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         Abstract 

       The optimization calculations are made to find the optimum 

properties of combined quadrupole lens which consists of 

electrostatic and magnetic lens.  The optical properties are computed, 

where both the focal length and the magnification are determined.  

Both chromatic and spherical aberration coefficients are reduced to 

minimum values and the achromatic aberration are found for many 

cases. 

 

         This calculation are achieved with the aid of transfer matrices 

method and using both rectangular and bell-shaped models of field 

distribution, where the path of charged-particles beam transversing 

the field has been determined by solving the trajectory equation of 

motion and then the optical properties for lens have been computed 

with the aid of the beam trajectory along the lens axis. 

 

         The computations have been concentrated on determined the 

focal length, magnification and chromatic and spherical aberration 

coefficients in both convergence and divergence planes and also, the 

effects of changing both of excitation and effective length of lens are 

studied and are taken into account.       
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1- INTRODUCTION 

1-1 Electrostatic And Magnetic Quad rupole Lenses 

         The quadrupole lenses for focusing charged particle beams is due to the 

fact that quadrupole lens systems can converge the beam in all directions, even 

though the individual lenses cause the beam to diverge in certain directions.  If 

the xz plane of the lens collects the charged particles, the yz plane will cause 

them to diverge, i.e., the quadrupole lens is astigmatic [Baranova and Yavor 

1984]. 

 

         The quadrupole lens systems are formed by aligned cylindrical electrodes 

which are cut by longitudinal slots into four equal parts to create a quadrupole 

lens.  In order to enclose the region where the electrostatic field distribution is 

to be computed there are two additional long cylinders of the same diameter at 

both sides of the system terminated by disks at their ends.  The diameter of the 

cylinders is taken to be the unit of length [Baranova and Read 2001]. A 

combined electrostatic and magnetic quadrupole lens is shown in figure (1-1).  

It consists of four electrodes and four magnetic poles. The solid and broken 

lines show the electrostatic and magnetic lines of force [Szilagyi 1988].         

 

 

 

 

 

 

 

Figure (1-1): Combined electrostatic and magnetic quadrupole lens [Szilagyi              

                    1988]. 



ChapterOne                                                                                                                                   Introduction      

 
٢

 
Electric and magnetic lenses can be used for focusing beams of charged 

particles.  Each of the quadrupoles focus the beam of ions in one transverse 

direction and defocus it in the other.  The net effect on the beam after traveling 

through the system is focusing in all directions.  Particle tracing of the ions is 

used to investigate the focusing effect for the quadrupole.                                                                  

                                                                                                             

         The symmetry plane of the electric field of such a compound quadrupole 

lens is placed in coincidence with the plane of antisymmetry of the magnetic 

field.  Electrostatic and magnetic quadrupole lenses have found application in 

the focusing of charge particle, in particular of high energy particles [Yavor et 

al 1964].  

 

 
Electric quadrupole are assembled with the converging principle section 

of the electric lens coincident with diverging section of the magnetic lens.  If the 

lens excitations are adjusted so that the magnetic force is everywhere twice the 

electric force in magnitude, the focal length is independent of particle energy 

[Martin and Goloskie 1982]. 

 

 

Quadrupole lenses are very suitable for forming a fine linear beam and a 

spot beam [Okayama 1989].  They are commonly used for focusing electron 

and ion beams of high energy.  An example of such device is the ion 

implantation [Baranova and Read 1998].  There are many electron and ion 

optical instruments and devices in which there are advantages in using 

quadrupole lenses rather than round lenses, such as instruments where strong 

focusing or astigmatic properties are needed.  Among these are the accelerators, 

electron and mass spectrometers, cathode-ray tubes and devices for correcting 
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aberrations.  Electrostatic quadrupole lenses are often preferable to magnetic 

ones for focusing beams of moderate energy.  They are also preferable for 

dealing with ion beams since the focal length of an electrostatic lens does not 

depend on the charge to mass ratio as it does for a magnetic lens.  It seems that 

quadrupole lens systems are more sensitive to mechanical defects than round 

lens [Baranova and Read 2001].  One possible application of quadrupole lenses 

is to correct aberration in combination with octupole [Baranova and Yavor 

1984].     

 

 

1-2 Achromatic Quadrupole Lens  

An achromatic quadrupole lens is formed by the electrostatic and 

magnetic fields imposed on each other.  The compound lens thus obtained 

possesses first order focussing properties of an ordinary quadrupole lens, 

however depending upon the actual electrostatic and magnetic field strengths it 

may both be achromatic and exhibit negative chromatic aberration [Yavor et al 

1964]. 

 

         Achromatic quadrupole lenses to overcome the limitation due to energy 

spread.  These lenses require both magnetic and electrostatic focusing elements 

[Harriott et al 1990].  

                                                              

The basing achromatic four-pole lenses on multipole lenses with several 

planes of symmetry and antisymmetry.  Such lenses are applied, for instance, to 

correct aberration of various origins. Similarly to a four pole lenses, an 

achromatic multipole lens consists of matched electrostatic and magnetic lenses.  

The position and polarity of the electrode and poles are shown in figure (1-2) 

where an 8-pole matched lens is given as an example.  As can be seen from the 
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diagram, the symmetry planes of the electrostatic field are matched with the 

antisymmetry field of the magnetic field and in these planes the forces acting on 

a charge particle from both fields are directed towards one another [Yavor and 

Dymnikov 1964]. 

 

 

 

 

 

 

 

 

 

 

 

    

Figure (1-2): Matched 8-pole lenses. (1) electrode (2) magnetic pole.                 

Polarity of the poles and electrodes corresponds to the motion of the charge 

particle in the direction of the z-axis [Yavor and Dymnikov 1964]. 

 

 

Achromatic operation of the lens was tasted by measuring the beam width 

as the ion energy was varied over a wide range [Martin and Goloskie 1982].  

The possibility to use achromatic quadrupole lenses for probe forming of high 

resolution microbeams is reviewed by Tapper [1991].  To measure the harmonic 

contamination in an achromatic lens the grid shadow method has to be utilized. 

The grid shadow pattern can also guide during the alignment of the lenses. 
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The achromatic quadrupole lenses were found to be an order of 

magnitude less sensitive to changes in the beam energy away from the operating 

energy compared to the equivalent magnetic or electrostatic quadrupole lenses 

[Jamieson and Tapper 1989]. 

 

 

 The chromatic aberration of conventional electron lenses can never 

vanish, and the same is true of electrostatic and magnetic quadrupoles.  If, 

however, we build a composite quadrupole, consisting of four electrodes with 

fourpole-pieces placed midway between them, the combined lens will be 

achromatic if the magnetic and electric excitations are suitable chosen.  This 

was first shown by Kel'man and Yavor [1961], by deriving the condition for 

achromatism from paraxial equations of motion, on the assumption that the 

electrostatic and magnetic potentials are distribution along the axis z, in exactly 

the same way.  This result was independently confirmed  by Septier [1963], 

who derived the achromatic condition for potential distributions of rectangular 

shape. Yavor [1962] recapitulated the analysis, and Kel'man and Yavor [1963] 

showed that the aberration could not only be eliminated, but could take negative 

values [Hawkes 1965]. 

 

 

The first order chromatic aberration can be reduced using combined 

electrostatic and magnetic quadrupole whose excitations are connected by the 

achromatic condition.  This method involves magnetic elements and leads to a 

complicated construction of the focusing system [Baranova and Read 1999]. 
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1-3 Historical Development 

         Such a system of quadrupole lenses can be used in an electron or ion 

microscope, where it would be interesting to use it because of the possibility of 

decreasing the spherical and chromatic aberrations [Dymnikov et al 1963]. 

                                                                           

         Kel'man and Yavor [1961], derived the condition for achromatism from 

the paraxial equations of motion, on the assumption that the electrostatic and 

magnetic potentials are distributed along the axis, z, in exactly the same way.  

This result was independently confirmed by Septier [1963], who derived the 

achromatic condition for potential distributions of rectangular shape.  Yavor 

[1962] recapitulated the analysis , and 1963, Kel'man and Yavor [1963] showed 

that the aberration could not only be eliminated, but could take negative values.  

More recently, Kel'man et al [1963] and Yavor et al [1964] published an 

account of their experimental work on these achromatic systems.  Yavor and 

Dymnikov [1964] demonstrated that not composite quadrupoles, but any 

composite 2N-pole can be rendered achromatic in this way.  Yavor et al [1964] 

considered the effect of slight differences between magnetic and electrostatic 

field distributions, and calculated the aperture aberrations of an achromatic 

composite lens [Hawkes 1965]. 

