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ABSTRACT 
A mathematical model describing the densification process during 

viscous sintering process of a material contains solid inclusions is developed 

(modified) from a Scherer model which describes the rate of densification 

during sintering for a free solid inclusions material. The modified model is 

used to simulate the rate of densification during sintering process for 

ceramic heterogeneous materials consist from mixtures of some Iraqi clays 

that had been prepared in a previous work. In addition the modified model is 

used to study the effect of several factors on densification during sintering 

process and used in predicting the effective viscosity of the viscous phase 

that formed during sintering. The factors are the sintering temperature, 

sintering time, and the ratio of solid inclusions volume to viscous phase 

volume. 

Another two heterogeneous models which are the composite sphere 

and the self consistent models are also applied and used to study the effect of 

sintering temperature and sintering time on densification during sintering for 

comparison with the present developed model. 

The modified model is also used to study the effect of pore size 

distribution on densification process by assuming a Gaussian distribution for 

the pore sizes and reformulating the equations of the modified model to 

make them depend on the standard deviation of pore size distribution. 

The physical parameters like viscosity are computed from the fitting 

process of the practical data of the samples. 

Computer programs in FORTRAN 90 language are designed to study 

the effect of sintering temperature on densification process using the 

developed model, the composite sphere and the self consistent models. 



These programs are modified to simulate the densification process versus 

time duration of the sintering process. Another program is designed to study 

the effect of pore size distribution on sintering process using the developed 

model.  

    The results from the developed (modified) Scherer model are better 

fit the practical data, then the composite sphere model.  

The results from the program of the effect of sintering temperature 

indicates in general that the rate of densification is increased with increasing 

sintering temperature, this is due to the decrease in the viscosity with 

temperature increasing. However, when the ratio of the solid inclusions is 

high the viscosity is increased at relatively high sintering temperatures 

(about 1400oC) this increase in viscosity may be due to induced 

crystallization processes, accordingly the rate of densification is decreased at 

these circumstances. 

The results from the program of the effect of sintering time indicate 

that the modified model predicts that the increase in density is semi 

logarithmic with time, while the other two models predict an exponential 

increase with time.  

The results from the program of the effect of pore size distribution 

indicate that this parameter has a strong effect if the distribution is broad 

only in the last stages of densification because the largest pores are relatively 

slow to close.          
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                      Appendix-A 
 The integration of Eq. (2.22): 

 From Eq. (2.24) we have 
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by rearranging we get 
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Differentiating the above equation gives 
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substituting in Eq. (2.22) gives 
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from reference [6] we have 
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so Eq. (A-4) becomes after the substitution of the last Equation in it 
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Which is the same as Eq. (2.26a). 
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Symbol Definition 
a The particle size, which equals the cylinder radius. 

aco The core radius for non sintering inclusion.  
b The cladding radius for sintering powder. 
c  A constant equal ( π3/28 ) 
d  The pore diameter. 
d  The mean pore diameter 

d0a The mean pore diameter. 
dN (l) The number of cells with side length between (l) and (l +dl). 

dp The grain (or particle size). 

f(t) 
A function that represent the relation between K and the 
sintering temperature 

E Young's modulus 
Em the viscous response of the porous material to a uniaxial stress. 

    Ef′ The rate of energy dissipation in the viscous flow.  
′

sE  The reduction in surface area. 

f(yi) Is a mathematical function of a variable yi . 
G The effective shear modulus.  
Gc The shear viscosity of the continuum. 
Gm 

The shear modulus of the matrix or the apparent shear 
modulus. 

E
mG  The elastic shear modulus of the matrix. 

h The height of the compact unit cell cylinder. 

K 
The proportionality constant between the measured time and 
the reduced time. 

Ko is a constant that corresponds to the value of (Kt) at t=to 

E
csK  The elastic bulk modulus of the matrix. 

csK −  The bulk modulus of the composite in the self consistent 
model. 

k0t the initial value of Kt in the flow chart. 
l  The side length of the composite unit cell. 

l* The effective side length of the unit cell.  

lo The initial length of the compacted unit cell. 
*l  The average value of l*. 

SYMBOLS DEFINITION 
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Symbol Definition 
l  The average value of l. 
lin The side length of the solid inclusions in the compact. 
lvis The side length of the viscous phase in the compact. 

m 
The value of the diameter that corresponds to maximum 
intruded volume. 

n The number of closed pores per volume of solid phase. 
n  The number of cells with side length l or diameterd . 
n′  The number of pores with diameterd . 

)(dn′  The number of pores with diameterd . 
N(l) The number of cells with side length l. 
pr The integral of the probability function. 
pi The constant ratio ≈3.14 
r The radius of the compact unit cell cylinder.  
rp The radius of the particle. 

rρρs The final relative density of the compact in the flow chart. 
Sc The surface area of a single full cylinder in a compact cell.  
t The time of sintering. 

ttm A matrix contains the value of the sintering temperatures. 
tp The practical time of sintering. 

u The radial displacement. 
Vo The initial volume of the compact. 
VC The effective volume of one cylinder. 

Vcompact 
The volume of the compact after sintering measured by Hg 
porosimetry. 

Vi The current value of the volume fraction of solid inclusions. 
Vi

f The final volume fraction in the fully sintered body. 
Vi* The critical volume fraction.  
Vin The theoretical volume of solid inclusions. 
Vίr The volume fraction of the rigid inclusions. 
Vίv The volume fraction of the voids. 

Vpore The volume of pores from Hg porosimetry. 
Vp(d) The volume of pores with diameter d. 

VS The volume of the solid phase.  
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Symbol Definition 
Vsilica The true volume of viscous phase which is mostly formed 

from silica from Hg porosimetry. 
 

Vvis The theoretical volume of the viscous phase in the compact.  

x 
The ratio of the particle size (a) to the compacted length of the 
unit cell (l). 

xo Is the initial value of x. 
xmax The highest value of x in Scherer model. 
xr The neck radius. 

y Is a symbol related to l* and σd assumed to make Eq. (2.40) a 
function to the standard deviation.   

yx 
Is a variable inversely proportional with x assumed to make 
the integration of Eq. (2.22) easier. 

yo, oxy  Are the initial values of y and yx, respectively. 

z 
Is a variable related to the relative density assumed to make 
the integration of Eq. (2.30a) easier. 

zo The initial value of z. 
γ The surface energy. 
γb The interface (or boundary) energy. 
γgh The grain boundary energy  

γsv The solid/vapor surface energy  
εx The strain in the x direction. 
εf The free strain. 
εfm The free strain of the matrix. 

cε ′  The strain rate of the composite. 
η The viscosity coefficient. 

λ 

The third root ratio of the theoretical volume of inclusion in 
the compact to the theoretical volume of viscous phase in the 
compact. 
 

νm Is Poisson's ratio. 
ρ The density of the cell. 
ρo The initial density of the unit cell or the initial value of ρ. 
ρc The relative density of the composite. 

cρ′  The rate of the relative density of the composite. 



 x

 

Symbol Definition 
ρco The initial value of the relative density of the composite. 
( )tKρ  The average relative density. 

ρm The relative density of the matrix. 
mρ ′  The rate of the relative density of the matrix. 
ρmo The initial value of the relative density of the matrix. 
ρr The radius of curvature at the surface. 
ρrd The relative density. 
ρs The theoretical density of the solid phase. 
σm The hydrostatic stress in the matrix. 
σr The radial component of the stress.  

σrm The radial component of the stress of the matrix. 
σx, σy, and 

σz The stresses in the x, y, and z directions, respectively. 

σθ The circumferential component of the stress. 

σθm The circumferential component of the stress of the matrix. 
φ The load-bearing function of the cross-sectional area. 
φd The equilibrium dihedral angle. 
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                          Chapter Five  
              Conclusions and Future Work 
5.1 Introduction 

This chapter is demonstrating the main conclusions obtained from the 

results which can be extracted from the model and from the fitting process. 

The development steps to this model are considered as a future work and are 

summarized and listed below. 

 
5.2 Main Conclusions 

The main concluded points can be summarized as follows: 

1. The most limiting factor in the sintering of ceramic compacts that 

corresponded with the formation of viscous liquid is the magnitude 

of the effective viscosity of this liquid. 

2. The solid inclusions have a strong effect in retarding the 

densification process, by increasing the value of the effective 

viscosity of the viscous liquid that is formed during sintering, which 

as a result decreases the rate of densification process. 

3.  The materials that can be regarded (or manipulated) as solid 

inclusions are the materials that didn’t participate (or melted) in the 

viscous phase, and this is affected not only by the type of additive 

but also by the quantity of these additives, while a relatively little 

quantity of the materials (like alumina) reduces the viscosity of the 

viscous phase, a high quantity increases the viscosity and retards 

densification and act as solid inclusions as we saw in sample of 

group M21. 
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4. The particle size affects the densification process, because the higher 

particle size increases the viscosity of the viscous phase, as predicted 

by Coble [49], and retards densification.  

5. The modified Scherer model predicts that; increasing the viscous 

phase may increase the densification rate slightly if the viscosity of 

this viscous phase is kept constant, because the more viscous phase 

will dissolve more solids in it; however the stronger effect is for the 

value of the effective shear viscosity. 

6. The modified Scherer model predicts that increasing the sintering 

time increases the final density and the densification rate is retarded 

at final stages of sintering, this is due to full densification when the 

relative density approaches unity.   

7. Increasing the firing temperature increases the densification rate 

because, this reduces the value of the effective viscosity of the 

viscous phase, but in condition that the increase in temperature 

doesn’t induce much the crystallization processes, which may lead to 

increase the viscosity and as a result decreases the densification rate. 

8.  The modified Scherer model predicts well the results of 

densification process in ceramic materials, while the composite 

sphere and the self consistent models predicted a different shape of 

the densification curve; they predicted that the densification curve is 

exponential, but the present model and the experimental data of clay 

materials predict a semi logarithmic curve. 

9. The present modified model predicts that the pore size distribution 

have a strong effect only in the last stages of densification if the 

distribution is wide, because the largest pores are relatively slow to 

close.    
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5.3 Future Work 

     The suggestions for future work are  

1. The volume ratio of the solid inclusions to the viscous phase is better 

to be calculated directly from the phase diagrams, instead of 

supposing all the materials that may dissolve and compose the viscous 

phase participate in the viscous phase during sintering process as done 

in the present case.   

2. Using the present geometrical model in building a numerical model 

which uses the finite element method or Monte Carlo method to see 

its applicability to the sintering process in ceramic materials. 

   3.  The major factor that may test the applicability of the modified Scherer 

model and explains its modification advantages over the previous 

Scherer model is the viscosity of the viscous phase formed during 

sintering process; we suggest that this factor is measured practically to 

compare the practical results with the predicted viscosity values from 

this model and from Scherer model.           
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Chapter Four  

Results and discussion  

 4.1 Introduction: 

         In this chapter we display the results from the fitting process that used to 

describe the manner of the effective viscosity of the used materials versus 

sintering temperature in addition to some densification related parameters. 

Then we display the results from the manipulation of the developed model in 

addition to the composite sphere model and the self consistent model which 

describes the effect of sintering temperature and the sintering time and the 

effect of pore size distribution on the densification process. Then we discus 

these results and curves and compare them with the practical data if they are 

available and compare them with the results of other publishing. 

 
4.2 Models Related Parameters: 

4.2.1 Viscosity: 

The behavior of viscosity (η) as a function of sintering temperature as 

predicted by the modified Scherer model is as shown in the figure (4.1) and 

the figure (4.2) for samples of groups M21and M22 respectively.  
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Figure (4.1) Viscosity versus sintering temperature of samples of group M21 
(λ=0.723) as predicted by the Modified Scherer Model.  
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Figure (4.2) Viscosity versus sintering temperature of samples of 
group M22 (λ=0.669) as predicted by the Modified Scherer Model. 
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For comparison, figurers (4.3) and (4.4) show the values of effective 

viscosities versus sintering temperature for samples of groups M21 and M22 

respectively as predicted by the Scherer model.  

 

 

 

 

 

 

 

 

 

Figure (4.3) Viscosity versus sintering temperature of samples of group M21as 
predicted by the Scherer Model.  
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4.2.2. Ratio of the Side Length of the Inclusions in the Cell per   

Unit Side Length of the Viscous Phase (λ): 

         Figure (4.5) shows the effect of the ratio (λ), which is the ratio of the 

side length of solid inclusions in the cell per unit side length of viscous phase 

on the relation between the relative density and the ratio (x), which is the ratio 

of the particle size per unit side length of the composite unit cell.  

 

 

 

 

 

 

Figure (4.4) Viscosity versus sintering temperature of samples of group M22 as 
predicted by the Scherer Model. 
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4.3. Models Results: 

Generally the results fall on three categories, which they are as follows: 

1. Results that describe the effect of sintering temperature on the density 

after firing. These results come from the simulation by the modified 

Scherer model, the composite sphere model and the self consistent 

model. 

2. Results that describe the variation of the relative density with sintering 

time.   

3. Results that describe the effect of the standard deviation of pore size 

distribution on the densification process during sintering.  

 

 

 

Figure (4.5) x versus relative density, λ=0, 0.4, 0.67 & 0.72. 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.1 0.3 0.5 0.7 0.9

Relative Density

x=
a

/l λ=0.0  

λ=0.4 
 
λ=0.67 

  
λ=0.72 

 



90 

4.3.1 Results of the Effect of Sintering Temperature on 

Density after Firing:  

  The results are shown in figure (4.6). from figure (4.6) it is obvious that  

the results from the modified Scherer model are so close from the practical  

 

results. Other models also offer good approximation to the practical results, 

but the best approximation from them is offered by the composite sphere 

model, which describes the densification process of the matrix of the 

composite. These results will be discussed later.     

 

4.3.2 Results of the Variation of the Relative Density with 

Sintering Time:   

         The results are shown in figure (4.7). These results are computed using 

the modified Scherer model for the values of x less than xmax and for the 

Figure (4.6) Relative density from various heterogeneous models versus 
sintering temperature for samples of group M21 fired for two hours.  

 

0.41

0.43

0.45

0.47

0.49

0.51

1150 1250 1350 1450

Sintering Temperature in oC

R
el

at
iv

e 
d

en
si

ty

practical
data

CS matrix

CS
composite

S-C model

modified
model



91 

values greater than xmax the modified Mackenzie-Shuttleworth model is used 

by applying Eq. (2.32). From the figure it’s obvious that the solid inclusions 

have a strong effect on densification process as the present model predicts.                           

