.4)(2, 0.4)}
2.4.2 Integration of a (Crisp) Real Valued Function Over a Fuzzy Interval
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ao Or O are related 1o each other By = Int S(a) < Sup Sp ) = b,.

Fig.(2.6) Fuzzly bounded interval.
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Definition (2.4)[Klir, G. J., 2000]:

Let f be a real valued function which is integrableha interval J= [ay,
bo], then according to the extension principle themership function of the

fuzzy integral[ f is given by:

H,(2)= Sup Mind s (%), 45 (Y)} -

D xy]J:z:_[f
X

Some Properties of The Integration of Crisp Fumctwer Fuzzy Interval
[Klir, G. J., 2000]:

1. Let f be any functioh: D — R, which is integrable ob, then:
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where [0 denotes the usual fuzzy set inclusio&[ﬂ C Uz < ) and O

denotes the extended addition

3.1ff,g:10 -R orf,g:10 - R, then:

g

;91!—.5'(

(f+g):j:'f []

D ey T}

The following examples illustrate fuzzy integratiand its properties:

38


http://cbs.wondershare.com/go.php?pid=1140&m=db

Chapter Two Theoretical Results in Fuzzy Sets

Example (2.9):

Let:
A ={(4,0.8), (5, 1), (6, 0.4)}
b ={(6, 0.7), (7, 1), (8, 0.2)}

and,f(x) = 2,x 0 [ag, bg] = [4, 8]

The problem is to find the fuzzy integration ffk) over J= [4, 8] The

following table illustrate these results.

Table (2.1)
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(5, 6) 2 0.7
5, 7) 4 1.0
(5, 8) 6 0.2
(6, 6) 0 0.4
(6,7) 2 0.4
(6, 8) 4 0.2

and by using the definition (2.4), then:
[f ={(0, 0.4), (4, 0.7), (4, 1), (6, 0.8), (8, 0.2)}.
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Example (2.10):

Let:
f(x) = 2x - 3,9(X) = —2x + 5
and
a ={(1,0.8), (2, 1), (3, 0.4)}
b ={(3,0.7), (4, 1), (5, 0.3)}
SO.
f f(x)dx =x"-3x [/ = (b* -3b) - (a’ - 3a).

h
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Yy — 1\ 7Y, V.9), (4, V.9), (&, 1), \U, V.O), \&, V.1 )}

[

D ey T}

N LA
—n

g = {(-6, 0.3), €4, 0.3), (2, 0.4), (0, 0.7), (2, 0.7), (4, 1), (6,
0.8), (8, 0.7), (10, 0.3), (12, 0.3), (14, 0.3)}

(f +g) ={(0, 0.4), (2, 0.7), (4, 1), (6, 0.8), (8, 0.3)}

D ey T}

and it is clear that:
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CONCLUSIONS AND RECOMMENDA TIONS -

From the present work, the following conclusians drawn:

1. All observed examples are defined on intervals twhace belong to
R,

2. Up to our knowledge boundary value problems havieeén discussed
before, especially methods of solution.

3. The method of successive approximations can be wsedlve those
problems in which the fuzziness appears in thetisolland the kernel

functions as a bunch fuzzy function.
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UUMII\AMI] V AT U rJI\JUI\lIII\J-

4. Studying the variational formulation of fuzzy bowang value problems.
5. Studying new types of fuzzy differential equatiowgh fractional

derivatives.
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INTRODUCTION

Every day life, we use so many properties whichnoarbe dealt with
satisfactory on a simple "Yes" or "No" answers,, iraathematically either
belongs or not. Such properties perhaps are bésiatied by shade of gray,
rather than by in the black or white. Assigningreaividual in a set (called
the universal set and is denoted Xy on a "Yes" or "No" values as in
ordinary set theory, is not an adequate way follimigavith such type of
problems [Zadeh L.A., 1965].

Zadeh L.A., in 1965 introduced the subject of fusey theory in which
he considered the class of objects with continuusxg of membership, such
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|£AUEl L.A., LI0I].

This thesis consists of three chapters.

Chapter one entitled (Fundamental Concepts in F&tg) consist of
seven sections. Section one consists of basic ptsead definitions related
to fuzzy set theory which are necessary for theptetaness of this thesis.
Section two stands for studying different methods fconstructing
membership function numerically and analytically skction three a study to
the extension principle is given which is necesdaryextending non-fuzzy
concepts to fuzzy logic. In section four, and beeaaf their importance in
solving fuzzy differential equations, we study the level sets, as well as,

some of it's properties. Finally, in sections fiwex and seven we study
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Introduction

convex fuzzy sets, fuzzy relations and fuzzy numbespectively, which are
necessary for the study of initial conditions afZy differential equations.

Chapter two, entitled (Theoretical Results in Fu3zys) consist of four
sections. In section one, three types of fuzzy tionchave been discussed
with some basic properties of such type of fundiolm section two, we
introduce the concept of fuzzy mapping with somkateel properties and
propositions. In section three, differentiation fakzy function have been
discussed with some basic algebraic propertiesettion four we study the
concept of fuzzy integration since of it's impottan the existence and
uniqueness theorem of fuzzy differential equations.

Finally, chapter three entitled (Solution of Fuf§ferential Equations)
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section five an introduction to the solution of Zydifferential equations with
boundary conditions is presented using the shootimgthod to solve

numerically boundary value problems.
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