 

The effective lengths of electrostatic and magnetic lenses of these types 

are equal to their actual lengths [Shpak and Yavor 1965]. 

 

The electron-optical properties of short double quadrupole, hexapole, and 

octupole electromagnetic lenses were analyzed. Expressions were derived for 

the effect of these lenses on the trajectory of an electron beam.  It was shown 

that the use of these lenses in a system for focusing and deflecting an electron 

beam can correct distortion, astigmatism, and coma [Markovich 1972].  
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The strength of an electrostatic quadrupole depends on the energy of the 

ion whereas the strength of a magnetic lens was determined by the momentum.  

As a result, the chromatic aberration of a magnetic lens was half that of the 

electrostatic [Grime and Watt 1988].  It was suggested by workers in the 

Leningrad group that this difference could be exploited to produce achromatic 

quadrupoles by constructing a lens which has opposing electrostatic and 

components, arranged so that the magnetic strength was always twice the 

electrostatic strength.  In this way, the major chromatic effects can be cancelled 

out.  only one attempt to construct an achromatic lens based on this principle 

was reported and it was shown to be possible to cancel the chromatic aberration.  

The alternative approach to the elimination of chromatic aberration is to reduce 

the beam energy spread. 

 

 

The optical properties of the new correction lens were calculated by using 

simulated potential distributions.  Aperture aberration coefficients of the new 

correction lens corrected to less than 0.1mm.   It was confirmed experimentally 

that the probe size was improved remarkable by excitations of the aperture 

electrodes [Okayama 1990]. 

 

The quadrupole lenses were used to modify the beam shape in order to 

penetrate well through the entrance slit of the magnet.  The dimensions, the 

focal lengths, and the magnification were calculated using a matrix 

multiplication method.  Through these calculations, the lens parameters for each 

quadrupole lens were determined to minimize the distortion of the image on the 

focal plane [shimizu et al  2000]. 

         

         Charged particle beam trajectories in a simple electromagnetic 

quadrupole-octupole lens were numerically calculated based on analytical 
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expressions for the potential dirtribution by Ovsyannikova and Fishkova [2001] 

Locations of the lens foci in the image space were determined over a wide range 

of initial conditions.  Relationships between the electrostatic and magnetic lens 

components that provide correction for chromatic aberrations. 

 

         The chromatic aberrations are corrected by electric and magnetic 

qudrupole lenses, but quadrupole – octupole correctors are well suited for 

correcting chromatic and spherical aberrations [Rose 2003].    

 

         The hexapole corrector has the simplest structure yet eliminates only 

third-order spherical aberration and coma.  The quadrupole-octupole corrector 

eliminates chromatic aberration by means of crossed electric and magnetic 

quadrupoles and the third-order spherical aberration by octupoles [Rose and 

Wan 2005]. 

 

         The quadupole lens is more complex than the axial symmetrical, in 

construction, in calculations and in operation.  As it is known, these lenses have 

found a wide application in accelerator techniques, such as the high- energy 

microprobe and the scanning ion microscope, where it is only necessarily to 

focus ions into a very small spot [Dymnikov et al 2005].  
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1-4 The Aim Of The Project 

         The aim of this thesis is finding the optimum properties of combined 

quadrupole lens, which consists of electrostatic and magnetic lenses.  The 

optimization role is made via testing two field distribution models, where both 

rectangular and bell-shaped models are used to reach to achromatic aberration 

and minimum spherical aberration case.  The optical properties of combined 

quadrupole lens are computed for each model by solving the trajectory equation 

of charge-particles beam for both convergence and divergence planes and the 

transfer matrices are used to find this optical properties as focal length, 

magnification and aberration coefficients.  The effect of the lens excitation, 

image and object distance and effective length of the lens on chromatic and 

spherical aberration coefficients are investigated to find the optimum values of 

these coefficients.    
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2- THEORETICAL CONSIDERATIONS 

2-1 Field Models For Quadrupole Lenses                      

         The field distribution of a quadrupole lens may be represented by various 

models shown in figure (2-1).  According to [Hawkes 1965/1966] the function 

f(z) of the field distribution can be obtained either by measurement or by 

computation, and it may transpire that some mathematically convenient model 

represents f(z) sufficiently.  For example, for long narrow quadrupole lenses, 

the rectangular model figure (2-1a) is often a close enough approximation.  The 

function f(z) for rectangular field model of axial width L is represented 

mathematicall as follows:                                                                                                     

   

  

         f(z) = (f(z)) max =1        when –L/2 ≤ z ≤ L/2                              (2.1)            

   

  

At points when │z│> L/2 the function f(z) = 0.This model is also known as the 

square-top field distribution. 

 

 

For short quadrupole lenses, Glaser's bell-shaped model figure (2-1b) is found 

to be more suitable and is represented by the following function, 

  

          

         f(z) = (f(z))max/ [1+ (z/d) ²]² =1/ [1+ (z/d) ²]²                   (2.2)                       
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 where d is the axial extension of the field between the two points where f(z) = 

(f(z))max/4; at z = 0, f(z) equals to unity. The value of d is determined by the 

shape of the electrodes. 

 

 

The modified bell-shaped field model, figure (2-1c), represents the intermediate 

case such that the field distribution may be represented by the following 

function: 

 

     

         f(z) =1/[1+((z – z1))/d)²]²         when z > z1                                            (2.3)             

                

 

         f(z)=1/[1+ ((z + z1))/d)²]²        when z > - z1                                          (2.4)        

                       

 

 

The function f(z) has a rectangular section of constant maximum value of   

(f(z)) max =1 in the region - z1 ≤ z ≤ z1 such that beyond these boundaries it 

terminates in the form of half bell-shaped field represented by the two equations 

(2.3) and (2.4). 

     

 

The triangular field distribution model figure (2-1d) is another model proposed 

by Hawkes [1965/1966]; it is given by: 

    

 

         f(z) = Φz+ z2               when  –z2 ≤ z ≤ 0                                              (2.5a)         
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         f(z) = –Φz+ z2                when   0 ≤ z ≤ z2                                              (2.5b)                  

            

   

         f(z) =(f(z))max= 1             at z = 0                                                         (2.5c) 

                

 

 where Φ is the slope of the two steep sides of the triangle.  It should be noted 

that these potential distribution models are actually proposed for the hyperbolic 

cross-section of the quadrupole lens electrodes. 

 

 

                                                                        

 

 

 

 

 

 

 

 

 

         

    

 

 Figure (2-1): Field distribution of a quadrupole lens [Hawkes 1965/1966]. 

 (a) Rectangular model                   (b) Bell-shaped model 

 (c) Modified bell-shaped model     (d) Triangular model.   
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2-2 The Paraxial Ray Equation of Motion and The      

First-Order Optical Properties 

         The paraxial ray equation in cartesian coordinates for the charged-particles 

beam traversing the field of a quadrupole lens are given as follows [Hawkes 

1970]: 
 

 

         x"+ β² f(z) x = 0                                                                                      (2.6) 

                 

         y"- β² f(z) y = 0                                                                                       (2.7) 

                    

 

where β is the lens excitation, and k is a coefficient accounting for the shape of 

electrode, since the present work has been concentrated on the hyperbolic for 

electrodes, thus k = 1 [Dymnikov et al 1965 and Grivet 1972]. 

 

    

2-2-1 The  rectangular model 

         The general solution of the second-order linear homogeneous differential 

equations (2.6) and (2.7) can always be written in the following [Hawkes 1970]  

 

         x =  xo cos(βz)+ x'
o (1/β) sin(βz)                                                             (2.8) 

                               

         x' = - xo β sin(βz)+ x'
ocos(βz)                                                                 (2.9) 

                   

         y = yo cosh(βz) + y'
o  (1/β) sinh(βz)                                                      (2.10)               
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         y' = yo β sinh(βz) + y '
ocosh(βz)                                                            (2.11)                                          

    

                                               

where xo and yo are the initial displacements from the optical axis in the   x–z 

and y–z plane respectively, and xo' and yo' are the initial gradients of the beam in 

the corresponding planes.          

 

can always be written in the following matrix form respectively. 