 

 

For comparison between models a sample from group M21 which was 

sintered at 1200 oC had been taken and the following models had been applied 

to it: the composite sphere model which describes the composite densification 

(CS composite) using Eq. (2.79) and Eq. (2.76a), the composite sphere model 

which describes the matrix densification (CS matrix) using Eq. (2.83), and the 

self consistent model (S-C model) using Eq. (2.93) and (2.79). These models 

had been applied, in addition to the modified Scherer model and the results 

are shown in figure (4.8).   
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4.3.3 Results of the Effect of the Standard Deviation of Pore 

Size Distribution on the Densification Process during 

Sintering: 

The results are shown in the figures (4.9) and (4.10) for samples of group 

M21 sintered at temperature 1200 oC and 1300 oC, respectively. From figures 

it is clear that the pore size distribution has a little effect on the densification 

process. However, generally it retards the densification process specially at 

the final stage of sintering process as the figures indicate. 

 
 
 

 

 

 

Figure (4.8) Relative density versus sintering time for sample from group M21 (λ=0.723) 
sintered at temperature equal 1200oC found using various heterogeneous models as 

indicated in the list. 
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Figure (4.9) Effect of standard deviation of pore size distribution 
of sample from M21 group sintered at 1200oC. 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 5 10 15

Sintering Time in (hr)

R
el

at
iv

e 
D

en
si

ty

σd=0.0 

σd=0.194 

σd=0.24 

Figure (4.10) Effect of standard deviation of pore size 
distribution of sample from M21 group sintered at 1300oC. 
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  4.4 Discussion: 

In this work the Scherer model for viscous sintering of open pore 

systems for materials such as glass or silica gel, which did not contain solid 

inclusions in a considerable amount is modified and applied to some 

heterogeneous multiphase systems that known to be sintered by viscous 

sintering and contains a considerable (non negligible) amount of solid 

inclusions such as some of the silicate systems (ex: porcelain or kaolin). 

These systems form a viscous phase during sintering (basically consisted from 

silica) [12, 52]. The silicate melt formed at high temperatures has a very high 

viscosity about (1013) poise. In this case, the formation of the dense, strong 

product is due to the continuity of the very viscous silicate melt over the 

whole system; the melt serves, then, as a bond for the solid grains dispersed in 

it [13]. On this base and according to Scherer model [6] it has been supposed 

that the body of the compact consists from a cubic array formed by 

intersecting cylinders, which represent the strings of silicate particles. These 

cylinders work as a bond for the solid grains (inclusions) dispersed in the 

viscous phase. A unit cell is assumed as Scherer did, the cylinders penetrate 

the cell as in figure (2.1b), and the solid inclusions are supposed to be placed 

at the center of the cylinders. The effect of solid inclusions is taken into 

account by considering the effect of solid inclusions on the side length of the 

unit cell that the viscous phase can propagate through it. These solid 

inclusions will decrease the length side that the viscous phase can propagate 

through it and achieve densification. Each unit cell will contain a volume ratio 

from inclusions equal to the volume ratio in the compact. According to these 

assumptions the formulas derived by Scherer [6, 36] are modified and used to 

study the densification process during sintering for some of the Iraqi clays and 

to simulate the effect of several parameters on it. The first studied parameter 

is the effect of sintering temperature on the densification process. Here, also 

two models of heterogeneous systems (that also modified by Scherer) have 
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been applied to compare their results with the results from the modified 

model, and to study the applicability of each model. The models are the 

composite sphere model (which used to study the matrix densification (CS 

matrix) and the composite densification (CS composite)), and the self 

consistent (S-C) model. 

From figure (4.1) it is obvious that for samples of group M21 the 

effective viscosity drops fast initially until a value of sintering temperature 

slightly above 1200oC where the curve stop decreasing and become a semi 

plateau curve. The semi plateau end is as a result of crystallization process. 

This indicates that the crystallization process largely affect the viscosity of the 

viscous phase in the compact as the predictions of reference [53]. 

From figure (4.2) for samples of group M22 it has been noted that the 

curve of the effective viscosity continues decreasing with temperature 

increasing, and no semi plateau end is found. This indicates that the 

crystallization process in samples of group M22 is less than that for M21. 

Also it has been noted that the magnitudes of the viscosity coefficient of 

samples of group M21 is higher than that for M22.This may be due to the 

higher ratio of solid inclusions (λ) in M21 especially from alumina, because 

high amounts reduce the mobility of liquid glassy phase, because of induced 

structural forms in the liquid phase [12]. This could induce crystallization in 

M21 and makes the values of viscosity for M21 higher than that for M22. 

From figures (4.1) and (4.3) and figures (4.2) and (4.4) it is clear that 

the viscosity values predicted by the modified Scherer model equal about 

(1+λ) the viscosity values predicted by Scherer model. So the modified 

Scherer model predicts a higher effect for the solid inclusions in increasing 

the values of the effective viscosity of the viscous phase formed during the 

sintering process, unfortunately, there are no practical measurements of the 

effective viscosity for the simulated samples, so which value is correct this 

will be a proposal for the future work to prove it practically.           
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Figure (4.5) also shows another difference between the values of the 

ratio x as predicted by Scherer model versus the relative density, and that as 

predicted by the modified Scherer model, the last one predicts a lower values 

of x versus the relative density with increasing the solid inclusions, because 

the geometry of the cell in the modified Scherer model describes the geometry 

of  the matrix cell, so when the solid inclusions is increased the volume of the 

matrix cell will be decreased by a factor (1+λ)3 and the relative density of the 

matrix will be higher than that predicted by Scherer model for the same value 

of x, but this does not mean the increasing in the rate of densification with 

increasing the solid inclusions because, the rate of increasing x in the 

modified Scherer model is slower than that in Scherer model as appeared 

from the comparison between Eq. (2.26a) for the modified Scherer model and 

Eq. (2.26b) for Scherer model, if these two equations are solved numerically 

for y and then the value of x is determined, it will be found that the value of x 

which is given from Eq. (2.26a) is lower than that given by Eq. (2.26b). This 

is due to the factor (1+λ) which makes the solving of Eq. (2.26a) for (y) gives 

a higher value for (y) and as a result gives a lower value for (x). The 

conclusion from applying the model is with increasing the ratio of the solid 

inclusions to the viscous phase; the effective side length l* of the matrix unit 

cell, which represent the cell that the viscous phase can propagate through it, 

will be shorter, then any increase in the value of x will have more effect in 

densifying the matrix that represented by the viscous phase, but this does not 

mean the increasing in the rate of densification because the rate of increasing 

x becomes slower with increasing the solid inclusions, and this retards 

densification with increasing the solid inclusions ratio. The decreasing in the 

side length of the unit cell that the viscous phase propagates through it leads 

to the decrease in the range of x, which can the modified Scherer model be 

applied in it on the densification process, as discussed in the explanation of        

Eq. (2.29b).  
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  From figure (4.6) it is obvious that the results from the present 

modified model offer best applicability to the practical results. This may be 

due to the approximation for the value of interface energy, which is assumed 

to have the same value as that for silica, on the base that the silica represents 

the major material in the composite. The interface energy is applied in the 

case of the composite sphere and the self consistent models, while in applying 

the modified Scherer model there is no need to interface energy because the 

constant of proportionality between the reduced time and the practical time (K) 

is used directly to find the relative density, and this is an advantage point from 

the present model. The results also show that the composite sphere model 

considering the matrix densification (Eq. (2.83)) gives results better than the 

composite sphere considering the densification of the composite (Eq. (2.79)). 

This may be because the equation of free strain rate Eq. (2.94), is determining 

the free strain rate for the matrix not for the composite, but in the present 

work, Scherer [20] suggestion had been followed to use this equation to 

describe the free strain rate of the composite and to substitute it as cε ′  in       

Eq. (2.77). Generally the composite sphere model is better applied to the 

densification than the self consistent model; this is due to the enormous 

liberties with the geometry of the material combination of the self consistent 

model [21].  

Figure (4.7) shows the densification process for samples of groups M22 

and M21; for the values of x larger than xmax the modified Mackenzie-

Shuttleworth model is used. The figure shows obviously the effect of solid 

inclusions on the values of the relative density versus sintering time. While 

M22 reaches a relative density equal 0.8 at firing time equal about five hours, 

sample M21 reaches the same relative density at firing time more than ten 

hours as the modified Scherer model predicts. So the solid inclusions strongly 

affect the densification process in viscous sintering, but the type of their effect 

is limited by the type of the inclusions and their quantity and the temperature 
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of sintering [12]. However, their effect on sample M21 was increasing the 

value of viscosity, and as a result retards densification.  

Figure (4.8) shows the predicted densification process for sample of 

group M21 with the modified Scherer model, the composite sphere model 

considering matrix and composite densification and the self consistent model. 

All the last three models predict an exponential relation between the relative 

density and time, just the modified Scherer model predicted a semi 

logarithmic relation, unfortunately no detailed data is available for the 

densification process to limit which model is better applied, but the data from 

figure (1.9) for porcelain agrees well with shape of the curve predicted by the 

modified Scherer model but this does not mean that the simulated samples in 

this investigation will have the same densification curve because the used 

materials are different. However the investigation results of Rahaman and 

DeJonghe [54] on the solid inclusions in glass and as figure (4.11) clarifies 

agrees well with the composite sphere and the self consistent models 

predictions of the effect of solid inclusions on the densification process, the 

numbers at the end of the curves represent the volume fractions (Vi
f) of each 

sample. As it is obvious from figure (4.8) the modified Scherer model predicts 

that the densification is relatively fast at the initial stages of the sintering 

process, but at the last stages the densification rate becomes relatively slow. 

This happened because the densification rate is retarded due to full 

densification when the relative density approaches unity [53]. This part is 

predicted by the Mackenzie-Shuttleworth model, when the pores become 

closed pores and the rate of densification decreases.   

The figures (4.9) and (4.10) show the effect of the pore size distribution 

represented by the standard deviation of pore size distribution on the 

densification process, the result agrees with the Scherer result [31], which was 

the standard deviation of pore size distribution has a little effect on 

densification process, even when the distribution is quite broad, it has a strong 
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effect only in the last stages of densification because the largest pores are 

relatively slow to close.  

 

The effect of sintering temperature on the densification process is also 

observed from the figures, which is the predicted time is decreased by about 

five hours when the temperature of sintering is 1300oC rather than 1200oC. 

This is due to the decrease in the effective viscosity as the figure (4.1) 

indicates for sample M21 with the increasing of the sintering temperature 

from 1200oC to 1300 oC. 

 Finally, it is difficult to put a collective model that describes the 

sintering process in ceramic, with any type of additive and at any quantity, 

because each type or each quantity may give a different action to the 

composite material, even the conditions of experiment may change the action 

of additives and the densification manner of the microstructure itself.  
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Figure (4.11) Relative density of the matrix versus Time in minute [54]. 
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               Chapter One 
 

    General Introduction 
1.1 Introduction  

The sintering process has been used throughout history. The ancient 

Egyptians sintered metal and ceramics as far back as 3000 B.C. [1]. Today, 

sintering process is used to manufacture a wide range of products, including 

rocket nozzles, nuclear fuel elements, golf clubs and porcelain plumbing 

fixtures [2]. Sintering process is a complex phenomenon in which several 

processes are occurring simultaneously [1]. By Herring, sintering is 

‘…understood to mean any changes in shape which a small particle or a 

cluster of particles of uniform composition undergoes when held at high 

temperature’ [3]. It is an inexpensive way of making parts, provided the 

finished part can be used as it is, and does not require additional machining. 

The difficulty is that, when a part is sintered, its size and shape change non-

linearly, which needs to be taken into account by the designer of the unfired 

piece [2]. 

During the usual processing of ceramics, crystalline or non-crystalline 

powders are compacted and then fired at a sufficient temperature to develop 

useful properties. During the firing process, changes may occur initially 

because of the decomposition or phase transformation in some of the phases 

present. On further heating of the fine-grained, porous compact, three major 

changes commonly occur: 

1. There is an increase in grain size 

2. There is a change in pore shape 

3. There is a change in size and number of pores, usually to give a 

decreased porosity [4].  
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     Various models have been developed for the sintering process describing 

the densification and the change in porosity during this process. Mackenzie 

and Shuttleworth [5] calculated the rate of densification of a viscous body 

containing closed spherical pores. 

     Another model developed by Scherer [6], which describes the rate at which 

a cubic array of cylinders densifies by viscous flow driven by surface energy 

reduction, this model will be described in details in the next chapter. Kellett 

and Lange [7] put a model describes the densification process in solid state 

sintering. 

     The investigation is concerned with the modifications of assumed previous 

model for sintering process using different concepts to simulate the 

densification process, and study the effect of various parameters on the 

densification during the sintering of ceramic heterogeneous systems. The 

results were compared with the experimental data for the compacted sintered 

ceramic samples. The raw materials of the samples are from Iraqi kaolin and 

other materials.       

1.2 Types of Sintering Processes 

   Sintering can occur in the presence or absence of a liquid phase. In the 

former case, it is called liquid-phase sintering, where the compositions and 

firing temperatures are chosen such that some liquid is formed during 

processing, as shown schematically in figure (1.1a). In the absence of a 

liquid phase, the process is referred to as solid-state sintering (figure 1.1b) 

[1].  In general, there are three types of sintering processes, which are: 

1. Solid state sintering: All constituents of the compact remain solid during 

the entire process; all densification is achieved by change in grain shape. 

Sintering aids that will not form a liquid may be added in amounts 

ranging from a few hundred parts per million to over 20 %. This method 

is preferred for the production of technical ceramics with good 
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mechanical, electronic or optical properties, particularly where optimum 

high temperature properties are required [8]. The macroscopic driving 

force operative during sintering is the reduction of the excess energy 

associated with surfaces. This can happen by: (1) The elimination of 

solid/vapor interfaces and the creation of grain boundary area, followed 

by grain growth, which leads to densification (figure 1.2a), and/or (2) 

Reduction of the total surface area by an increase in the average size of 

the particles, which leads to coarsening (figure 1.2b). These two 

mechanisms are usually in competition. If the atomic processes that lead 

to densification dominate, the pores get smaller and disappear with time 

and the compact shrinks. But if the atomic processes that lead to 

coarsening are faster, both the pores and grains coarsen and get larger 

with time [1]. The difference in free energy or chemical potential 

between the neck area and the surface of the particle provides a driving     

force which causes the transfer of material by the fastest means available. 