 

 

         








)('

)(

zx

zx
 = Tc 















)z(x

)z(x

'
o

o                                                                             (2.12)                           

 

 

         








)('

)(

zy

zy
 = Td 















)z(y

)z(y

'
o

o                                                                               (2.13) 

              

The parameter Tc and Td are the transfer matrices in the convergence plane xoz 

and the divergence plane yoz respectively which are given be [Larson 1981 and 

Szylagyi 1988]. 

 

 

 

         Tc = 









βββ−
βββ
)L(cos)L(sin

)L(sin/1)L(cos                                                                 (2.14) 
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         Td = 









βββ
βββ

)L(cosh)L(sinh

)L(sinh/1)L(cosh                                                              (2.15) 

                            

 

In practice, length L is the "effective length" which has been found 

experimentally to be given by [Hawkes 1970]. 

 

         L = ℓ + 1.1c                                                                                          (2.16)                                    

                                                                                                     

 

 where ℓ is the electrode length and c is the bore radius which is assumed to be 

very small. According to Hawkes [1970] the coefficient 1.1 of c was measured 

experimentally by Septier in [1958]; however, it has been proposed theoretically 

by Reisman in [1957].  Therefore, the effective length L could be equal to the 

electrode length ℓ by neglecting the second term of equation (2.16) i.e. L ≈ ℓ 

where θ = βL [Hawkes 1970]. 

 

All first-order optical properties of a quadrupole lens can be derived from the 

matrices given in equations (2.14) and (2.15).  If these matrices are represented 

by 

 

         Tc = 








2221

1211

aa

aa
                                                                             (2.17a) 

         

         Td = 








2221

1211

aa

aa
                                                                              (2.17b)                                                                                                                        
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Then the following first-order optical properties can be determined (see    

figure 2-2) 

 

 

 

  

 

 

 

 

 

 

Figure (2-2) The cardinal elements of a quadrupole lens, (a) in the convergence 

plane, (b) in the divergence plane (Grivet 1972). 

 

 

(a) focal planes 

         An incoming ray parallel to the optical axis will, after passing through the 

lens system, intersect the axis at a point whose Zi from the exit plane is given by 

Grivet [1972]: 

 

         Zi = - a11 /a21                                                                                        (2.18) 

                             

 

From equations (2.14) and (2.15) 

 

         Zic = cos(θ)/βsin(θ)                                                                              (2.19) 
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         Zid = - cosh(θ)/βsinh(θ)                                                                        (2.20) 

                       

 

 where the subscript "i" denotes image and "c" and "d" denote the convergence 

and divergence planes respectively.  A ray emerging parallel to the optical axis, 

arises from a point Zo at the entry plane given by: 

 

         Zo = - a22 /a21                                                                                         (2.21) 

 

                                 

         Zoc = cos(θ)/βsin(θ)                                                                              (2.22) 

 

         

         Zod = - cosh(θ)/βsinh(θ)                                                                       (2.23) 

                             

where the subscript "o" refers to the object  

      

 

(b) principal planes  

         The principle planes are conjugate and can be defined as follows:  

 

         Hi = (1- a11 )/a21                                                                                    (2.24) 

                               

from equations (2.14) and (2.15) we can get the following relations: 

 

         Hic = (cos(θ) – 1)/β sin(θ)                                                                    (2.25) 

                  

       

         Hid = (1 - cosh(θ))/ β sinh(θ)                                                                (2.26) 
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  similarly 

   

         Ho = (1- a22)/a21                                                                                    (2.27) 

                

         Hoc = (cos(θ) – 1)/β sin(θ)                                                                    (2.28) 

           

          

         Hod = (1 - cosh(θ))/ β sinh(θ)                                                               (2.29) 

 

      

(c) focal lengths 

         The focal length is defined as the distance between the focal point F and 

the corresponding principal plane.  Therefore, the image-side and object-side 

focal lengths fi and fo respectively are given by: 

 

         fi =  fo = -1/a21                                                                                       (2.30) 

then 

 

         fc = 1/βsinθ                                                                                           (2.31) 

       

         fd = -1/ βsinhθ                                                                                       (2.32) 
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(d) magnification 

         In any optical system the ratio between the transverse dimension of the 

final image and the corresponding dimension of the original object is called the 

magnification can be given as: 

     

         M = 1/a21u + a11                                                                                   (2.33) 

 

In the convergence and divergence planes the magnification is given 

by: 

 

         Mc = 1/cosθ - u βsinθ                                                                           (2.34) 

            

         Md = 1/ coshθ + u βsinhθ                                                                     (2.35) 

 

Where u is the object distance. 

 

2-2-2 The  bell- shaped 

         By using equation (2.6) and (2.7) yield with equation (2.2) to form: 

 

         x" + β² /(1+(z/d)²)² x = 0                                                                    (2.36) 

 

         y" - β² /(1+(z/d)²)² y = 0                                                                     (2.37) 

 

 

Let the new variables p and ψ be introduced, so that one would have [Szilagyi 

1988]  

    

                       z/d = cot(ψ)                                                                            (2.38) 
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   and 

 

                       x/d = p(ψ)/sin(ψ)                                                                    (2.39) 

 

then equation (2.36) for convergence plane can be rewritten as: 

 

         dp²/dψ + w² p = 0                                                                                 (2.40) 

  

The properties of the quadrupole lens are characterized by the    

parameters: 

 

         w2
c  = 1- β²d²        for the convergence plane 

 

and 

         w2
d = 1+ β²d²         for the divergence plane                   

                                        

The solution of equations (2.36) and (2.37) is elementary.  Returning to 

the variables x and y one can write 

     

         x = d [xo cos(wcψ) + x'
osin(wcψ)] /sin(ψ)                                            (2.41) 

       

 

         x' = [xo [d wc sin(ψ) sin(wcψ) + d cos(ψ) cos(wcψ)]/sin²( ψ) [1+(z/d)² 

                d]] + [x'o [d cos(ψ) sin(wcψ) – d wc sin(ψ) cos(wcψ)/sin²( ψ) 

                [1+(z/d)² d]]                                                                                  (2.42) 

      

 

         y = d [yo cos(wd ψ) + y'
osin(wd ψ)]/sin(ψ)                                           (2.43)       
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         y' = [yo [d wd sin(ψ)sin(wd ψ) + d cos(ψ) cos(wd ψ)]/sin²( ψ) [1+(z/d)²] 

                d]] + [y'o  [ d cos(ψ) sin(wd ψ) – d wd sin(ψ) cos(wd ψ)]/sin²( ψ)                        

                [1+(z/d)²]]                                                                                     (2.44) 

 

 

For the second-order linear homogenous differential equations (2.36) 

and (2.37) the solution can be written in the following matrix form 
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Then by using equations (2.42) and (2.44), Tc and Td become:                              
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                                                                                                                      (2.48) 

                 

Then the following first order optical properties can be determine: 

    

 

(a) focal planes 

         From equations (2.47) and (2.48) 
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(b) principal planes 

         From equations (2.47) and (2.48) we can get the following relations: 
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(c) focal lengths 

     From equations (2.47) and (2.48)   
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(d) magnification 
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2-3 Lens Aberration Parameters 

         In an ideal optical system, all rays of light from a point in the object plane 

would converge to the same point in the image plane, forming a clear image.  

The influences which cause different rays to converge to different points are 

called aberrations.  Thus aberration can be defined as the defect that the image 

suffers from, when it is formed by an optical device (single or system of lenses).  

The aberration is a subject of great importance, since it causes limitation to the 

performance of various electron optical elements and systems. 

 

         Aberrations are what we call the errors our simple view of a lens gives 

compared to reality.  Therefore, The aberrations that affect the quality of the 

image formed by an electron lens depend critically upon the nature of the object 

[Hawkes 1967]. 

 

         Error may occur from different velocities that the charged particles may 

have in the accelerated beam since they leave the source with different initial 

velocities (energy spread).  The result is that different particles(ions or 

electrons) are focused at different points even if the paraxial approximation is 

exactly valid.  The reason of this effect is that the imaging field less influences 
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the particles with high initial energy than lower-energy particles.  Aberration is 

not the only defect that the image suffers from. Other type of defects are due to 

the fabrication of lenses such as mechanical imperfection and misalignment.  

The electrostatic repulsion forces between particles of the same charge causes a 

deviation in charged particles path. It is another defects, known as the space 

charge effect, and it is a case of charged-particle optics alone that cannot be 

found in light optics [Szilagyi 1988]. 