Figure (1.1) (a) Liquid-phase sintering    (b) solid-state sintering [1] 
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If the vapor pressure is low, material transfer may occur more readily by 

solid-state processes, several of which can be imagined. As shown in  

 
     figure (1.3) and table (1.1), in addition to vapor transport (process 3), 

matter can move from the particle surface, from the particle bulk, or from 

the grain boundary between particles by surface, lattice, or grain-

boundary diffusion. Which one or more of these processes actually 

contributes significantly to the sintering process in a particular system 

depends on their relative rates, since each is a parallel method of 

lowering the free energy of the system. There is a most significant 

difference between these paths for matter transport: the transfer of 

material from the surface to the neck by surface or lattice diffusion, like 

vapor transport, does not lead to any decrease in the distance between 

particle centers. That is, these processes do not result in shrinkage of the 

compact and a decrease in porosity. Only transfer of matter from the 

Figure (1.2), Schematic of two possible paths by which a collection of particles can 

lower its energy :( a) Densification followed by grain growth. In this case, shrinkage of 

the compact has to occur. (b) Coarsening where the large grains grow at the expense of 

the smaller ones [1]. 
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particle volume or from the grain boundary between particles causes 

shrinkage and pore elimination [4]. 

 

     
           A necessary condition for sintering to occur is that the grain boundary 

energy γgb be less than twice the solid/vapor surface energy γsv, which 

implies that the equilibrium dihedral angle φd which defined by the 

following equation has to be less than 180° for densification to occur [1]: 

       γgb=2γsv cos(φd/2)        (1.1) 

Figure (1.3): Alternate paths for matter transport during the initial stages of sintering [4]. 
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2. Liquid phase sintering: The composition is such that enough liquid 

forms at the firing temperature to allow easy rearrangement of the 

particles, but not enough to fill the initial porosity; subsequent solution 

and reprecipitation of the solid in the liquid phase then allows re-

shaping of the particles and formation of a dense body. This method is 

often effective and reasonably inexpensive, but the resulting grain 

boundary phase may be detrimental to the high temperature mechanical 

properties (e.g., creep resistance) [8]. 

          Liquid-phase sintering offers two significant advantages over solid-

state sintering first, it is much more rapid; second, it results in uniform 

densification. The presence of a liquid reduces the friction between 

particles and introduces capillary forces that result in the dissolution of 

sharp edges and the rapid rearrangement of the solid particles. During 

liquid-phase sintering, the composition of the starting solids is such as 

to result in the formation of a liquid phase upon heating. The liquid 

Table 1.1 Alternate Paths for Matter Transport During the Initial Stages of 

Sintering [4]. 
Mechanism 

Number 

Transport Path 

 

Source of Matter 

 

Sink of  Matter 

 

1 Surface diffusion Surface Neck 

2 Lattice diffusion Surface Neck 

3  Vapor transport Surface Neck 

4 Boundary diffusion Grain boundary Neck 

5  Lattice diffusion Grain boundary Neck 

6 

 

Lattice diffusion 

 
Dislocations Neck 
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fanned has to have an appreciable solubility of the solid phase and wet 

the solid [1]. 

       
3. Vitrification: Heat treatment, which produces enough viscous liquid at 

the firing temperature, which implies to fill completely the porous spaces 

in the original powder compact, this process is called vitrification [8]. 

The factors determining the vitrification rate are the pore size, viscosity 

of the overall composition (which depends on amount of liquid phase 

present and its viscosity), and the surface tension. Equivalent 

densification results from longer periods of time at the same temperature. 

In controlling the process, the temperature dependence is great because of 

the increase in liquid content and lowered viscosity at higher 

temperatures. Changes in processing and changes in composition affect 

the vitrification process as they affect these parameters [4]. This process 

is relatively inexpensive and is of particular importance in the production 

of porcelain and clay-based ceramics [8]. For satisfactory firing the 

amount and viscosity of the liquid phase must be such that densification 

occurs in a reasonable time without the ware slumping or warping under 

the force of gravity. The relative and absolute rates of these two 

processes (shrinkage and deformation) determine to a large extent the 

temperature and compositions suitable for satisfactory firing [4]. For the 

materials of the present work vitrification process is the major kinetics of 

sintering process, so we will take it in more details.  

 
1.3 Viscous Sintering Kinetics 

     If we consider two particles initially in contact as in figure (1.4), there is a 

negative pressure at the small negative radius of curvature ρr compared with 

the surface of the particles. This causes a viscous flow of material into the 
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pore region. On this concept Frenkel [9] derived an expression of the rate of 

initial neck growth which is given as: 
2/1

2

3


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                                                                     (1.2) 

where xr: is the neck radius, ρr: is the radius of curvature at the surface, rp: is 

the radius of the particle, η: is the viscosity coefficient, γb: is the interface (or 

boundary) energy, and t: is sintering time.  

 

 
     The increase in contact diameter is proportional to t1/2; the increase in area 

between particles is directly proportional to time. Factors of most importance 

in determining the rate of this process are the surface tension, viscosity, and 

particle size. The shrinkage which takes place is determined by the approach 

between particle centers and is also given by Frenkel [9] as: 
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Figure (1.4) Initial stages of sintering by evaporation-condensation [4]. 
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where ∆V, ∆L are the changes in compact volume and length respectively, 

and Vo, Lo are the initial volume and length of the compact. From the last 

relation, initial rate of shrinkage is directly proportional to the surface tension, 

inversely proportional to the viscosity, and inversely proportional to the 

particle size. The situation after long periods of time can best be represented 

as small spherical pores in a large body (Figure 1.5). 

  

  

  

  

   

 

 

     
 The time for complete densification is given by Kingery et al. [4] as:                                                            

b

por
t

γ
η5.1

≈                                                  (1.4) 

where (rpo) is the initial radius of the particles.  

     Different mechanisms dominate at different points in the sintering process, 

and different materials exhibit different mechanisms. For instance, viscous 

flow is the dominant mechanism when sintering amorphous materials, while 

grain boundary diffusion (obviously) plays no part. The opposite is generally 

true for crystalline materials. In liquid-phase sintering, viscous flow and 

related mechanisms play a significant role [2]. The importance of vitrification 

lies in the fact that most silicate systems form a viscous glass at the firing 

temperature and that a major part of densification results from viscous flow 

under the pressure caused by fine pores, and because the materials under 

study is from silicate systems we will take them in more details [4].     

 
 

Figure1.5 Compact with isolated spherical pore near the end 
of the sintering process [4].  
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1.4 Silicate systems:  

Silicates are materials composed primarily of silicon and oxygen, the 

two nominated abundant elements in the earth's crust; consequently, the bulk 

of soils, rocks, and sand come under the silicate classification [10]. 

Bragg [11] postulated that all silicates are built around a unit 

tetrahedron, composed of a silicon ion at the centre of four symmetrically 

placed oxygen ions. This unit is shown in figure (1.6) and may be chemically 

represented as (SiO4)
4-.   

  

 

 

 

 

 

 

 

 

 

                             

 

There is a significant covalent character to the interatomic Si-O bonds; 

these bonds are directional and relatively strong. Regardless of the character 

of the Si-O bond, there is a (-4) charge associated with every SiO4
4-

 

tetrahedron, since each of the four oxygen atoms requires an extra electron to 

achieve a stable electronic structure. Various silicate structures arise from the 

different ways in which the SiO4
4- units can be combined into one-, two-, and 

three-dimensional arrangements. We are concerned here with the layered 

silicates because their basic structure is characteristic of the clays and other 

minerals. The layered silicates are a two-dimensional sheet or layered 

Figure (1.6) The Silicate tetrahedron [12]. 

Si 

O 
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structure that produced by the sharing of three oxygen ions in each of the 

tetrahedral [10]. The system K2O-Al2O3-SiO2 will be taken because the 

eutectic in the subsystem potash-feldspar-silica-mullite determines the firing 

behavior in many compositions. Let us consider figure (1.7) , which shows an 

isothermal cut at 1200°C in the K2O-Al2O3-SiO2 system; this is the lower 

range of firing temperatures used for semivitreous porcelain bodies composed 

of about 50% kaolin (45%Al2O3, 55% SiO2), 25% potash-feldspar, and 25% 

silica. In actual practice only a small part of the silica present as flint enters 

into the liquid phase, and the composition of the liquid depends on the 

fineness of the grinding as well as on the overall chemical composition. 

However, the amount of silica which dissolves does not have a large effect on 

the amount and composition of the liquid phase present. The liquid is 

siliceous and has a high viscosity; the major effect of compositional changes 

is to alter the relative amounts of mullite and liquid phases present. Since 

mullite is very fine-grained, the fluid flow properties of the body correspond 

to those of a liquid having a viscosity greater than the pure liquid phase [4]. 

The introduction of Na2O or K2O to silicate melts leads to the breaking of a 

certain number of oxygen bridges binding the silicon-oxygen tetrahedra with 

one another. As a consequence of breaking some of the oxygen bridges, the 

silicon-oxygen anions in the melt become smaller and the viscosity of the 

melt decreases. The melt becomes relatively homogeneous [13]. Fine grinding 

and intimate mixing also reduce the vitrification temperature. This change is 

caused in part by increased tendencies toward fusion equilibrium and uniform 

mixing of constituents and in part by the smaller initial particle and pore size.  
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The time-temperature relationship and the great dependence, of vitrification 

processes on temperature can perhaps be seen best in the experimental 

measurements illustrated in figures (1.8) and (1.9). As shown in these two 

figures, the time required for a porcelain body to reach an equivalent maturity 

changes by almost an order of magnitude with a 50°C temperature change. 

There are changes in both the amount and viscosity of the glassy phase during 

firing, so that it is difficult to elucidate a specific activation energy for the  

Figure (1.7) Isothermal cut in the K2O-Al2O3-SiO2 diagram at 1200oC [4]. 
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Figure (1.8) Effect of sintering temperature on the vitrification in 
porcelain [4]. 

Figure (1.9) Effect of sintering time on the vitrification in 
porcelain [4]. 
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process with which to compare the activation energy for viscous flow. 

However, the temperature dependence of the vitrification rate of a 

composition such as this (a mixture of clay, feldspar, and flint) is greater than 

the temperature dependence of viscosity alone. This is to be expected from the 

increased liquid content at the higher firing temperatures [4]. The last type of 

the sintering processes will be taken in more details in the next chapter, due to 

the complicated operations in the sintering process in kaolin. 

 

1.5 Sintering Stages 
 

Coble [14] described a sintering stage as an “Interval of geometric change 

in which pore shape is totally defined (such as rounding of necks during the 

initial stage sintering) or an interval of time during which the pore remains 

constant in shape while decreasing in size". Basing on that definition, three 

stages have been identified, and they are as follow: 

1. Initial Stage: During this stage the interparticle contact area increases by 

neck growth and the relative density increases from about 60 to 65 

percent. Neck formation is driven by the energy gradient resulting from 

the different curvatures of the particles and the neck [2]. For this stage the 

analysis is based on assumed geometric changes that occur between pairs 

of contacting spheres. When the grain boundary is the material source, 

shrinkage will occur, while when the particle surface is the material 

source only neck growth will take place. The processes of evaporation-

condensation and surface diffusion can only supply material from the 

particle surface and hence only causes neck growth [15]. Surface 

diffusion is usually the dominant mass-transport mechanism during the 

early stages of neck growth, as the compact is heated to the sintering 

temperature [2]. 
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2. Intermediate Stage: Intermediate phase sintering begins when adjacent 

necks begin to impinge upon each other [2], which is characterized by 

continuous pore channels that are coincident with three grain edges. 

During this stage, the relative density increases from 65 to about 90 

percent by having matter diffuse toward, and vacancies away from the 

long cylindrical channels [1]. The packing density and coordination 

number of the green packing are important during this stage. A high 

green packing density produces rapid sintering with relatively few pores 

in the final object. Very low green packing densities, which are also 

associated with low coordination numbers, can lead to coarsening 

(increase in mean grain size) without densification (decrease in porosity). 

In extreme cases, this may lead to open-pore structures and lacking in 

structural integrity [2]. See figure (1.10). 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

         During intermediate stage sintering, grains begin to form from the 

individual particles, and the material’s final grain structure begins to 

Figure (1.10) Coarsening resulting from low coordination number at 
intermediate stage of sintering [2]. 
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develop. Pore networks form along the grain boundaries. At the 

beginning of the intermediate stage, the pores form a network of 

interconnected cylindrical pores broken up by necks. By the end, the 

pores are smoother and begin to pinch off and become isolated from 

each other. Bulk transport mechanisms, such as grain boundary 

diffusion and volume diffusion, dominate the sintering process during 

this stage. As stated previously, these bulk transport mechanisms cause 

material to migrate from inside the particles to the surface, resulting in 

contact flattening and densification [2]. 

3. Final Stage: Begins when the pore phase is eventually pinched off and 

is characterized by the absence of continuous pore channels. 

Individual pores are either of lenticular shape, if they reside on the 

grain boundary, or rounded, if they reside within a grain [1]. Final 

stage sintering is much slower than the initial and intermediate stages. 

As grain size increases, the pores tend to break away from the grain 

boundaries and become spherical [2]. An important characteristic of 

this stage is the increase in pore and grain boundary mobilities, which 

have to be controlled if the theoretical density is to be achieved [1]. In 

some cases, pore growth during final stage sintering can lead to a 

decrease in density, as gas pressure in the larger pores tends to inhibit 

further densification. This can be mitigated by having the final stage 

sintering occur in a partial vacuum [2].  