 

         However, in the present work attention is paid only on the two main 

aberrations, namely spherical aberration and chromatic aberration due to their 

significant effect in various ion and electron optical systems. 

 

         The reduction of both chromatic and aperture aberrations of stigmatic as 

well as astigmatic images formed by a doublet of electrostatic crossed aperture 

lenses [Baranova and Read 1998]. 

 

         It has been shown that the aberration of the system can be decreased with 

the asymmetrization of the quadrupole lens.  This result was proved by 

numerical calculations carried out for the "rectangular model".  It is pointed out 

that it is possible to apply the asymmetrization in energy and mass 

spectrometers in order to improve the resolution of the system [Szabo 1975]. 

 

         In the majority of cases the quality of electron optical devices is 

determined by the spherical and chromatic aberrations of the fields involved.  It 

is known that in axially symmetric lenses these kinds of aberration cannot be 

eliminated in principle.  In connection with this, the investigation of the 

spherical aberration of compound (that is, composed of electrostatic and 

magnetic) quadrupole lenses becomes particularly interesting [Dymnikov et al 

1965]. 
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         The chromatic and spherical aberrations of round lenses together, as the 

pair of defects that quadrupoles can conveniently correct.  The chromatic effects 

of quadrupoles are often considered separately from the aperture aberrations 

[Hawkes 1970].  The possibility of correction of aberrations in a system by 

octupoles is investigated by Yavor et al [1972]. 

 

         The correction of both chromatic and spherical aberration becomes 

mandatory at voltages below 10 kV because the chromatic aberration increases 

rapidly with decreasing energy whereas the spherical aberration does not [Rose 

and Wan 2005]. 

 

 

2-3-1 Chromatic aberration 

         Chromatic aberrations are due to the fact that refractive index is actually a 

function of the wavelength of the light. 

 

         The possibility of correcting chromatic aberrations was introduced by 

Scherzer [1947] and achromatic systems with coincident magnetic and 

electrostatic quadrupoles were later proposed by Kel'man and Yavor [1961] and 

Septier [1963].  Chromatic aberration correction is promising for low voltage 

applications, but it may not be possible to obtain the electric fields necessary for 

its use in high voltage electron microscopy [Moses 1971]. 

 

         Quadrupole lens systems differ from round lenses in that their chromatic 

aberration coefficients can be reduced to zero or made negative, provided that 

both electrostatic and magnetic quadrupoles are present.  It is thus possible, in 

principle at least, to construct achromatic quadrupole multiplets and to design 

quadrupole correctors that can cancel the chromatic aberration of round lenses 

[Hawkes 1970]. 
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         Quadrupole lenses also suffer from chromatic aberration owing to the 

finite energy spread of the beam.  In principle chromatic aberration can be 

reduced by improvement in the energy stabilization of the accelerator used to 

provide the beam [Jamieson and Legge 1987]. 

 

The chromatic aberration coefficients, defined by [Hawkes 1970]: 
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V
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∆+=∆ )()(
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α                                                      (2.53) 

                
V
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γ                                                        (2.54) 

where xo and yo are the initial displacements from optical axis in the x-z plane 

and y-z plane, respectively; α and γ are the image side semi-aperture angles in 

the x-z and y-z planes, respectively.      

 

 

2-3-1-1 rectangular model 

         The coefficients of chromatic aberration in a rectangular model field is 

given by [Hawkes 1970]: 
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where 22

2

2

2

em

ee
n

ββ
β

β
β

−
==   and βe and βm are the excitation of electric and 

magnetic lenses respectively.   

                                                                       

                           

 2-3-1-2 bell-shaped model 

         The coefficients of chromatic aberration in a bell-shaped model field is 

given by [Hawkes 1970]: 
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where d = 
π
L2  and L is effective length of lens. 

                                              

 

2-3-2 Spherical aberration 

         Spherical aberration is the name given to the effect where the focal length 

of a lens will vary depending on how far you are from the centre of the lens.  

What this means in reality is that a parallel ray of light entering the lens near the 

centre of the lens will be focussed less or more than a parallel ray entering near 

the edges of the lens. 

 

         Scherzer [1936] showed that any combination of rotationally symmetric 

magnetic and electrostatic lenses has a nonzero aperture aberration.  Tretner 

[1959] determined the lower bounds for these aberrations.   Scherzer [1947] 

also demonstrated that third order aperture aberrations can be eliminated by 

combining quadrupole and octupole lenses with rotationally symmetric lenses 

[Moses 1970]. 

 

         The aperture aberrations of quadrupoles depend upon the object position 

in a particularly simple way [Hawkes 1967/1968]. 

 

         Values of geometrical aberration coefficients of quadrupole lenses are 

calculated for different focal lengths.  The calculation was performed for lenses 

where the field along the optical axis may be approximated by a rectangle.  The 

results are compared with those for axially-symmetric lenses.  Geometrical 

aberrations of oblique beams in electron-optical systems become very 



 srationeonsidC tical eTheor                                                                             o                             wTChapter  

 
٣٠

significant when it is desirable to use a wide field of view [Ovsyannikova 

1968]. 

 

The spherical aberration coefficients, defined by [Hawkes 1970]: 

                )()( 2
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The coefficients C characterize the aberration in convergence plane, and D in 

the divergence plane. 

 

 

2-3-2-1 rectangular model  

         The coefficients of spherical aberration in a rectangular model field is 

given by [Fishkova et al 1968]: 
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The coefficients C characterize the aberration in the convergence plane, and D 

in the divergence plane. 
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where   µ = β u ,  η = 1+ µ² ,  and  ξ = 1- µ² 

The coefficients D03  and D21  are derived from equations (2.65) and (2.66) by 

replacing β by iβ.   

 

                                                                                                           

2-3-2-2 bell-shaped model 

         Coefficients of spherical aberration are given in the short lens 

approximation. Analytical expressions were obtained for the coefficients of 

spherical aberration for a bell-shaped field distribution.  In the case of a doublet 

consisting of two compound lenses with a bell-shaped field distribution it is 

possible to compensate the spherical aberration of the width of a linear image 

over all its length [Dymnikov et al 1965]. 

 

         The analytical expressions for aberration coefficients of quadrupole lenses 

with bell-shaped axial field distribution were calculated. The calculation was 

carried out for an astigmatic beam.  The position of the object was at the focus 

of the converging plane [Szilagyi et al 1973]. 

 

 

         The coefficients of spherical aberration in a bell-shaped field is given by 

[Dymnikov et al 1965 ]: 
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where  

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ψ 0  corresponds to the position of the object and ψ1 to that of the image. 
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2-4 Computer Program for Computing The Beam 

Trajectory, The Optical Properties and Aberration 

Coefficients of Combined Quadrupole Lens     

     A computer program with MathCAD professional 2001i has been used for 

determining the trajectory of charged particles traversing the field of combined 

quadrupole lens in both the convergence plane and divergence plane, by using 

the transfer matrices given in equations (2.14) to (2.15) and (2.46) to (2.47) 

where the axial potential field has been compute to have a field model which 

close to its distribution.  The first order optical properties such as the focal 

length and magnification have been computed with the aid of equations (2.31) 

to (2.35 ) and (2.51) to (2.52) in the planes of convergence and divergence. The 

chromatic aberration coefficients Ccx, Ccy, Cmx, and Cmy and spherical 

aberration coefficients C30, C12, D03, and D21 are computing by using equations 

(2.55) to (2.68) for each design of combined quadrupole lens. Figure (2-3 ) 

illustrates a block diagram of this computer program.  
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Figure (2-3): A block diagram of the MathCAD program for computing, the 
axial potential distribution, the trajectory, the optical properties and the 
aberration coefficients of electrostatic quadrupole lens.                                                                                                                                               

Using the value of  coefficient  k=1 
for hyperbolic electrode 

Solve the paraxial ray equation  and get the  
trajectory in both the convergence and divergence 
planes  x and y [Equations (2.6) and (2.7)] 

Using the field distribution        
models 

Calculate the focal length 
fc and fd 

Calculate the magnification 
Mc and Md 

Compute the spherical aberration coefficients 
C30, C12, D03, and D21 

and 
chromatic aberration coefficients 

Ccx, Ccy, Cmx, and Cmy 
 

Using                            
MathCAD 

 

Using 
The transfer matrices 
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3- RESULTS AND DISCUSSION 

3-1 Introduction 

         The purpose of present work is finding the optimum properties of 

combined quadrupole lens consists of electrostatic and magnetic lenses to 

produce achromatic lens.  Two models of potential, rectangular model and bell-

shaped model, are used to find the optimum design of the lens.  The 

optimization is made in each model by solving the equation of motion and 

finding the transfer matrices in convergence and divergence planes.  Which are 

used to find the properties of lens as focal length, magnification and aberrations 

coefficients, taking into account electrode shape in two models is hyperbolic 

cross section (k = 1).  To find the optimum values of chromatic and spherical 

aberrations coefficients.  The effects of changing the effective length of lens 

"L"(geometrical dimensions) and excitation of lens with changing object and 

image distances. 