 
1.6 Models of Heterogeneous Systems: 

       Two models have been taken to apply them on the sintering process in 

heterogeneous systems, these models are, the composite sphere model, and 

the self-consistent model.   
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1.6.1 The Composite Sphere (CS) Model 

        The composite spheres model was introduced by Hashin [16]. This model 

is of interest principally as a model for a continuous matrix containing 

spherical inclusions [17]. The composite sphere (CS) model has also been used 

to model the densification rate of a composite consisting of a sintering powder 

(the matrix) containing rigid inclusions [18, 19, 20]. This is analogous to the 

analysis of thermal stress, with the strain rate of densification taking the place 

of the thermal strain. The rule of mixtures gives the contraction rate of the 

composite as a weighted average of the contraction rates of the matrix and the 

inclusions. The composite is predicted to sinter more slowly than the matrix 

alone, because the densification rate of the inclusions is zero. The CS model 

recognizes that the contraction rate of the matrix, represented by the cladding 

of the sphere, is retarded by stresses generated by inclusions, represented by the 

core of the sphere. Therefore, the densification rate is slower than predicted by 

the rule of mixtures [20]. The model is composed of a gradation of sizes of 

spherical particles embedded in a continuous matrix phase. The size 

distribution, however, is not random, but rather has a very particular 

characteristic. The composite spheres model is shown in figure (1.11). The 

broken curves shown in this figure are taken to define a region of the matrix 

phase associated with each particular particle. The ratio of radii aco/b is taken to 

be a constant for each composite sphere, independent of its absolute size, where 

(aco) is the radius of the core; (b) is the radius of the spherical particle. 
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Thus there must be a specific gradation of sizes of particles such that 

each composite sphere has (aco/ b) = constant, while still having a volume 

filling configuration. Obviously, this distribution requires particle sizes down to 

infinitesimal sizes. This model would be expected to provide reasonable results 

for actual systems that do have a rather fine gradation of sizes. Quite obviously, 

this model would not be expected to provide reasonable results for systems 

containing single size particles, at high concentrations [21]. In the next 

chapter, the effect of the inclusions on the sintering rate of the matrix will be 

calculated by using the CS model [20]. 

 
1.6.2 The Self-Consistent(S-C) Model: 

         The method of the self-consistent scheme was first derived by Hershey 

[22] and Kroner [23] to model the behavior of polycrystalline materials. Such 

materials are just one phase media, but because of the random or partially 

random orientation of the crystals, discontinuities in properties exist across 

crystal interfaces. Thus, the properties vary with position, and this is certainly 

a particular type of heterogeneous media. When applying the method to 

polycrystalline aggregates, a single anisotropic crystal is viewed as a spherical 

Figure (1.11) Composite sphere model [21].  

co 
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or ellipsoidal inclusion embedded in an infinite medium of the unknown 

isotropic properties of the aggregate. Then the system is subjected to uniform 

stress or strain conditions at large distances from the inclusion. Next, the 

average orientation of the stress or strain in the inclusion is set equal to the 

corresponding applied value of stress or strain. There results a condition from 

which the isotropic effective properties can be solved [21]. The extension of 

the self-consistent scheme to multiphase media was given by Hill [24] and 

Budiansky [25]. As discussed by Budiansky the method has a very simple 

geometric interpretation. Specifically, each phase of the composite is 

alternatively viewed as being lumped as a single ellipsoidal inclusion in an 

infinite matrix of the unknown effective properties of the problem. Applying 

uniform stress or strain conditions at infinity allows the determination of the 

average conditions in the inclusion. After this operation is performed for all 

phases, the average conditions are known in all phases, in terms of the 

individual phase properties and the effective properties. Hence, average 

conditions in the entire composite are known and the effective moduli can be 

calculated from the averages. Coupled equations are obtained to be solved for 

the effective shear and bulk modulus in terms of the properties of the 

individual phases and their volume fractions. Although the method for 

multiphase media seems straightforward, there are some problems with it. An 

indication of the difficulty can be observed in the cases of rigid inclusions and 

cavities. As noted in Budiansky [25] in the case of cavities, the predicted 

effective shear modulus G is given by 
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                                                                              (1.5) 

where Vίv is the volume fraction of the voids, and Gm is the shear modulus of 

the matrix. Whereas for rigid inclusions in an incompressible matrix phase 



20 

ir

m

V

G
G

2
5

1 −
=        for             5

2
0 <≤ irV              (1.6a) 

and 

  ∞=G                   for              5

2=irV                          (1.6b) 

where in the last case Vίr is the volume fraction of the rigid inclusions. Thus 

(G) becomes zero at a volume fraction of Vίv=0.5 in the case of voids, and (it 

becomes infinite at a volume fraction of Vίr = (2/5) in the case of rigid 

inclusions. Clearly, there is a very strange behavior associated with the 

application of the self-consistent scheme to multiphase media. As Christensen 

[21] noted this is due to the liberties that the method takes with geometry of 

the material.  

 

1.7 Historical Review  

The starting of the theory of viscous sintering began in 1945 when   

 Frenkel [9] assumed that the energy dissipated in viscous flow is equal to 

the energy gained by the decrease in surface area during densification. Using 

this assumption, he obtained expressions for the rate of growth of a neck 

between glass spheres and for the rate of linear shrinkage of a compact of 

glass spheres. Experimental studies by Kuczynski in 1949 [26] and by 

Kingery and Berg in 1951 [27] have supported the predictions of Frenkel's 

analysis.  

Cutler and Henrichsen in 1968 [28] have shown that compacts of 

nonspherical particles depart markedly from the behavior predicted for 

spheres.  

Mackenzie and Shuttleworth in 1949 [5] calculated the rate of 

densification of a viscous body containing closed spherical pores. They 

developed a model for the shrinkage of spherical bubbles in a viscous 
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matrix. The simplicity of the geometry enabled them to write exact 

expressions for the energy dissipation and change in surface area during 

sintering. This model can apply to bodies with a large volume fraction of 

pores, as long as the flow fields surrounding neighboring pores do not 

interact significantly. However, it most naturally applies to the last stages of 

densification, when the relative density is larger than 90% and the body 

contains only isolated closed pores. 

  Coble in 1961 [29] presented a model for the bulk diffusion transport 

with the grain boundaries as vacancy sinks when the pore phase is 

continuous and coincident with three grain edges, and also when the pore 

phase is discontinuous and located at four grain corners. These models 

predict that the rate of density change is constant when the diffusion 

coefficient and grain size are constant. He also divided the sintering process 

into three stages, and defined the stage as ‘it's an interval of time during 

which the pore remains constant in shape while decreasing in size’.  

 Beere in 1975 [30] presented a unifying theory for the stability of 

penetrating liquid phases and sintering pores, by presenting a model of grain 

edge porosity which is equally applicable to liquid precipitates, to fission gas 

swelling in nuclear fuels and to powder compacts. He showed that the 

morphology of the pores depends on the ratio of their surface to grain 

boundary energies and their volumes. And he showed that the stability of the 

porosity decreases with increasing the dihedral angle. And he predicted that 

liquid phases possess large driving forces for penetration and powder 

compacts have large driving forces for sintering.          

Scherer in 1977 [6] proposed a model which describes the rate at which 

a cubic array of cylinders densifies by viscous flow driven by surface energy 

reduction, the surface area change can be expressed exactly, but the assumed 

flow pattern was approximated. The model was expected to provide a 
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reasonable representation of a flame oxidation preform; phase separated and 

leached glass or a silica gel. 

At the same year Scherer [31] extended his previous model by 

considering a Gaussian distribution of pore sizes in the body of the compact, 

and he studied the effect of breadth of the distribution of pore sizes on the 

densification kinetics. He found that the effect is small except for very broad 

distribution, and his model manipulated sintering process at constant 

sintering temperature.  

Rag and Bordia in 1984 [18] studied and analyzed the time dependent 

sintering of a bimodal powder compact, consisting of two regions which 

sintered at different rates. They assumed explicit spring–dashpot elements to 

represent the constitutive properties of a porous material. Their results were 

obtained in terms of a non-dimensional parameter, which equal to the ratio 

of the shear relaxation rate per densification rate. The small value of this 

parameter give negative values of Poisson's ratio, so they are unacceptable as 

references [32, 33] postulated. 

Hsueh et al. in 1986 [34] developed a method for calculating 

viscoelastic stresses that develop around heterogeneities during sintering. 

The method had used constitutive laws derived from experimental data; and 

obtained on porous partially sintered body, however, the model predicted 

that Poisson's ratio is negative (νp≈-1) until the body is almost fully dense. 

Scherer in 1987 [20] used two models of heterogeneous systems to 

approximate the viscous sintering in a material contains rigid inclusions. 

These models are the composite sphere model and the self consistent model. 

In the composite sphere model the compact is represented by a composite 

sphere with the core representing the solid inclusion. In the self-consistent 

model, the sintering material is regarded as being surrounded by a composite 

matrix with slower densification rate. The result differs only in that the shear 
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modulus of the matrix is replaced by the shear modulus of the composite in 

the self-consistent calculation.  

Kellet and Lange in 1989 [35] put a model that describes the 

densification process in linear array and in closed array of particles, and they 

showed that the grain boundary motion in a sintering array of particles can 

be limited by the geometry of the sintered particle net work. 

Scherer in 1991 [36] studied the effect of the cell shape that supposed 

in his model of viscous sintering, by assuming the shape of the cell as 

octahedral, tetrahedral, inverse tetrahedral and cubic, and he studied the 

effect of the cell shape on the densification process and he found that the 

effect is small. 

Olevsky and Bert in 1997 [37] considered viscous sintering of a porous 

ball with various initial distributions of porosity versus radius. They 

elaborated the numerical algorithms based on the differential quadrature 

method (DQM) and an arbitrary Eulerian-Lagrangian version of the finite 

element method (FEM). 

Olevsky et al. in 2002 [38] modeled Sintering shrinkage anisotropy 

using a coupled meso-macro-scale analysis. They simulated Microstructural 

evolution during sintering of 2D compacts of elongated particles 

incorporating ellipsoidal oriented pores at grain junctions using both a kinetic, 

Monte Carlo algorithm and a micro-mechanical continuum model. 

        Tikare et al. in 2003 [39] developed a model that can simulate sintering 

at the mesoscale. The mesoscale model is a kinetic, Monte Carlo model that 

simulates the microstructural evolution processes of curvature-driven grain 

growth, pore migration, and pore shape equilibration by surface diffusion and 

vacancy formation, in addition to diffusion, and annihilation in a powder 

compact. 
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1.8 The Aim of the Thesis  

   The general purpose of this thesis is to construct a mathematical model 

that serves in specifying the effect of various parameters on the densification 

during the sintering process of heterogeneous compacts consists from 

mixtures of several types of clays that prepared in reference [40]. Well 

known geometrical model for Scherer [6], which consider the viscous 

sintering with only a negligible ratio of solid inclusions in the compact, is 

developed to make it takes the effect of solid inclusions on the densification 

during sintering into consideration. This model is used to study the effect of 

the following parameters:  

  1. Effective viscosity of the compact on the densification during                    

sintering.  

  2.  The ratio of the solid inclusions on the densification during sintering.   

3. The magnitude of firing temperature on the final density of the 

compact after sintering process. 

4. Time of firing on the densification during sintering. 

5. Pore size distribution on the densification process. 

Another two models, the composite sphere model and the self-consistent 

model, that also take the effect of solid inclusion into consideration during the 

viscous sintering process are applied and compared with our modified model. 
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                        Chapter Two  
              Theoretical Analysis 
2.1 Introduction  

There are two entirely distinct phenomena occurring in clays 

heated at high temperatures, these are: 

 (a) Crystal formation due to the recombination and recrystallization 

reactions, and (b) liquid formation. This latter material may crystallize on 

cooling, but siliceous melts are prone to supercool and often 'freeze' to a 

homogeneous glass or a partially crystallized system. The relative rates of 

crystal formation and of liquid development in particular clay cannot be 

predicted because of the complexity and number of factors involved. The 

composition, grain-size and distribution of minerals, firing rate and 

maximum temperature all contribute to both types of reaction and, in 

addition, the two phases may mutually interact after they have been 

produced. Thus the liquid which develops during firing may dissolve some 

of the crystals formed by solid reaction processes and, conversely, some 

liquid may crystallize on contact with the solid by reason of the change in 

composition produced, or by the 'seeding' of a supercooled phase. The 

factors that influence glass formation on cooling are:  

(a) The rate of cooling. 

(b) The viscosity of the liquid in the temperature region of incipient      

crystallization. 

(c) The composition of the liquid [12]. 

The theory of viscous sintering is based on an assumption proposed 

by Frenkel [9], that 'the energy dissipated in viscous flow is equal to the 

energy gained by the decrease in surface area during densification'. Using 

Frenkel's energy balance concept, Mackenzie and Shuttleworth [5] 

calculated the rate of densification of a viscous body containing closed 
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spherical pores. Scherer [6] and depending on the Frenkel's concept put a 

model to calculate the rate of densification of a viscous body containing 

open pores. In this chapter firstly, the last model will be modified to make 

it applicable to viscous sintering that contains rigid inclusions, and apply 

these modifications on the model of Scherer [31], which study the effect 

of pore size distribution on the densification process. Then in the second 

part of the chapter, two models of heterogeneous systems, which are the 

composite sphere model and the self-consistent model will be taken. 

Scherer [20] used these models in presenting models that describe the 

stresses and densification processes during viscous sintering of compacts 

contain rigid inclusions. The theoretical equations concerned with 

densification process of these two models will be summarized, to apply it 

on the sintering process in heterogeneous systems, for comparison with 

the results from the present modified model.  

 
2.2 Development of the Scherer Model of Viscous 

Sintering: 

2.2.1. Development of the Model of Viscous Sintering to 

be applied on Materials Contain Rigid Inclusions: 

2.2.1.1. The Model 

       Scherer [6] put a model to describe the rate at which a cubic array of 

cylinders densifies by viscous flow; he chose a simple geometric form, 

which retains the essential features of the real material. He applied his 

model on Silica preform and silica gel. The model chosen (shown in 

figure (2.1a)) consists of a cubic array formed by intersecting cylinders. 

Each three cylinders intersect at a node. The cylinders represented the 

strings of oxide particles; the cylinder radius corresponded to the average 

particle radius in the Silica preform. A "unit cell" of the assumed 
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structure is presented in figure (2.1b); when those cells are stacked, the 

structure shown in figure (2.1a) is obtained. The choice of a cubic cell is 

quite arbitrary, but it has several factors in its favor. First, in general, the 

choice of any other polyhedron would be equally arbitrary, and the cube 

has the advantage of having a very simple geometry. Second, the cell 

shape is likely to have a small effect on the results and that point had 

been proved by Scherer [36]. 

The volume of the solid phase, VS, in the cubic cell was determined 

by the equation [6]: 

  
32 283 alaVS −= π              (2.1) 

where (a) is the cylinder radius and (l ) is the side length of the unit cell. 

The last equation didn't consider the foundation of any solid inclusions, 

so in the case of the mixture of clays which consist from materials that 

will be discussed in chapter four, which contain relatively high ratio of 

Figure (2.1) Geometry of the Scherer model a) cylindrical array, b) Unit 

cell of the Scherer model, which is equivalent to the unit cell of the 

matrix structure in the  present model [6]. 

a b 
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rigid inclusions (that have the effect of retarding densification[21, 20]) 

the previous equation must be changed or modified. In this case, to take 

the effect of solid inclusions, their effect on the densification process 

during viscous sintering will be simulated. The densification process in 

the composite will be simulated by manipulating the densification process 

in the matrix of the composite. In the case of clays, the matrix is usually 

represented by a viscous phase formed during sintering [12]. We will 

assume that the solid inclusions are represented in the unit cell by a ratio 

equal their ratio in the compact, so if we suppose (λ) represents the ratio 

of the solid inclusions side length to the viscous phase side length in the 

compact, then (λ) can be defined as  

3/1
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where (Vin and l in) are the theoretical volume and side length of solid 

inclusions in the compact, (Vvis and lvis) are the theoretical volume and 

side length of viscous phase in the compact. Here the compact is assumed 

to have a cubic shape and the length of each constituent in the compact is 

assumed to equal the cubic root of its corresponding volume. The solid 

inclusions are assumed to be arranged in the unit cell in away, which 

reduces the side length of the unit cell (and as a result reduces the 

cylinder length) that the viscous phase can propagate through to achieve 

the densification. If the length of the unit cell that the viscous phase can 

propagate through is (l* ), which will be called as the effective side length 

of the composite unit cell that equal the side length of the matrix, and if 

the side length of the composite unit cell is (l), which will be called as the 

compacted length, then at the end of the  sintering process for the full 

densification the ratio of (l* ) to (l) will equal the ratio of the viscous 
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phase length (lvis) to the summation of the solid inclusions length and the 

viscous phase length as in the equation 

invis
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*

                (2.3)  

Substituting Eq. (2.2) after rearranging in the right side of the last 

equation gives  

λ+
=

1

1*

l

l
  (2.4) 

or by rearranging 

λ+
=

1
* l

l   (2.5) 

     The considered assumption will be as follows; the solid inclusions 

retard densification by decreasing the length of the cylinder, which the 

viscous phase can propagate through it. Therefore, the viscous phase is 

propagated through (l*) not through (l), because the solid inclusions 

prevent the propagation of the viscous phase in the places where the solid 

inclusions are found. So each (l) in Scherer model will be replaced by (l*), 

so Eq. (2.1) will be as:      

 
3*2 283 alaVS −= π         (2.6) 

        When there is no inclusions in the compact (i.e. λ=0) Eq. (2.6) will 

equal Eq. (2.1). As in figure (2.1b) the density, ρ, of the matrix cell is 

given by: 

 3*l

VSSρρ =       (2.7) 

where ρs is the theoretical density of the solid phase. Combining 

Equations (2.6) and (2.7), we find that the relative density, ρ/ρs, is a 

function only of (a/l) and (λ), as the following equations declares: 
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where π3/28=c , x=a/l. 

For (λ) equal zero the relation is plotted in figure (2.2).  

 

 

 

 

 

 

 

 

 

 

 

 

 

                  
so for λ=0, x can be given as a function to the relative density by the 

relation [6]: 
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where ρrd is the relative density. 

Figure (2.2) plot of a/l vs. ρ/ρs for λ=0 [6]. 

ρ/ρs=3∏(α/׀)2√2-8(α/׀)3 
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Scherer [6] related the pore diameter (d), which may be obtained 

from Hg penetration porosimetry, to (l ) by equating the cross-sectional 

area of the pore with the area of the opening in the side of the cell. 

Replacing (l) with (l*) this approach leads to: 
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Scherer with these assumptions calculated the values of (a/ l ) for 

several preforms for which both particle size and porosimetry data were 

available. He suggested that Even if the particle size measurements are 

not available, the value for (l ) can be obtained from an Hg penetration 

curve, as follows:  From figure (2.2) he obtained, for a given density, the 

value of (a/ l ), This value can be used with equation similar to Eq. (2.10) 

to obtain l as a function of d. In the present case, this method can be 

applied for a given (λ) to find (a), but it will be more accurate if the 

Stereological ways is used with an image of scanning electron 

microscope to find (a) as we will see later. Scherer [6] assumed that a cell 

consisting of twelve-quarter cylinders (or three full cylinders); replacing 

(l) by (l*), then the surface area of a single full cylinder in a compact unit 

cell, Sc, is given by: 

 
2* 282 aalSc −= π                                   (2.11)  

When the volume of the solid phase is apportioned among the three 

cylinders in the unit cell,             

   VS=3VC                                                                        (2.12)  

where VC is the effective volume of one cylinder, and is given by 

 [ ]alaVC )3/28(*2 ππ −=                                                (2.13) 
The quantity in brackets in Eq. (2.13) is the effective length of the 

cylinder. As the length of the cylinder decreases, the surface area of the 

cell decreases, as a result providing the driving force for the densification. 
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The reason for dividing the volume of the cell artificially among three 

cylinders is explained by Scherer [6] as follows; the sintering rate can be 

calculated only when the amount of energy dissipated in viscous flow has 

been determined. Since the flow pattern in the corner sections of the cell 

would be quite awkward to describe, so the choice was to make this a 

convenient approximation.  

  
2.2.1.2. The Rate of Densification 

To calculate the rate of densification during sintering of the model 

structure, we will follow Frenkel [9]: the energy dissipated in viscous 

flow will be set equal to the energy change resulting from the reduction in 

surface area. In the model, the rate of energy dissipation in viscous flow, 

Ef′, as a cylinder decreases in height is given by: 
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where (r) and (h) are the radius and height of the matrix unit cell cylinder 

respectively and η is the viscosity of the viscous phase. For a cell, 

r=a, alh )3/28(* π−= . 

the energy supplied by the reduction in surface area,
′

sE , is given by: 

   






=′
dt

dS
E c

s γ                                         (2.15) 

where γ is the surface energy. 

assuming Ef′equal (-Es′) and by following the same procedure in 

reference [6], this gives:  

  ldt

dx 1

2η
γ=                                                               (2.16a)  

where    x=a/ l                                                                                                      (2.16b)  
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recognizing that (Vs) is constant which means that the mass of solid 

matter is constant within the unit cell at any time so: 

3/1*3/1* ρρ ll =
oo                                                 (2.17a) 

 multiplying Eq. (2.17a) by (1+λ) yields:   

3/1
11
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


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


=

ooll ρ
ρ

                                                                   (2.17b) 

where lo, ρо are the initial values of (l) and (ρ) respectively. substituting ρ 

from Eq. (2.8b) into Eq. (2.17b), we can have: 
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by rearranging, we get: 
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                            (2.19) 

substituting Eq. (2.19) into Eq. (2.16a) gives: 
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rearranging the last equation in away that each side becomes a function of 

one variable and integrating on (t) in the interval from (to) to (t) on the (t) 

side of the equation, which corresponding to the interval from (xo=0) to 

(x) on the (x), side of the equation gives: 
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where (K) is the proportionality constant between the reduced time (Kt) 

and the practical time (tp)is given by: 

3/1









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oo
ρ
ρ

η
γ s

l
K                                                                        (2.23) 

here to is the fictitious time at which (x=0). Eq. (2.22) determines (x) as a 

function of time; since for a certain value of (λ), ρ/ρs is a function only of 

x (t), so the density of the cell is determined as a function of time. The 

indefinite integral is readily evaluated as in Appendix (A) with the 

substitution 

( ) 28
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                                          (2.24) 

to give   
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where 3/1)28(=α , (Ko) is a constant that corresponds to the value of (Kt) 

at t=to. From Eq. (2.23) and Eq. (2.25a), it is obvious that the viscosity is 

directly proportional with the factor (1+λ); in other word, the viscosity is 

increasing with increasing the solid inclusions.  

Scherer equation corresponding to Eq. (2.25a) was from reference 

[6] as 

 ( )
( ) o
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y

yy
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                   (2.25b) 

and Ko has the same definition. According to the last equation, the 

relative density, ρ/ρs, is plotted in figure (2.3) versus (Kt). The 

experimental data can be fitted to the theoretical curve by plotting the  
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reduced times versus the experimentally determined times. The reduced 

times can be found from figure (2.3) if λ=0, or in other case from solving 

Eq. (2.25a) and Eq. (2.8b) for x, and for known values of the relative 

density and λ. The slope of the straight line formed by plotting Kt as a 

function of experimental times of sintering equals (K). When Eq. (2.25) is 

applied to the experimental results for the sintering of mixtures of clays, 

after determining the value of (K) for each sample, it has been found that 

it is inapplicable. This is due to the assumption that at the beginning of 

the sintering process the value of (x) (which is given by the ratio (a/ l )) is  

equal zero. This assumption may be applicable on the case of silica gel 

(as an example) or other materials stated in reference [41], but it is 

inapplicable on the materials of our present work, due to the solid 

inclusions and the anisotropy in the structure that found in the body of the 

compact. Therefore, the interval of the integration on (x) will be assumed 

to start at (xo) following reference [36] with a difference, that (xo) ≠0. 

Figure (2.3) plot of ρ/ρs vs. K (t-to), for λ=0 [6].   
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applying this to the integration of Eq. (2.22) by starting the integration 

from (xo) to (x), yield the following equation: 
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and the integration of Eq. (2.25b) will be:  
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  where  

   ( ) 28/33 −= oox xy π                                                        (2.27) 

and ooo lax /= ,which is found from the initial relative density by 

numerically solving equation (2.8b) for x, and the same procedure is 

applicable for any relative density at any time of the sintering process.  

Eq. (2.26) is more applicable and gives a good approximation to the 

density values, as will be seen later. 

     Scherer noted that the window in the side of the cubic cell closes when  

a=l*/2=l/(2(1+λ))                                                                                (2.28a) 

where the side of the cell in Scherer model was equal (l), but in the 

present assumptions it is equal (l*). So when (a/l*) =0.5, the neighboring 

cylinders touch and the cell contains a closed pore; the relative density at 

that instant according to Scherer and to the present model according to  

Eq. (2.8b) is: 

 942.02
4

3 =−






= π
ρ
ρ

s

                                                                (2.28b)             
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Scherer model and the present model are no longer applied for relative 

densities larger than that given by Eq. (2.28b) because the structure 

cannot be described as an array of cylinders in these ranges of relative 

densities [6]. To limit the maximum value of (x) (xmax) corresponding to 

the relative density given by Eq. (2.28b) for the modified Scherer model,    

Eq. (2.28a) and Eq. (2.16b) gives the following equation: 

( ) ( )λλ +=+= 1
1

* x
l

a

l

a
                      (2.29a) 

So when (a/l*) =0.5, then the maximum value of x (xmax) will be given by 

the following equation: 

( )λ+
=

1

5.0
maxx                                       (2.29b) 

In the present materials (λ) usually has a value around (0.7), so from     

Eq. (2.29b), the highest value of (x) at which this model is still applicable 

is about 0.294 when (λ=0.7). For relative densities greater than 0.942, 

Scherer suggested using the analysis of Mackenzie and Shuttleworth [5] 

for viscous sintering of a body containing closed pores. For relative 

densities greater than that given in Eq. (2.28b), the results of the 

Mackenzie-Shuttleworth (M-S) analysis were used to construct figure 

(2.3) at (λ=0). Mackenzie and Shuttleworth plotted ρ/ρs versus the 

reduced time in the form   

( ) ( )∫ −
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γ
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tt

n
     (2.30a)                      

where (n) is the number of closed pores per unit volume of solid phase. 

ρrd is the relative density. Scherer supposed when x=0.5, the body consists 

of closed pores with n=1/VS, 

or 
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        Using the same arguments used in finding Eq. (2.26) it will be 

assumed that the integration in Eq. (2.30a) begins from initial value ρrdo 

and following reference [5] the assumption will be as: 

 z3= (1-ρrd)/ρrd              (2.30c) 

by integration, the following formula will be given: 
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where zo
3= (1-ρrdo)/ρrdo 

For the present model from Eq. (2.7) by comparison with Eq. (2.30b), the 

following equation will be concluded: 
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Substituting Eq. (2.31b) into Eq. (2.31a), the left hand side becomes  
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Eq. (2.31c) differs from that in Scherer model by a factor (1+λ) in the 

numerator. Thus to give the same time scale used in Eq. (2.26a), the 

equation of Mackenzie-Shuttleworth must be divided by a factor equal 

(1+λ), or the final modified Mackenzie-Shuttleworth equation will be: 
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Once (K) has been determined by fitting the experimental results to 

the theoretical curve, then the measured values of ρо and ol can be used to 

obtain the quantity (γ/η). An Hg penetration porosimetry curve is 

presented in figure (2.4), showing the cumulative pore size distribution in 

a flame hydrolysis preform of SiO2. Typically, greater than or equal to 

(2/3) of the pores have diameters within 15% of the average value. The 

average pore diameter is found from figure (2.4) by choosing the pore 

size corresponding to half the maximum pore volume, i.e. half the pore 

volume consists of pores with diameters smaller than the average. 

Average values for (a) and (l ) can be derived from the average pore 

diameter [6]. 

     

Figure (2.4) Hg porosimetry curve [6]. 
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As noted earlier, the reduced-time expression used in the M-S 

analysis is equivalent to that of the Scherer analysis when the unit cell 

contains a single pore. On this basis, the two curves had been plotted 

together in figure (2.5) and shifted so that they coincide for relative 

densities larger than 94%. The close agreement over most of the density 

range suggests the remarkable result that the shape of unit cell chosen 

does not have a strong effect on the predicted sintering kinetics. The 

principle reason for using the present analysis rather than the M-S theory 

is that the model structure bears a rational relation to the actual structure. 

Moreover, to find a value for (n) to use it in the M-S theory, it is 

necessary to adopt some sort of realistic structural model. 

                      

 

Figure (2.5) Comparison of M-S and Scherer model for ρ/ρs vs. Kt at λ=0 [6]. 