 

 

3-2 Rectangular Model 

3-2-1 Trajectory equation of motion of charge particles for 

the combined quadrupole lens 

         The trajectory equation of charge particles has been solved for the 

rectangular model case by using simplified transformation for equations [(2.6) 

and (2.7)].  These equations describe the paths of charge particles in 

convergence and divergence plane respectively. In combined quadrupole lens 

(electrostatic and magnetic) charge particles incident in the (x-z) plane different 

paths from that in the (y-z) plane the describe in figure (3-1).  The charge 

particles in the convergence plane (x-z) in the figure deflected toward the 

optical axis and away from the optical axis in the divergence plane (y-z).        
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i.e. the combined quadrupole lens is astigmatic, and the results is coincide with 

that published by Baranova and Yavor [1984] and agreement the speech is 

trajectories to be parallel to the optical axis and to lie to the left and to the right 

of the lens, respectively.  when taked value excitation lens (β(mm-1)) equal to 

(0.1mm-1) and (z) value about range from (zero) to (10mm) with choose best 

initial condition for gets on trajectory for charge particles in case rectangular 

model.  

 

                

 

 

        

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
     Figure (3-1): Trajectory of charge particles in combined quadrupole lens   

     for both convergence (x-z) plane  and divergence (y-z) plane. 
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3-2-2 Optical properties for the combined quadrupole lens 

         After solving trajectory equations and finding the transfer matrices        

(Tc and Td), in the convergence and divergence planes, the matrix elements are 

used to calculate both focal length and magnification.  The calculation of 

optimization are made for two values of effective length of lens, (L1= 0.9mm 

and L2= 1mm), to study the effect of effective length of the lens on its 

properties.  

 

 

3-2-2-1 focal length  

         The calculation of focal length for two values of effective length of lens 

L1= 0.9mm and L2=1mm are shown in figures (3-2) and (3-3) for convergence 

and divergence planes, respectively.   

Figure (3-2) shows the relation between the focal length and (θ=βL) for the 

convergence case.  From the figure the focal length decreases as θ increases.  

The calculations show that the effective length L2(1mm) has focal length values 

greater than that of effective length L1(0.9mm).  
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Figure (3-2):The focal length as a function of  θ for the combined quadrupole 

lens in convergence plane for the effective lengths of lens L1=0.9mm and 

L2=1mm. 

 
 
 
 
The focal length calculations in divergence plane is shown in figure (3-3) 

opposite behaviour to the case of convergence plane,where the focal length 

increases with the increasing of the values of θ.  From the figure, the effective 

length L1(0.9mm) has values of focal length greater than that of effective length 

L2(1mm). 
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Figure (3-3): The focal length as a function of θ for the combined quadrupole 

lens in divergence plane for the effective lengths of lens L1=0.9mm and 

L2=1mm. 

 

 

The relations between the focal length and relative excitation parameter (n)       

(n = βe2/β2) for convergence and divergence planes are shown in figures (3-4) 

and (3-5), respectively.   

From figure (3-4) the focal length of the convergence case is increases with 

increasing the values of relative excitation parameter (n).  The effective length 

L1(0.9mm) has the values of focal length greater than that of L2(1mm).       
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Figure (3-4): The focal length as a function of  relative excitation parameter (n) 

for the combined quadrupole lens in the convergence plane for the two effective 

lengths of lens L1=0.9mm and L2=1mm. 

 

 
 
The calculations of the divergence case are shown in figure (3-5). The results 

shown appear an opposite behaviour to that  in the convergence case, where the 

focal length decreases as  increasing n and the effective length L2(1mm) has 

values of focal length greater than that of L1(0.9mm).   
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Figure (3-5): The focal length as a function of relative excitation parameter (n) 

for the combined  quadrupole lensin the  divergence plane for the two effective 

lengths L1=0.9mm and L2=1mm 

 
 
 
 
 
3-2-2-2 magnification 

         The effect of changing the effective length of lens on the magnification for 

both convergence and divergence planes are shown in figures (3-6) and (3-7), 

respectively.  Figure (3-6), shows the relation between magnification and θ in 

the convergence plane.  The magnification increases with increasing θ values 

and the values of magnification for both effective lengths L1(0.9mm) and 

L2(1mm) are closer to each other.   
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     Figure (3-6): The  magnification as a function  of θ for the combined 

     quadrupole lens in convergence plane for the effective lengths of lens 

     L1=0.9mm and L2=1mm. 

 

 

The behaviour of magnification for divergence plane is opposite to that of 

convergence plane as is shown in figure (3-7), where the magnification 

decreases as the values of θ increase.  Also, both effective lengths L1(0.9mm) 

and L2(1mm) have closer values of magnification.    
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Figure (3-7): The  magnification as a function  of θ for the combined 

quadrupole lens in divergence plane for the effective lengths of  lens L1=0.9mm 

and L2=1mm. 

 
 
 
 
The relation between the magnification and relative excitation parameter (n) is 

shown for both convergence and divergence plane in figures (3-8) and (3-9), 

respectively.  

In the case of convergence plane, the magnification decreases as the relative 

excitation parameter (n) increases and the effective length of lens L1 has the 

values of magnification lower than that of L2.  while the opposite magnification 

behaviour is found for the case of divergence case.     
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Figure (3-8): The magnification as a function of relative excitation parameter 

(n) for the combined  quadrupole lens in convergence plane for the effective 

lengths of  lens L1=0.9mm and L2=1mm. 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure (3-٩): The magnification as a function of relative excitation parameter 

(n) for the combined  quadrupole lens in divergence plane for the effective 

lengths of  lens L1=0.9mm and L2=1mm.  
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3-2-3 The chromatic and spherical aberrations for the 

combined quadrupole lens 

3-2-3-1 the chromatic aberration 

         The optimization calculations for chromatic aberration coefficients in 

both convergence and divergence plane  are made for two values of effective 

length of lens, (L1 = 0.9mm and L2 = 1mm) to produce achromatic lens. 

In figures (3-10) and (3-11) the results of chromatic aberration coefficients 

are shown for convergence plane, respectively.  The figure (3-10) shows the 

relation between chromatic aberration coefficient Ccx/L with θ.  We find 

from the figure the chromatic aberration coefficient Ccx/L decreases            

(take always negative) as θ increases.  The sign of the chromatic aberration 

coefficients can change for systems composed of both electrostatic and 

magnetic quadrupole lenses.  The simplest example is the achromatic lens 

obtained by superposing electric and magnetic quadrupole fields and satisfy 

the formulae by Baranova and Yavor [1984].   
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Figure (3-10): The relative chromatic aberration coefficients as a function of θ 

for the combined quadrupole lens in convergence plane for two effective lengths 

of  lens L1=0.9mm and L2=1mm. 

 

 

 

The calculations of chromatic aberration coefficient change of magnification 

Cmx are shown in figure (3-11) and the results shows appear the same 

behaviour to the chromatic aberration coefficient Ccx/L, but with greater values 

than that of chromatic aberration coefficient Ccx/L and decrease as θ is 

increasing.    
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Figure (3-11): The relative chromatic aberration coefficients change of 

magnification as a function of θ for the combined quadrupole lens in 

convergence plane for the effective lengths of  lens L1=0.9mm and L2=1mm. 

 

 

The calculations of chromatic aberration coefficients Ccy/L and Cmy for the 

divergence case are shown in figures (3-12) and (3-13) respectively.   