ρ/
ρ s

 
 

(γn1/3/η)(t-to) for λ=0 
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2.2.2 Development of the Model of the Effect of the        

Distribution of Pore Sizes on Densification: 

2.2.2.1. Introduction 

Scherer [31] extended the sintering model presented previously by 

considering a Gaussian distribution of pore sizes in the body. He studied 

the effect of the breadth of the distribution of pore sizes on the 

densification kinetics in a typical pure Silica preform made by flame 

hydrolysis of SiCl4. Here the model is developed and then used to study the 

effect of the breadth of the distribution of pore sizes on the densification 

kinetics during sintering process of some of the Iraqi clays. The pore size 

distribution can be obtained by Hg penetration porosimetry. An example of 

the data obtained by this technique is given in figure (2.4) for a typical 

pure SiO2 preform made by flame hydrolysis of SiCl4. A curve similar to 

that in figure (2.4) was obtained for Iraqi clays mixtures. The fraction of 

the total pore volume having a particular diameter is determined by finding 

the slope of the cumulative distribution at that diameter. Scherer took this 

approach, using figure (2.4) and the result is shown in figure (2.6). A 

Gaussian distribution of the following form can approximate the solid line 

in figure (2.6):                                                                                                                              
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 −−′=′
2

2

2
exp)(

σ
                                                   (2.33) 

where d  is the mean pore diameter, σd is the standard deviation of the 

distribution, d is the pore diameter, )(dn′ is the number of pores with 

diameter d ,n′  is the number of pores with diameter d , and Vp(d) is the 

volume of pores with diameter d. In figure (2.6) d =2800 Ǻ and σd =700Ǻ. 

The scatter in the points is a result of the difficulty in measuring the slope 

of the cumulative distribution and of a lack of smoothness in that 



 42 

experimental curve. The uncertainty of measurement of the slope is 

greatest where the slope is least, accounting for the long tails on the 

distribution in figure (2.6). When these factors are taken into account, the 

actual distribution seems to be adequately described as Gaussian. 

  

 
In this part, we want to develop Scherer model for the effect of 

pore size distribution on sintering to become applicable on the sintering 

process of clays mixtures. Scherer model studied the sintering process of 

samples consisting from homogeneous materials like silica gel as an 

example. Hence, the goal is to study the sintering process for 

heterogeneous systems for some of the clay types. The samples are 

prepared by Rasen [40]. The studied samples are consisted from mixing 

different types of Iraqi clays, which are listed in chapter four. The present 

work is concerned with the sintering process. These samples are fired at 

different temperatures between (1100 to 1400) oC, each sample was fired 

Figure (2.6) Distribution of pore sizes obtained from  

Hg penetration porosimetry curve [31]. 
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at constant temperature. Before the firing temperature is reached, the 

temperature of the sample is raised gradually by a rate of 100 oC/hr until 

the firing temperature, each sample put under the measurement of Hg 

porosimetry after the sintering process so the standard deviation of the 

pore size distribution can be found only after sintering, but not before the 

firing process. A model that describes the effect of the standard deviation 

of pore size distribution on the densification during sintering process in 

heterogeneous systems represented by mixtures of clays have been 

suggested. In all these manipulations, the standard deviation of pore size 

distribution will be assumed constant during sintering following Scherer 

assumption. 

 
2.2.2.2. The Analysis of the Model 

The two parameters of the model structure are the cylinder radius (a) 

and the distance between the axes of neighboring parallel cylinders (
*l ). 

(d) is related to (a) and (
*l ) by Eq. (2.10), and x is related to the relative 

density through Eq. (2.8b). Thus two equations are available to determine 

(a) and (l ), if the values of (d) and the bulk density and (λ) are given. 

The cylinder radius (a) corresponds to the particle size of the body of the 

compact will be assumed constant throughout the body and during the 

sintering process for the present analysis. Scherer [31] expected that the 

cylinder radius (a) represents the average particle size in the silica 

preform. In present case, the particle size is measured from the grain (or 

particle size) (dp), which is found using the stereological ways with the 

aid of a scanning electron microscope image in figure (2.7) , then the 

following formula will be applied to find (a):  

2
dp

a =                              (2.34) 
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The Gaussian distribution will be assumed as Scherer did. This 

assumption came from the figure (2.8), which was found by following the 

Figure (2.7) SEM; Microstructure for fractured sample of group M22 
sintered at 1400oC for 2 hr (rating 100oC/hr) [40] 

Figure (2.8) Distribution of pore sizes obtained from Hg 
penetration porosimetry curve for sample of group M21. 
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same steps done by Scherer in finding figure (2.6). The figure represent the 

graph between normalized volume of pores, measured by Hg porosimetry 

for the sample composed from (60% kaolin, 30% ninivite rock, 10% 

Al 2O3) and the pore diameter (d ), the similarity between the figure and the 

Gauss distribution can be observed. In figure (2.8) the values of d  and σd  

are 6000 Ǻ and 1900 Ǻ respectively. 

The number of cells with side length between (
*l ) and (

*l  +
*dl ) 

is dN ( l ), here dN will be assumed as a function of (l), because (λ) is 

constant for a given sample.             

where 
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 and from Eq. (2.10)       
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and     π
σσ

*
* 2 l

d =                (2.39) 

where the σd
*,σl

* are the standard deviation of pore size distribution and 

cell size distribution in the compact respectively.n  is the number of cells 

with pore diameter d or side length l . 

With Equations (2.38) and (2.39), the mean (l ) and the standard 

deviation ( lσ *) of the (
*l ) distribution are simply obtained from the 

corresponding parameters of the pore size distribution. The density (ρ) of 

the model structure during sintering is a function of the reduced time (Kt). 

A cell, which has a dimension (ol ) will at time (Kt) have a dimension 

),( Ktll
o . The distribution of the cell sizes at any time is uniquely 

determined by the initial distribution [31]. When the cells are assumed to 

shrink independently, the average relative density at time tK , 

where )( olKK ≡ , is 
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where Vs is given in Eq. (2.6).  

 ( oa ) and ( o
l ) are the initial values of (a) and (l ) respectively. 

To evaluate the integral in the last equation let us assume that 
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The initial value of (y) is (yo), which associated with (ol ). Alternatively, 

by rearranging this gives: 
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By differentiating Eq. (2.42) yields: 
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Substituting Eq. (2.42) in Eq. (2.6) and Eq. (2.41) in Eq. (2.36) yields: 
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Then substituting equations (2.44), (2.45) & (2.43a) in Eq. (2.40) yields 

after canceling the similar constants in the numerator and denominator: 
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From the fact that (Vs) is time independent, this means:  
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Taking the third root of the previous equation, and then substituting         

Eq. (2.8b) in it, solving for ),( Ktll
o , yields   
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Substituting Eq. (2.42) in Eq. (2.49) gives:       
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 If )2( * al − >> 2lσ , the area under the distribution curve, for 

values of (yo) smaller than the lower limit shown in Eq. (2.46), will be 

small. In that case, the lower limit may be changed to (-∞) without 

appreciable error, and the integrals in Eq. (2.46) are readily evaluated. 

Applying this change to integration intervals and substituting Eq. (2.50) in 

(2.46) yields: 
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 Putting the constants outside the integration and multiplying the 

numerator and the denominator by (1+λ) the last equation will be 
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where π3/28=c .The integral is in a form, which it can be solved 

numerically using Gauss-Hermite quadrature [42]. This technique offers, 

the approximation: 
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2 )()(exp               (2.53) 

where the coefficients Ai and the abscissas yi are tabulated, f(y): is a 

mathematical function of a variable y. By comparison between the last 

equation and the integration terms in the numerator and the denominator, 

and after replacing yo by yi it is concluded that For the numerator 

integration term (f(yi)) is given by: 
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( ) ( ))1())1(2(13)( *22 λλσλπ +−+++= calyayf linumeratori          (2.54) 

And For the denominator integration term (f(yi)) is given by     
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The steps for applying the model can be summarized as the following: 

1. First step is the fitting process, which will be discussed, in the 

following chapter.  

2. The second step is substituting all the parameters in Eq. (2.52) and 

solving the integral numerically using Eq. (2.53). 

 

2.3. Studying the Applicability of Heterogeneous Models on 

Sintering Process of Clays Mixtures: 

2.3.1. Introduction: 

In this part, two models that describe the behavior of heterogeneous 

media will be used to study the densification process. These models 

assume that, there are solid inclusions embedded in the homogeneous 

matrix. These models are the composite sphere model and the self-

consistent model. Scherer [20] used these models in connection with his 

previous model in reference [43], to put the equations that describe the 

densification process during sintering in materials that contain solid 

inclusions surrounded by the matrix phase. In this work, the applicability 

of these equations on the densification in sintering process in clays 

mixtures will be studied. A list of the important equations that related to 

densification process will be given below. 
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2.3.2. The Constitutive Equations: 

 The constitutive equation for an elastic material is [44]: 

  [ ])(1
zymxfx E σσνσεε +−+= −

                           (2.56) 

where εx is the strain in the x direction, εf is the free strain, E is Young's 

modulus, νm is Poisson's ratio, and σx, σy, and σz; are the stresses in the x, 

y, and z directions, respectively. The observed strain εx is a linear 

combination of the free strain εf and the strain caused by stresses. The 

analogous result for a viscous material is 

 [ ]))(2/1()3( 1
zyxfx σσσηεε +−+′=′ −                  (2.57) 

where ε′x and ε′f are the strain rate in x direction and the free strain rate 

respectively; η is the viscosity and ν = ½, indicating that the material is 

incompressible. The sintering matrix is compressible, because it contains 

pores, so Eq. (2.57) becomes [43] 

[ ])()( 1
zymxmfx E σσνσεε +−+′=′ −

                        (2.58) 

where Em, is the apparent Young's modulus and νm, is Poisson's ratio. 

Scherer [20] supposed Em not a modulus, but a viscosity, he defined it as 

the viscous response of the porous material to a uniaxial stress, so it will 

be called the uniaxial viscosity of the porous matrix. As the porosity goes 

to zero, Em → 3η and νm→1/2, so Eq. (2.58) reduces to Eq. (2.57).The 

functional dependence of Em and νm, on porosity depends on the 

microstructure. The observed contraction rate of a sintering body is 

attributed to an effective pressure resulting from interfacial energy. The 

strain rate depends on the magnitude of that pressure and the bulk 

modulus of the body. The relationship between these quantities can be 

established as follows: 

 If the applied stress is hydrostatic, σx = σy = σz = P, then Eq. (2.58) 

becomes 
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where Km is the apparent bulk modulus, which defined by  

( )[ ]mmm EK ν213/ −=                                          (2.60) 

by analogy to the elastic bulk modulus. As Em, Km is not a true modulus: 

it represents the viscous response of the porous body to a hydrostatic 

stress, so it will be called the bulk viscosity of the porous matrix. Km 

becomes infinite (i.e., the matrix becomes incompressible) when the 

porosity vanishes (νm = 1/2). If P is equal and opposite to the sintering 

pressure, Po, then densification stops (ε′x, = 0); according to Eq. (2.59) 

this occurs when  

fmKP ε ′−= 3   

 Therefore 

fmo KP ε ′= 3                                 (2.61)      

The pressure is regarded as negative when it is compressive; i.e. the same 

sign convention is used for pressure and for stress. 

      The viscous or elastic response of an isotropic material to stress or 

strain can be described by two independent functions. The constitutive 

equation can be written in terms of Em, and νm, as in Eq. (2.58), or 

equivalent expressions can be obtained in terms of Km and the apparent 

shear modulus, Gm that is given by the following equation [44]: 

( )[ ]m

m
m

E
G

ν+
=

12                                  (2.62) 

Again, Gm is not a true modulus: it represents the viscous response of the 

porous material to a shear stress, so it will be called the shear viscosity of 

the porous matrix. The uniaxial and shear viscosities are finite when the 

porosity is zero (Em = 3η and Gm =η), while the bulk viscosity diverges. No 

microscopic model is implied by the constitutive equation. The 
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fundamental assumption is that the strain rate produced by the applied 

stress is linearly additive with the free strain rate. This may apply to 

crystalline materials undergoing creep such that the strain rate is linearly 

proportional to the stress (as discussed in References 18 and 19), and is 

expected to apply to viscous materials. However, the assumption may be 

violated if the applied stress causes a change in densification mechanism or 

a significant change in pore shape. The properties of ε′f, Em, and νm are 

assumed isotropic. This may cease to be valid after significant 

densification occurs, because the inclusions will inhibit shrinkage in the 

circumferential, but not in the radial direction. This may cause the sintering 

particles to develop necks of different sizes along these directions, 

resulting in anisotropic properties for the matrix. The predictions of the 

present analysis are consistent with experimental results for composites 

with noncrystalline matrices, but not with polycrystalline matrices. As 

discussed in References 33 and 34 it seems likely that the discrepancy 

results from the development of anisotropy in polycrystalline matrices. 

 
2.3.3. The Composite Sphere Model: 

We are interested in the sintering behavior of a composite sphere in 

which the core (radius aco) is a nonsintering inclusion and the cladding 

(radius b) is sintering powder. Quantities related to the core (inclusion) 

are denoted by the subscript (i), those related to the powder (matrix) by 

subscript (m), and those related by the composite (matrix plus inclusions) 

by subscript (c). The stresses in the sphere consist of one radial 

component (σr) and two equal circumferential components (σθ). In 

spherical coordinates, the elastic constitutive equations are given by [44]: 

( )θνσσεε 21 −+= −
rfr E                                 (2.63) 

( )[ ]θθθ σσνσεε +−+= −
rf E 1                                (2.64) 
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The free strain of the inclusion is zero (εƒί, = 0). The inclusion was 

regarded as incompressible (i.e. the bulk modulus Kί →∞) under these 

conditions. The elastic solution was given in reference [20] as: 

( ) fm
E
csiiiri KV εσσσ θ −=≡= 1                 (2.65) 
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where
E
mG , and

E
csK , are the elastic shear and bulk moduli, respectively, 

of the matrix. The volume fraction (Vί) is the current value, which 

increases as the matrix densifies. The radial displacement (u) at the 

surface of the composite sphere is also given by [20] as: 
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and the constitutive equations of the sintering matrix in spherical 

coordinates are given as: 

( )θσνσεε mrmfr E 21 −+′=′ −
                  (2.70) 

( )[ ]θθθ σσνσεε +−+′=′ −
rmmf E 1               (2.71) 

The solution for the sintering problem was obtained from the thermal 

stress problem by replacing 
E
mG and 

E
csK with Gm and Km, (defined by 

Eqs. (2.60) and (2.62)) and replacing the strains with the respective strain 

rates. Thus, the stresses in the sintering composite sphere are given by   

( ) fmcsii KV εσ ′−= 1                     (2.72) 
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the circumferential stress in the matrix is tensile (since ε′ƒm < 0), so cracks 

tend to propagate radially from rigid inclusions [18, 19]. The linear strain 

rate of the composite is derived from Eq. (2.69): 

( )
m

fmcsim
c G

KV

b

bu

4

1)( ε
ε

′−
=

′
=′                              (2.76a) 

substituting Eq. (2.75) in last equation gives: 
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Let ρ be the relative density (i.e. bulk density divided by theoretical 

density). The densification rate of the composite is 
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 rearranging gives 

c
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multiplying the last equation by (dt) and integrating both sides gives   
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Taking the exponential and multiplying by (ρco) gives 

( ) ( )tt ccoc ερρ ′−= 3exp                  (2.79) 
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 where (ρco) and (ρc) are the densities of the composite at time equal (0) 

and (t) respectively. Given expressions for the free strain rate and moduli 

of the matrix, Eq. (2.79) can be used to describe the densification process 

in the composite. The densification rate of the matrix is 

( )mrm
m

m
θεε

ρ
ρ ′+′−=

′
2            (2.80) 

using Equations (2.70) and (2.71) leads to  
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substituting Eq. (2.60) in the last equation, gives 
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with similar rearranging and integrating, as done in Eq. (2.77) we get  
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where (ρmo) and (ρm) are the densities of the matrix at time equal zero and 

(t) respectively. σm is the hydrostatic stress in the matrix, is given by [20] 

as: 

3

2 mrm
m

θσσσ +
=                                     (2.84) 

Thus, the sintering rate is affected by the hydrostatic component of 

the stress in the matrix, which is independent of radial position. 

Substituting equations (2.73) and (2.74) in Eq. (2.84) gives 
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2.3.4. Self-Consistent Model: 

The matrix region can be regarded as an island of sintering material 

in a continuum (the composite) that is contracting at a slower rate (see 

figure (2.9)). The mismatch in free strain rates of the island and the 

continuum causes stresses that affect the densification rates of each [20]. 

The hydrostatic tensile stress in the island of matrix can be calculated 

from Selsing solution [45] for the stress in an isolated inclusion. Using 

that stress in the constitutive equation of the matrix, one can calculate the 

sintering rate of the matrix, which controls the sintering rate of the 

composite. The hydrostatic stress in the island, which represents any 

region of matrix, is found by applying the viscous analogy to Selsing's 

solution: strains are replaced by strain rates and the respective moduli of 

the island and continuum are replaced by (Km) and (Gc). Thus 
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where Gc is the shear viscosity of the continuum (i.e., the composite) ; 

 for spherical inclusions, the Hashin-Shtrikman equation [46] for Gc is 

appropriate. Eq. (2.86) indicates that the stress in the (island of) matrix is 

proportional to the difference between its free strain rate and the strain 

rate of the surrounding composite. The linear contraction rate of the 

composite, ε′c, is related to the densification rate of the matrix by [20] as: 
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where the second equality follows from Eq. (2.82). Substituting Eq. (2.87) 

into Eq. (2.86) gives 
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Solving the previous equation for σm gives 
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substituting Eq. (2.90) in Eq. (2.87), gives 

Figure (2.9) in the self-consistent calculation, the region of matrix within the dashed 
circle is regarded as an isolated island surrounded by an infinite continuum (the 

composite) with a slower densification rate. Similarly, any of the inclusions (solid 
circles) can be treated as being isolated in the continuum [20]. 
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2.4 Applying the Previous Models on Viscous Sintering: 

In this section, the stress and strain rates are evaluated for the case 

of viscous sintering. The microstructure of the matrix is assumed to 

consist of a network of cylinders with radius (a) that intersect at right 

angles, and the distance between neighboring parallel cylinders is (l). For 

such a structure, the free strain (i.e. linear contraction) rate is given by 

reference [43] as:  
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where (x) is a geometric parameter, x≡a/l, (γ) is the interfacial energy; (η) 

is the viscosity, (lo) and (ρmo) are the initial values of (l) and (ρm), 

respectively, and the constant π3/28=c . From the same reference 

Poisson's ratio is given by  
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where (ρm), is the relative density of the structure, which is given by [6] 

as 
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( )cxxm −= 13 2πρ                       (2.96) 

The "apparent Young's modulus" (uniaxial viscosity) is [43]:                               
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Km is given from the substitution of equations (2.96) and (2.95) in         

Eq. (2.60) as follows  
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For this microstructure the load-bearing function of the cross-sectional 

area, φ, is (πx2), so Eq. (2.95) and Eq. (2.97) imply ηϕ3=mE  

and 2/ϕν =m . The expressions for σi, σm and ε'c involve the ratio of the 

shear to the bulk viscosity. According to equations (2.60) and (2.62) we 

get: 
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Equations (2.95) and (2.99) are used to evaluate the results for the CS 

model. The Hashin-Strikman equation [46] for (Gc) leads to  
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Equations (2.95), (2.99) and (2.100) are used to evaluate the results 

for S-C model. The current volume fraction of inclusions, (Vi), is related 

to the final volume fraction in the fully sintered body, (Vi
f) by [20]: 
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The difference between the CS and S-C models becomes 

significant only at high concentrations of inclusions. 

Figure (2.10) shows a similar comparison between the prediction 

of the S-C model and the CS model. The results are indistinguishable for   

(Vi) less than 0.2.            

 

 

These analyses do not allow for the fact that the inclusions will 

come into contact and stop densification at some critical volume fraction, 

Vi* . For inclusions of uniform size, percolation theory indicates that the 

inclusions will form a contiguous network when Vi* equal approximately 

0.16. If this network is stiff enough to resist the sintering stress, then Vi*  

equal 0.16 in this case; for inclusions with a wide distribution of sizes, the 

Figure (2.10) Relative density of composite, ρc, from 
self-consistent model (by integration of Eq. (2.93)) 

versus, ρc, from composite sphere model (by 
integration of Eq. (2.76a)) [20]. 
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critical volume fraction could be smaller. The extent of the contiguous 

network of particles, increases abruptly as Vi approaches Vi* , so the 

present analyses should fail only near Vi*  [20]. 
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Chapter Three 
 

Fitting Data and Programs Design 
3.1 Introduction 

 

In this chapter, the following points are discussed, explaining the 

fitting process and the way to determine the relationship between the 

constant (K) ,which is the proportionality constant between the reduced 

time (Kt) and the practical time, in Eq. (2.23) and the temperature of 

sintering. Then shortly describe the simulated samples and their raw 

materials, then listing the input data in each program and the way to get 

each parameter from the practical measurements. Then a flow chart 

diagram is drawn which contains the basic relations used and the origin of 

their equations for each program. Basically; there are three programs: 

  The first concerned with the modified Scherer model. It simulates 

the sintering process in the clay mixtures, and manipulates the effect of 

sintering temperature and time on the densification process. 

  The second simulates the effect of pore size distribution on the 

densification process in the mixtures of the used clays using the modified 

Scherer model.        

The third program uses the composite sphere model and the self-

consistent model to simulate the sintering process in the clays mixtures, 

and manipulates the effect of sintering temperature and time on the 

density after firing. 

 
3.2. Fitting Process 

3.2.1 Fitting procedure: 

               The goal of this operation is to find a relation between the 

values of the constant (K) in (hr -1) from Eq. (2.26a) versus the 

temperature of the sintering (T) in (oC) using the practical data. From 
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Eq. (2.23) it is obvious that the basic parameter that is affected by 

temperature is the viscosity coefficient (η), so it is the basic factor 

that makes (K) changed with temperature. The fitting process is 

divided into the following steps:  

A.  The value of (K) is found for each sample at each temperature by 

finding the slope of the line formed from plotting the data between 

the reduced time (Kt) versus the practical time (t). The K (t-t0) values 

are calculated using Eq. (2.26a) for the modified Scherer program 

and Eq. (2.26b) for the composite sphere and the self consistent 

program by substituting the values of x and xo.  the values of xo and 

x before and after sintering respectively can be found by knowing 

the values of (λ) from Eq. (2.2) (which will be discussed later) and 

by knowing the relative densities for each sample before and after 

sintering from the practical data, then solving numerically Eq. (2.8b) 

to get the value of (x) corresponding to a given (ρ) value. The (K) 

value is given by the equation: 

      
p

o

t

ttK
Kslope

)( −
==                         (3.1) 

          where (tp) is the time of sintering, for the present it equals                                          

two for all samples. The rest parameters have their same previous 

definitions. 

B. The graph of the data between (K) and the corresponding firing 

temperature is drawn. Then, fitting is accomplished to find a formula 

describing the change of (K) with temperature. If a relation between 

K and temperature is determined then (K) values are substituted in 

equation (2.23) in addition to the rest parameters to find the relation 
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between the factor (γ/η) and sintering temperature by fitting the 

resulting curve. 

3.2.2 Viscosity: 

 The most important physical factor that can be found from fitting 

process is the viscosity of the viscous liquid that formed during the 

sintering process. Viscosity is the internal friction of flowing substance 

[47]. In ceramic materials, the viscosity (shear viscosity) of the matrix 

depends in a complex way on the microstructure. It represents the major 

difference between the sintering of a glass and a ceramic. In glass it 

depends merely on the self diffusion coefficient. In ceramic it depends on 

the grain size in addition to the diffusion coefficient, since matter must be 

transported across a distance of the grain size to achieve shear deformation 

[48]. The dependence on grain size may be the same as in Coble creep [49] 

where the viscosity of polycrystal varies with grain size, dp, according to 

the relation η α dp3. So it may be concluded that the viscosity of glass will 

always be lower than the viscosity of polycrystalline ceramic, provided 

that the ceramic is deformed by Coble creep mechanism. In viscous 

sintering the densification process depends basically on viscous flow [12, 

13] so the value of viscosity during the process plays a major role in 

limiting the density after firing. In this work Scherer concepts [6] in 

finding the values of viscosity are followed, first the values of (K) are 

calculated from the fitting process as discussed previously, where (K) is the 

proportionality constant between the reduced time (Kt) calculated from Eq. 

(2.26b) and the practical time. Then Eq. (2.23) is used after rearranging the 

parameters to find the viscosity coefficient (η) at different temperatures, 

and a relationship between the viscosity coefficient and the sintering 

temperatures can be found by fitting process.  
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3.3 The Groups Undergoing the Simulation: 

  The samples used for applying the simulation are prepared by 

Rasen [40]. Two groups were selected as an experimental results data that 

was applied to examine the models. The materials of samples regarded as 

heterogeneous ceramic systems. Since the present work is not concerned 

here with the details of preparation, but only with the parameters related 

to the sintering process, like the composition of these materials, and the 

ratio of the solid inclusions, then the raw materials of their groups will be 

defined to follow the results come from the process parameters. The raw 

materials applied for the groups are: 

1. Kaolin Dukhla: the composition of kaolin is in the table (3.1).  

2. Ninivite Rock: It is a white, light silica brick, porous and low bulk 

density rock (less than 0.3gm/cm3 in the pure rock). Quartz is the main 

mineral constituent; gypsum is the main pollutant of the rock. Since this 

rock differs in origin and is not recorded in geological dictionaries, it is 

suggested to name it as "NINIVITE" for this form of porcelainite which 

is produced by sulphure leaching of clay stones. The chemical analysis of 

a semi- pure ninivite rock and that is used in the present work are given in 

table (3-1).  

There are two groups used in applying the simulation the groups 

are defined as Group M21 and Group M22. Group M21 is a mixture of 

compositional weight percentage of 60% kaolin duekhla raw material 

powder, 30% of ninivite raw material with particle size range 'D' 

(22µm<D<32µm), and 10% weight of α-Al 2O3, particle size range 

(D≤32µm). These components were dried, mixed and milled.  

Group M22 is a mixture of compositional weight percentage of 

70% kaolin duekhla raw material mixed with 30% of ninivite raw 
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material with particle size range 'D' is given by (D< 50µm) . Then it was 

dried, mixed and later milled for 10 hours.  

 

 

 

 

 

Table (3.1) the chemical composition of the raw materials of the used 

groups [40]. 

Chemical composition data for 

Kaolinite 

Chemical composition data 

of Ninivite rock 

Material Percentage 

before 

firing 

Percentage 

after firing 

Material Percentage 

Before 

firing 

Percentage 

After firing 

SiO2 52.35 58.82 SiO2 93.76 96.233 

Al 2O3 34.02 38.225 Al2O3 0.28 0.28739 

Fe2O3 1.31 1.472 Fe2O3 0.16 0.1642 

TiO2 0.21 0.236 Na2O 0.09 0.0924 

CaO 1.20 0.1348 CaO 0.82 0.8416 

MgO 1.11 1.2472 MgO 0.031 0.0318 

SO3 0.45 1.472 SO3 0.26 _ 

L.O.I 12.54 _ P2O5 0.06 0.06158 

   K2O 0.06 0.06158 

   Cl 0.13 _ 

   L.O.I 2.57 _ 
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3.4. The Modified Scherer Model Program (Effect of 

Sintering Temperature and Time of Sintering):  

This program simulates the sintering process and manipulates the 

effect of sintering temperature and time on the final density and 

densification. It is written in the FORTRAN 90 language. Here we will 

concentrate on the temperature effect, and by a same manner the time 

effect on densification can be found.    

3.4.1 Input Data 

The input data to this program are the  

1. Initial densities.  

2. Theoretical density of the samples used. 

3. The sintering temperature and the ratio λ, and they are found as 

follows:  

3.4.1.1   The Theoretical Densities and the True Volumes 

The theoretical density for each compact is calculated by summing 

the multiples of the theoretical density of each component in the compact 

by its weight percent from the compact after subtracting the loss on 

ignition from the weight of the compact, because at the end of firing 

process this volume will be lost from the compact. 