Figure (3-12) shows the relation between chromatic aberration coefficient 

Ccy/L and θ.  From the figure one can see a different behaviour for the 

convergence case (chromatic aberration coefficients Ccx/L and Cmx), where the 

chromatic aberration coefficient Ccy/L increase as θ increasing.  The  effective 

lengths of lens at  L1 (0.9mm) and L2(1mm) have the values closer to each 

other.  From figure (3-13) the chromatic aberration coefficient  change of 

magnification Cmy has the same behaviour to that of Ccy/L. 
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Figure(3-12): The relative chromatic aberration coefficients as a function of  θ  

for the combined quadrupole lens in divergence plane for the effective lengths 

of  lens L1=0.9mm and L2=1mm. 

 
 
 
 
      

 
 
 

 
 
 
 
 
 
 
 
 
 
 

Figure(3-13): The relative chromatic aberration coefficients change of 

magnification as a function of  θ  for the combined quadrupole lens in 

divergence plane for the effective lengths of  lens L1=0.9mm and L2=1mm. 
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         From the calculations in both convergence and divergence planes, the 

calculations shows that the best effective length of lens is L1(0.9mm) and the 

chromatic aberration coefficients can be reduced by using a combined 

electrostatic and magnetic quadrupole lenses and obtained an achromatic case 

which is similar to that which is given by Baranove and Read [1999].  The 

calculations which in obtained on it is best than that result which is 

investigation by Martin and Goloskie [1982].   

 

        

         The plote between the chromatic aberration coefficient and relative 

excitation parameter (n) is shown for both convergence and divergence planes 

in the figures (3-14) to (3-17), respectively.  The chromatic aberration 

coefficient Ccx/L increases as the relative excitation parameter (n) increases and 

the effective length of lens L1 has values of chromatic aberration coefficient 

Ccx/L greater than that of L2 as is shown in figure (3-14). 

The same behaviour is found for the calculations of chromatic aberration 

coefficient change of magnification Cmx as is shown in figure (3-15)      

 

 

 

 

 
 
 
 
 



ChapterThree                                                                                                              Results and Discussion 

 ٥٠

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (3-14): The relative chromatic aberration coefficients as a function of 

relative excitation parameter (n)  for the combined quadrupole lens in 

convergence plane for the effective lengths of  lens L1=0.9mm and L2=1mm. 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (3-15): The relative chromatic aberration coefficients change of 

magnification as a function of  relative excitation parameter (n)  for the 

combined quadrupole lens in convergence plane for the effective lengths of  lens 

L1=0.9mm and L2=1mm. 
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In case of divergence plane the results are shown in figures (3-16) and (3-17).  

Figure (3-16) appears the results of chromatic aberration coefficient Ccy/L 

which decrease as the relative excitation parameter (n) is increasing and the 

values of the effective length of lens L1(0.9mm) are lower than that of 

L2(1mm).  The same behaviour of chromatic aberration coefficient change of 

magnification Cmy is found as shown in figure (3-17). 

      

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure (3-16): The relative chromatic aberration coefficients as a function of 

relative excitation parameter (n)  for the combined quadrupole lens in 

divergence plane for the effective lengths of  lens L1=0.9mm and L2=1mm. 
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Figure (3-17): The relative chromatic aberration coefficients change of 

magnification as a function of relative excitation parameter (n)  for the 

combined quadrupole lens in divergence plane for the effective lengths of  lens 

L1=0.9mm and L2=1mm. 
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3-2-3-2 the spherical aberration 

         The optimization calculations for spherical aberration coefficients in both 

convergence and divergence plane are made to show the effect of changing the 

excitation parameter and the effective lengths of lens on the spherical aberration 

coefficients.  The calculations of the case of  convergence plane are shown in 

figures (3-18) and (3-19), respectively.  Figure (3-18) shows the  proportionally 

relation between spherical aberration coefficient C30/L and θ for the 

convergence case, where the spherical aberration coefficient C30/L increases as 

θ is increasing.  

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (3-18): The relative spherical aberration coefficients C30/L as a function 

of θ for the combined quadrupole lens in the  convergence plane for two 

effective lengths of  lens L1=0.9mm and L2=1mm. 
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         The results of spherical aberration coefficient C12/L are shown in figure 

(3-19).  The calculations shows that the values of spherical aberration 

coefficient C12/L has a minimum value (-0.0046) at θ (0.405) at L1(0.9mm) and 

L2(1mm) has the minimum value (-0.0057) at θ (0.4) and of spherical 

aberration coefficient C12/L will be increasing at θ increases.   

         In the region where θ = 0.28 to 0.5 the results show the zero and negative 

spherical aberration coefficient values, therefore, the designer can use this 

operation condition and geometrical dimensions to design the lens with best 

properties of spherical aberration coefficient.  This results are similar to the 

results published by Dymnikov et al [1965] where the negative and positive 

values are at the same θ are found but the present results are the best to give rise 

to minimum spherical aberration coefficient.         

    

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3-19): The relative spherical aberration coefficients C12/L as a function 

of θ for the combined quadrupole lens in convergence plane for the effective 

lengths of  lens L1=0.9mm and L2=1mm. 
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In the case of divergence plane the results are shown in figures (3-20) and      

(3-21) of the relative coefficients D03/L and D21/L, respectively.  The relation 

between the spherical aberration coefficient D03/L and θ is shown in figure      

(3-20).  From the calculations the spherical aberration coefficient D03/L       

(take always negative values) become less as θ is increasing.  The effective 

length for lens L2(1mm) has the values slightly greater than that of L1(0.9mm).  

The present calculations are better than that which were obtained for spherical 

aberration coefficient D03/L by Dymnikov et al [1965] which had the same 

behaviour but with values positive and negative at same range of θ but the 

present values are best than that of Dymnikov et al [1965].          

 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (3-20): The relative spherical aberration coefficients D03/L as a function 

of θ  for the combined quadrupole lens in divergence plane  two the effective 

lengths of  lens L1=0.9mm and L2=1mm. 
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The results appear in the figure (3-21) show the spherical aberration coefficient 

D21/L increases as θ is increasing, its values for the effective length of lens 

L1(0.9mm) is greater than that of at L2(1mm).         

 
  

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure(3-21): The relative spherical aberration coefficients D21/L as a function 

of θ  for the combined quadrupole lens in divergence plane  for two effective 

lengths of  lens L1=0.9mm and L2=1mm. 

 

 
         The relation between spherical aberration coefficients and relative 

excitation parameter (n) is shown for both  convergence and divergence planes 

in figures   (3-22) to (3-25).  The figures (3-22) and (3-23), are explain the 

spherical aberration coefficients as the function of relative excitation parameter 

(n) for the case convergence plane.  In figure (3-22) the spherical aberration 

coefficient C30/L decrease as n is increasing and the  effective length 
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L1(0.9mm) has the values of spherical aberration coefficient  lower than that of 

L2(1mm). 

 

        

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (3-22): The relative spherical aberration coefficients C30/L as a function 

of relative excitation parameter  (n)  for the combined quadrupole lens in 

convergence plane  for the effective lengths of  lens L1=0.9mm and L2=1mm. 

 

 
From figure (3-23) the spherical aberration coefficient C12/L has inverse relation 

to the relative excitation parameter (n) and the calculations show the slightly 

difference between two effective lengths of lens and nearly the n = 0.063 both 

effective lengths have minimum spherical aberration coefficient.   
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Figure (3-23): The relative spherical aberration coefficients C12/L as a function 

of relative excitation parameter  (n)  for the combined quadrupole lens in 

convergence plane  for the effective lengths of  lens L1=0.9mm and L2=1mm.  

 
 
 
         The calculations of divergence case are shown in figures (3-24) and       

(3-25).  The figure (3-24) the relation between spherical aberration coefficient 

D30/L and relative excitation parameter (n), this coefficient increases as n 

increases and the effective length L2(1mm) give us the best result with respect 

to another effective length L1(0.9mm). 

         The relation between spherical aberration coefficient D21/L and relative 

excitation parameter (n) is shown in figure (3-25), this relation is found to be 

inversely and the effective length of lens L1 give us the optimum results with 

respect to another effective length of lens L2.    
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Figure(3-2٤): The relative spherical aberration coefficients D30/L as a function 
of relative excitation parameter (n)  for the combined  quadrupole lens in 
divergence plane  for the effective lengths of  lens L1=0.9mm and L2=1mm.  
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3-25): The relative spherical aberration coefficients D21/L as a function 
of relative excitation parameter  (n)  for the combined quadrupole lens in 
divergence plane  for the effective lengths of  lens L1=0.9mm and L2=1mm.  

n 

D03/L 

0.04 0.08

-0.20

-0.10

L1 

L2

n  

D21/L 

0.04 0.08

0.20

0.40

L1 

 L2 



ChapterThree                                                                                                              Results and Discussion 

 ٦٠

 

3-3 Bell-Shaped Model 

3-3-1 Trajectory equation of motion of charge particles for 

the combined quadrupole lens 

         The trajectory of charged particles beam is computed by using the       

bell-shaped model for combined quadrupole lens, and the result is shown in 

figure (3-26).  From figure (3-26) we notice the same behaviour for the two 

cases of convergence and divergence planes for rectangular model, but the case 

of convergence for bell-shaped model is begin at 1 and the decreasing is slow in 

compare with the case of rectangular model and opposite behaviour in 

divergence.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (3-26): Trajectory of charge particles beam in combined  quadrupole 

lens  for both convergence (x-z) plane  and divergence (y-z) plane. 
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3-3-2 Optical properties for the combined quadrupole lens 

         After solving the trajectory equations in both convergence and divergence 

planes and finding the transfer matrix elements, the focal length and 

magnification are computed.  The effect of effective lengths of lens (L1(0.9mm) 

and L2(1mm)) is studied on properties of focal length and magnification. 

  

 
 
3-3-2-1 focal length  
         The calculations of focal length in both convergence and divergence 

planes for two values of effective lengths of lens L1(0.9mm) and L2(1mm) are 

shown in figures (3-27) and (3-28), respectively.   

The figure (3-27) shows the relation between the focal length and β2d2 for 

convergence case.  From the figure the focal length decreases as increasing β2d2.  

The result shows that both the effective lengths L1 and L2 are closer to each 

other.   

        

 
         The calculations of focal length in divergence plane, is explained in figure      

(3-28) and the opposite behaviour to the case of convergence plane is found, 

when the focal length increases with β2d2 values is increasing.  From the figure, 

the effective length L2(1mm) has values of focal length slightly greater than 

that of L1(0.9mm) and closer each other, at low values of β2d2.        
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Figure (3-27): The focal length as a function of β2d2 for the combined  

quadrupole lens in convergence plane  for effective lengths of lens L1=0.9mm 

and L2=1mm. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3-٢٨): The focal length as a function of β2d2 for the                                                                                                             

combined  quadrupole lens in divergence plane for effective lengths of lens 

L1=0.9mm and L2=1mm. 
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         The relations between the focal length and the relative excitation 

parameter (n) for convergence and divergence planes, are shown in figures (3-

29) and (3-30) respectively.  

  

         In figure (3-29) the focal length increases with relative excitation 

parameter (n) is increasing and the effective length of lens L2 = 1mm has the 

values of focal length lower than that for L1 = 0.9mm.  The inverse behaviour 

occurs for divergence plane as is shown in figure (3-30).       

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure (3-29): The focal length as a function of relative excitation parameter 

(n) for the combined quadrupole lens in convergence plane  for effective lengths 

of lens L1=0.9mm and L2=1mm.  
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Figure (3-30): The focal length as a function of relative excitation parameter 

(n) for the combined quadrupole lens in divergence plane, for effective lengths 

of lens L1=0.9mm and L2=1mm. 

 

 

3-3-2-2 magnification 

         The effect of changing the effective length of lens on the magnification is 

investigated for both convergence and divergence planes, where the effective 

lengths L1 = 0.9mm and L2 = 1mm are taken into account and the relations 

between the magnification and β2d2 are explained in figures (3-31) and (3-32), 

respectively.   

         From figure (3-31) the magnification decreases as β2d2 is increasing and 

the values of magnification for effective length L1(0.9mm) greater than that of 

L2(1mm) and this behaviour is inversely to that of magnification in rectangular 

model.            
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Figure(3-31): The magnification as a function of β2d2  for the                                                                                                                  

combined  quadrupole lens in convergence plane for effective lengths of lens 

L1=0.9mm and L2=1mm. 

 

 

 
In the case of divergence plane the results show opposite behaviour to the case 

of convergence plane, where the magnification increases with β2d2 increases as 

is shown in figure (3-32). Also, the effective length L1(0.9mm) has the values 

of magnification greater than that of L2(1mm) and this behaviour is opposite to 

that for rectangular model.            
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Figure (3-32): The magnification as a function of β2d2 for the                                                                                                                      

combined  quadrupole lens in divergence plane for effective lengths of lens 

L1=0.9mm and L2=1mm. 

 

 

The relation between magnification and relative excitation parameter (n) is 

shown in figures (3-33) and (3-34) for both convergence and divergence planes, 

respectively.  The figure (3-33) appears the increasing of magnification with 

increasing of  relative excitation parameter (n) for convergence plane, while the 

opposite behaviour is found for magnification in divergence plane as is shown 

in figure (3-34).        

 
 
 
 
 
 
 
 

β2d2 

 

Md  

0.10 0.20 0.30

0.76

0.78

0.80

0.82

0.84

0.86

L1 

L2 



ChapterThree                                                                                                              Results and Discussion 

 ٦٧

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure(3-33): The magnification as a function of relative excitation parameter 

 (n) for the combined  quadrupole lens in convergence plane  for effective 

lengths of lens L1=0.9mm and L2=1mm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (3-34): The magnification as a function of  relative excitation parameter 

(n) for the combined  quadrupole lens in divergence plane for effective lengths 

of lens L1=0.9mm and L2=1mm. 
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3-3-3 The chromatic and spherical aberration for the 
combined quadrupole lens 

3-3-3-1 the chromatic aberration 

         The optimization is made to find the optimum values of chromatic 

aberration coefficients in both convergence and divergence planes.  The 

variation of effective length of lens are taken into account for two values, 

(L1(0.9mm) and L2(1mm)).  The calculations in convergence plane are 

explained in figures (3-35) and (3-36).  In figure (3-35) the relation between 

chromatic aberration coefficient Ccx/d and β2d2 appears the increasing in 

chromatic aberration coefficient Ccx/d when β2d2 increases up to β2d2 = 0.1 for 

effective length of lens L1 = 0.9mm and β2d2 = 0.16 for effective length of lens 

L2 = 1mm, and beyond these values the chromatic aberration coefficient Ccx/d 

decrease with increasing β2d2          

 

                   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3-35): The relative chromatic aberration coefficients as a function of 
β

2d2 for the combined quadrupole lens in convergence plane for effective 
lengths of  lens L1=0.9mm and L2=1mm. 
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The figure (3-36) appears the chromatic aberration coefficient change of 

magnification Cmx (for convergence plane) is decreasing with β2d2 is 

increasing.  The effective length of lens L2(1mm) has the values lower than that 

of L1(0.9mm).  

 

       

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3-36): The relative chromatic aberration coefficients change of 

magnification as a function of β2d2 for the combined quadrupole lens  in 

convergence plane for effective lengths of  lens L1=0.9mm and L2=1mm.             

 
 

The results in divergence plane are shown in figures (3-37) and (3-38).  The 

figure (3-37) shows the relation between chromatic aberration coefficient Ccy/d 

and β2d2 and this relation has opposite behaviour to the calculations in 

convergence plane where Ccx/d decrease as β2d2  increases up to β2d2 = 0.1 for 

effective length of lens L1 and β2d2 = 0.145 for effective length of lens L2, and 

beyond these values of β2d2 the Ccy/d increases.  .  The effective length of lens 
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L1 = 0.9mm has best values of Ccy/d for whole region of β2d2 in compare with 

effective length of lens L2 = 1mm.  

In figure (3-38) the chromatic aberration coefficient change of magnification 

Cmy  increases with β2d2 is increasing and the effective length of lens 

L1(0.9mm) has the optimum results with respect to effective length of lens 

L2(1mm).   

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3-37): The relative chromatic aberration coefficients as a function of 

β
2d2 for the combined quadrupole lens in divergence plane for effective lengths 

of  lens L1=0.9mm and L2=1mm.     
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Figure (3-38): The relative chromatic aberration coefficients change of 

magnification as a function of β2d2 for the combined quadrupole lens in 

divergence plane for effective lengths of  lens L1=0.9mm and L2=1mm. 

 
 
 
 
The relation between chromatic aberration coefficients and relative excitation 

parameter (n) for both convergence and divergence planes, are studied.  In 

figure (3-39) the chromatic aberration coefficient Ccx/d in convergence plane, 

increases as relative excitation parameter (n) increases at lower values of n and 

chromatic aberration coefficient Ccx/d decrease as relative excitation parameter 

increases beyond n = 0.024 for effective length of lens L1(0.9mm) and n = 0.02 

for effective length of lens L2(1mm) and the effective length of lens L2 = 1mm 

gives the best values of Ccx/d.  Also the Ccx/d has the negative values for 

whole rang of relative excitation parameter (n).  The opposite behaviour is 

found for the case of divergence plane as is shown in figure (3-41).    
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Figure (3-39): The relative chromatic aberration coefficients as a function of  

relative excitation parameter (n) for the combined quadrupole lens in 

convergence plane for effective lengths of  lens L1=0.9mm and L2=1mm.         

  

  

 

The results in figure (3-40) show the relation between chromatic aberration 

coefficient change of magnification Cmx and relative excitation parameter (n) 

for effective lengths of lens.  From the figure, the chromatic aberration 

coefficient change of magnification Cmx increases with increasing relative 

excitation parameter (n) and for effective length of lens L2 give us the optimum 

result in compare with L1. 

The opposite behaviour for chromatic aberration coefficient change of 

magnification is found for the case of divergence plane and the result is 

explained in figure (3-42).   
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Figure (3-40): The relative chromatic aberration coefficients change of 

magnification as a function of relative excitation parameter (n) for the 

combined quadrupole lens in convergence plane for effective lengths of  lens 

L1=0.9mm and L2=1mm. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure (3-41): The relative chromatic aberration coefficients as a function of 

relative excitation parameter (n) for the combined quadrupole lens in 

divergence plane for effective lengths of  lens L1=0.9mm and L2=1mm. 
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Figure (3-42): The relative chromatic aberration coefficients change of 

magnification as a function of relative excitation parameter (n) for the 

combined quadrupole lens in divergence plane for effective lengths of  lens 

L1=0.9mm and L2=1mm.  

 

3-3-3-2 the spherical aberration 

         After finding the optimum result for the case of achromatic aberration 

under this model of field distribution the present aim in this section is finding 

the optimum values of spherical aberration coefficients in both convergence and 

divergence plane and study the effects of changing the excitation parameter and 

effective length of lens on this coefficient.  For the convergence plane the 

results are shown in figures (3-43) and (3-44).  The calculations in the figure   

(3-43) appear the relation between spherical aberration coefficient C30/d as the 

function of  β2d2 and this coefficient is decreasing with increasing β2d2.  All the 

values of spherical aberration coefficient C30/d have the negative values and the 

effective length L1(0.9mm) has values lower than that of L2(1mm).   The figure 

(3-44) explains the spherical aberration coefficient C12/d this coefficient 

increases with β2d2 is increasing.  The effective length L1(0.9mm) has values 

greater than that of L2(1mm).   
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Figure (3-43): The relative spherical aberration coefficients C30/d as a function 

of β2d2 for the combined quadrupole lens in convergence plane for effective 

lengths of  lens L1=0.9mm and L2=1mm.             
 
 
 
 
 
   

 

 
 
 
 
 
 
 
 
 
 
Figure (3-44): The relative spherical aberration coefficients C12/d as a function 

of β2d2 for the combined quadrupole lens in convergence plane for effective 

lengths of  lens L1=0.9mm and L2=1mm. 

β2d2  

 

C30/d 

0.10 0.20

-2.40

-2.00

-1.60

-1.20

L1 

L2 

β2d2 

 

C12/d 

0.10 0.20

2.80

3.00

3.20

L1 

L2 



ChapterThree                                                                                                              Results and Discussion 

 ٧٦

In the case of divergence plane in the results are shown in figures (3-45) and    

(3-46).  The calculations of figure (3-45) show that the spherical aberration 

coefficient D03/d increases with increasing β2d2 and the all values of this 

coefficient are negative for whole range of β2d2.  Also, the effective length 

L1(0.9mm) gives best results in compare with L2(1mm).  The results of 

spherical aberration coefficient D21/d have the same describation to that of 

spherical aberration coefficient D03/d but the difference that, all the values of 

spherical aberration coefficient D21/d are positive as is shown in figure (3-46).      

 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure (3-45): The relative spherical aberration coefficients D03/d as a function 

of β2d2 for the combined quadrupole lens in divergence plane for effective 

lengths of  lens L1=0.9mm and L2=1mm.            
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Figure (3-46): The relative spherical aberration coefficients D21/d as a function 

of β2d2 for the combined  quadrupole lens in divergence plane for effective 

lengths of  lens L1=0.9mm and L2=1mm. 

 
 

 
The relation of spherical aberration coefficients with relative excitation 

parameter (n) in both convergence and divergence planes is shown in figures   

(3-47) to (3-50).  The figures (3-47) and (3-48) show this relation in 

convergence plane.  The values of spherical aberration coefficient C30/d become 

greater with n is increasing as is shown in figure (3-47).  While the opposite 

behaviour is found for spherical aberration coefficient C12/d as is shown in 

figure (3-48).       
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Figure (3-47): The relative spherical aberration coefficients C30/d as a function 

of relative excitation parameter (n) for the  combined quadrupole lens in 

convergence plane for effective lengths of  lens L1=0.9mm and L2=1mm. 

 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 

Figure(3-48): The relative spherical aberration coefficients C12/d as a function 

of relative excitation parameter (n) for the combined quadrupole lens in 

convergence plane for effective lengths of  lens L1=0.9mm and L2=1mm. 
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In the case divergence plane, the results are explained in figures (3-49) and     

(3-50).  For both  spherical aberration coefficients D03/d and D21/d  the inverse 

relation between these coefficient and the relative excitation parameter (n) is 

found as is shown in figures.    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Figure (3-49): The relative spherical aberration coefficients D03/d as a function 

of relative excitation parameter (n) for the combined quadrupole lens in 

divergence plane for effective lengths of  lens L1=0.9mm and L2=1mm. 

 
 
   
 
 
 

  

n  

D03/d 

0.04 0.08

-0.80

-0.60

-0.40

L1 

L2 



ChapterThree                                                                                                              Results and Discussion 

 ٨٠

 
 
 
 
 

  
  
  
  
  
 

 
 
 
 
 
 
 
 
 
 

 
 
 

Figure (3-50): The relative spherical aberration coefficients D21/d  as a function 

of relative excitation parameter (n) for the combine quadrupole lens in 

divergence plane for effective lengths of  lens L1=0.9mm and L2=1mm. 
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4.1 Conclusions 

         Combined quadrupole lens is proposed and investigated which is formed 

by an electrostatic and magnetic fields imposed on each other.  It appear that the 

rectangular model and bell-shaped model can be used to repreasented the axial 

field distribution of the combined quadrupole lens to finding the optimum 

design of the achromatic lens.  The combined quadrupole lens has many 

variable geometrical and operational parameters.  However, from the present 

investigation one can conclude the following: 

 

1. The calculations of rectangular model and bell-shaped model in both 

convergence and divergence show that the values of the focal length and 

magnification are closer to each other for both values of the effective lengths 

of lens (L1 = 0.9mm and L2 = 1mm). 

  

2. The chromatic aberration coefficients of the rectangular and bell-shaped 

models for the effective length of lens L1(0.9mm) is lower than that of  the 

effective length of lens L2(1mm).  In the case of spherical aberration 

opposite behaviour is found.  

 

3. The rectangular model is good model to give the achromatic aberration in 

combined quadrupole lens. 

 

4. From the calculations it is found that the chromatic aberration coefficients 

can be reduced to zero value but the problems are values of the focal lengths 

are very large and at the same time the effective length and excitation of lens 

is very small and that not satisfy the optimum design.                                   
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4.2 Recommendations for Future Work 

 

  The following topics can be recommended for future work: 

 

(a) Studing the effect of the relativistic velocities of the charged particles  on 

the design and properties of combined quadrupole lens. 

  

(b) Studing the effect of charged-particles initial energy on the optical 

properties of the combined electrostatic and magnetic quadrupole lens. 

 

(c) Studing the design of achromatic lens on doublet, triplet and quadruplet 

consisting of an electrostatic and magnetic quadrupole lens. 

 

(d) Studing the effect of other types of the electrode on the properties of 

electrostatic and magnetic quadrupole lens. 

 

(e) Studing the effect of other types of the axial field distribution model on the 

the properties of combined quadrupole lens. 

 

(f) Studing the design of achromatic lens of combined octupole and quadrupole 

lens.      
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