The true volume is given by the following relation [50]    

 

True volume = Weight /True density                               (3.2) 

 

The weight of each material in the compact is given by the multiple of its 

weight percent in the compact taken from table (3.1) by the mass of the 

compact.  
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3.4.1.2 The Temperature: 

In this program as being mentioned previously the basic objective 

is finding the effect of sintering temperature on the final density of the 

compact, so the temperature must be a variable here. The temperature 

will be substituted in the equation of (K) results from the fitting process. 

The values of the temperatures will be between (1100 to 1500) oC. 

 
3.4.1.3 The Ratio λ: 

The ratio λ, From Eq. (2.2) is determined by determining the 

volume of solid inclusions Vin and the volume of viscous phase Vvis in 

compact. This is done by: first, deciding which materials have the solid 

inclusions manner and which have the viscous phase manner. In the 

present case the materials in the table (3.2) is assumed to have the viscous 

phase effect and other oxides specially alumina have the solid inclusions 

effect.  

 

Second, determining the weight of the solid inclusions in the 

compact from the weight percent of the solid inclusions materials by 

multiplying the weight percent of the solid inclusions by the mass of the 

Table (3.2) Fusion temperatures of fluxes associated with alumina 

and silica [12] 

Oxide Lowest eutectic temperature in 
oC 

Na2O 732 

K2O 695 

CaO 1170 

MgO 1345 

Fe2O3 1073 
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sintered compact, then dividing the weight of solid inclusions materials 

by the theoretical density of the solid inclusions materials to determine 

the true volume of the solid inclusions. By the same manner the true 

volume of the viscous phase is found for each compact, then λ is found 

from Eq. (2.2). 

3.4.2 Program Design:                                                                                                

           A computer program in FORTRAN 90 language is designed and 

applied to calculate the final relative density of the compacts after 

sintering process. This program needs the following input data: 

Input: the data file for the model consists from the following information: 

1. Initial density for each sample (ρo). 2. Theoretical density for the used 

sample ρs and the ratio λ defined by Eq. (2.2) for the simulated sample.                    

3. Temperature of sintering of each sample. Let  N : the number of the 

sintered samples, t: is a counter, f(t): is a function that represent the 

relation between K and the sintering temperature, Kt :is the value of Kt , 

acc: the accuracy, ρo: is the initial density, ρs: is the theoretical density, ρr: 

is the relative density, x=a/l, where (a)  is the particle size, l: is the length 

of the compacted unit cell, which is the cell contains the viscous phase, 

the porosity and the solid inclusion phases, xo: the initial value of (x), xr: 

is a real function that solves Eq. (2.8) numerically for x for known values 

of the relative density (ρ/ρs) and (λ), λ: is a parameter given by Eq. (2.2),  

lo: is the effective length of the cell, pi: is the constant ratio ≈ 3.14, rρρs : 

is the final relative density. t: is a counter. Root: is a subroutine that 

determines the value of x corresponds to a given Kt value by solving Eq. 

(2.26a) numerically; here we used Newton-Raphson method. The 

program design is explained in the following flow chart. 



70 

 

NO 

STOP 

YES 

If t<N 

rρρs=((3.0*pi*x**2.0/(1+λ))-8.0*2.0**0.5*x**3.0)*(1+λ)**3.0 

Root (λ,y0,Kt,xo,acc,x) 
 

Kt=  f(t)*2 

y0= (3*pi/(xo*(1+λ))-8*2**.5) **.3334 

xo=xr(ρr,λ) 

ρr=po(t)/ρs 
 

START 

INPUT FILE 
 

t=t+1 

OUTPUT SECTION 

Figure (3.1) Flow chart of the modified Scherer model (temperature 
effect) program 



71 

3.5. The Modified Scherer Model Program (Effect of Pore 

Size Distribution):  

This program simulates the effect of pore size distribution on the 

densification process. A program EFFECT OF PORE SIZE is written in 

FORTRAN 90 language to simulate the effect of pore size distribution.  

 
3.5.1 Input Data  

To perform the calculations of this program the input data must be 

provided. These data includes the compact particle size, the initial relative 

density of the compact, the standard deviation of the pore size 

distribution, the temperature of sintering of the simulated sample, λ which 

is the ratio of the true solid inclusions volume to the true viscous phase 

volume in the compact and the necessary information for the numerical 

methods used in the program. We will discus the foundation of the 

parameters that didn’t discussed previously. 

 

 3.5.1.1 The Standard Deviation (σd): 

The standard deviation σd of the pore diameters is found from mercury 

porosimetry data, by drawing a curve between the intruded volume versus 

the diameter of pores like that in figure (2.8). Then we get (σd) by 

following reference [51] the integral of the probability function (pr) of a 

normally distributed variable (x) about its mean, say, x=0 in the interval -

X< 0< X is given by 

∫ −=
2/

0

2)exp(
2 σ

π

X

r dttp                  (3.3) 

Where t=x/σ√2 
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     The integral of equation (3.3) can be evaluated using the error function 

by the substitution y=X/σ√2 the equation can be written as  

∫ −=
y

dttyerf
0

2 )exp(
2

)(
π                        (3.4) 

Comparing the last two equation gives  

 )2(X/ erf p r σ=                      (3.5) 

(pr) is the probability that a value of x lies within the range  | x|   <X. the 

values of erf (y) are tabulated in reference [51]. For the case  

erf (X/ σ√2) =0.99                                                                                 (3.6) 

  Yielding     

820.1
2

=
σ

X
                      (3.7) 

or   
58.2

X=σ                             (3.8) 

Where (X) is the upper or lower limit of the pore size distribution. For a 

mean (m) not equal to zero Eq. (3.8) will be as 

58.2

mX −
=σ                                               (3.9) 

(m): is defined by the value of the diameter that corresponds to 

maximum intruded volume see Figure (2.8). if the difference (X-m) for 

the upper limit differs from the lower limit it’s better to take the 

average.                                                
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3.5.1.2 The Particle Size  

The particle size will be found using stereological methods. 

Stereology is a method of analyzing the structure of a three-dimensional 

solid from the information provided by a two-dimensional plane section 

taken through the solid [2]. In figure (2.7) there is an image of the sample 

M22, (which sintered at 1400oC) after the firing process, this image will 

be used to find the particle size using the stereological methods as 

followed. By computing the mean intercept size (dp) that is equivalent to 

grain size, where (dp) is the ratio of the fractional density (ρ/ρs) to the 

number of grain (or pore) intercepts per unit length of test line (NL):      

L

s

N
dp

ρρ /=                                    (3.10) 

This is illustrated in figure (3.2) [2]. 

If grain size distribution is important, the mean intercept size can 

be calculated for multiple slices at different orientations. Here the same 

value of the particle size for M22 is assumed during the sintering process 

and at all the firing temperatures following Scherer assumption [31], and 

also because of the unavailable practical measurement, so in other study it 

is suggested taking this factor in consideration. In addition, it is noticed 

that there is a similarity in composition between M22 sample and M21 so 

the same value of particle size is applied to M21 for the previous reason. 
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3.5.2 Program Design 

A computer program PORE SIZE DISTRIBUTION EFFECT in 

FORTRAN 90 language is designed and applied to simulate the 

densification process. This program needs the following input data: 

Input: the data file for the model consists from the following information: 

a) particle size 

b) theoretical density  

c) standard deviation  

d) accuracy 

e) average pore diameter 

f) Magnitude of sintering temperature.   

 

Figure (3.2) Calculating the Mean Intercept Size [2]. 
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The values of the input parameters are listed in table (3.3) 

 
 
Let σd, σl: be the standard deviation of pore size distribution and 

cell length side distribution respectively. d0a: the average pore diameter, 

acc: the accuracy, N: the number of the sintering temperatures, ttm: is the 

value of the sintering temperature, ρr: the relative density, xo: the initial 

value of (x), xr: is a real function that solves Eq. (2.8) numerically for x 

Table (3.3) Values of input data 

 

Parameter 

 

Symbol 

Value 

 

M22 M21 

Compact 

particle size 

dp 

(µm) 
0.5777 0.5777 

Theoretical 

density 

ρs  

(gm/cm3) 

3.04362237 3.995213 

Standard 

deviation of 

pore size 

(measured 

value) 

σd  

(µm) 
0.19 0.19 

Mean pore 

diameter 

d0a  

(µm) 
0.6 0.6 

Third root of 

solid 

inclusion to 

silica 

volume ratio 

 

λ 

 

0.669 o.723 
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for known values of (ρ/ρs) and (λ), lo: the effective length of the cell, pi:  

is the constant ratio ≈ 3.14, a0: the particle size. t: time in hour, f(t) a 

function yielded from the fitting process ,which describes the variation of 

(K) as a function of sintering temperature. Then the following Flow 

diagram can explain the logical steps of the program: 

 

                              

 

 

 

 

 

 

 

 

 

        

  
 
 
 
 
 
 
 
                       
 
                     

 

 

 

 

 

START 

READ 
dp,ρs,σd,acc,d0a,N,ρ0av,λ 

             READ (ttm) 

             a0=dp/ 2 
 
 

sl = sd*pi1/2/2 

ρr =ρ0av/ρs 

xo= xr (ρr,λ) 

yo=((3*pi/(xo*(1+λ)))-
8*2**.5)**(1/3) 

1 
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Figure (3.3) the Flow diagram of (the effect of pore size 
distribution on densification) program 

K (t) =f (t) 

lo = ((d0a*pi**0.5/2) +2*a0)* (1+λ) 

K0 (t) = K (t)*t 

  No 

Yes 10 

STOP 

 
Intigration (λ, ρ0av,yo,a0,x,σl,lo,ρs,rρρs) 

 
Output section 

t = t+1 

IF t<N 

Root (λ, yo,K0,xo,acc,x) 

10 

1 
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By giving (σd) different values and from the graph between (ρ/ρs) 

versus reduced time we can see the effect of (σd) on the densification 

process. 

 

3.6. The Program of Applying the Heterogeneous Models 

on Sintering Process: 

This program applies two models of heterogeneous systems; named 

as the self consistent model and the composite sphere model to simulate 

the sintering process and manipulate the effect of sintering temperature on 

the final density, to compare the result with the result from the modified 

Scherer model.      

 
   3.6.1 Input Data 

This program needs the following input data: 

Input: is a data file for the model consists from the following information: 

    a) Particle size 

    b) Theoretical density  

    c) Average pore diameter 

    d) Number of temperature intervals  

   e) Magnitude of temperature at each interval  

   f) Final volume fraction of inclusions in each sample at each 

temperature interval. 

   g) Initial density for each sample. 

All the parameters are evaluated as the way in the previous 

programs. The only new parameter is the final volume fraction of solid 

inclusions in the compact. To find this parameter the volume of the 
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compact will be divided as (done in finding λ) according to the type of 

the material into three parts, these parts are:    

a) Volume of viscous phase.  

b) Volume of solid inclusions. 

c) Volume of pores. 

The volume of viscous phase can be found as explained previously, 

it will be assumed equal to the true volume. The volume of pores is 

found from mercury porosimetry and it’s equal to the cumulative 

porosity after firing. So the final volume fraction of the solid inclusions 

will be given by: 

( )
compact

silcaporecompctf
i V

VVV
V

+−
=                                                           (3.11) 

where Vi
f: is the final volume fraction of the solid inclusion.,  Vcompact: is 

the volume of the compact after sintering measured by Hg porosimetry. 

Vpore: is the volume of pores from Hg porosimetry. Vsilica: is the true 

volume of viscous phase which is mostly formed from silica. 

Applying Eq. (3.11) we get the final volume fraction of the solid 

inclusion in the compact as in the table (3.4). 

 

 

 

Table (3.4) the final volume fraction of the solid inclusions (Vi
f) 

In the compacts. 

temperature                                               

in(oC) 

 

sample 

1200 1300 1400 

M21 0.1909627 0.3248233 0.2215987 
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3.6.2 Program Design: 

 A computer program is written in FORTRAN 90 language to 

compute the density after firing process using the composite sphere 

model and the self consistent model. The Flow chart of this program is as 

in the figure (3.4). 

All the previously defined parameters in the first program will have 

the same definition here. The new defined symbols are: 

ρo(i): is a matrix represent the initial density. 

γ: is the interface energy. 

xr (ρ): is a real function that uses Eq. (2.8b) to give the value of (x) that 

corresponds to a given value of (ρ/ρs) . 

ti: is the time of sintering (or firing process). 

Vi
f: is the final volume fraction of the solid inclusions. 

Vi: is the instantaneous volume fraction of the solid inclusions.  

defm: is a subroutine that used to compute the rate of free strain energy 

(dεfm) as defined by Eq. (2.94). 

etg(i) : is a matrix that computes the ratio (η/γ) which is the ratio of 

viscosity per interface energy. 

η: represents the viscosity. 

υm: is Poisson’s ratio. 

em: is The apparent Young's modulus as defined by Eq.(2.97). 

Gm: is the apparent shear modulus as defined by Eq. (2.62). 

Km : is the bulk viscosity of the porous matrix as defined by Eq. (2.60). 

GmpKm: represents the ratio (4Gm/3Km) as defined by Eq. (2.99). 

Gc: is the shear viscosity of the continuum (in the self consistent model). 

GcpKm: is the ratio (4Gc/3Km) as defined by Eq. (2.100). 

Kcs: is the bulk modulus of the matrix as defined by Eq. (2.75). 

dεcs: The linear strain rate of the composite according to composite sphere 

model as defined by Eq. (2.76b). 
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dεsc: The linear strain rate of the composite according to self consistent 

model as defined by Eq.(2.87). 

ρccs(i): is a matrix represent the relative density of the composite after 

sintering as predicted by the composite sphere model. 

σm: is the hydrostatic stress in the matrix as defined by Eq. (2.90). 

ρmcs(i) : is a matrix represent the relative density of the matrix after 

sintering as predicted by the composite sphere model. 

ρcsc(i) : is a matrix represent the relative density of the composite after 

sintering as predicted by the self consistent model.  
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40 

dεfm =defm(x,etg(i),lo,ρr(i)) 

START 

READ dp, ρs, d0a, N, 
ρ0av, γ, ti, λ 

READ 
(ρo(i),Vi

f(i), ttm(i), i=1,3) 

ρr(i)=ρo(i)/ρs 

a=dp/2 

x=xr(ρ(i)) 

etg(i)=f(t) 

η=etg(i)*γ 

lo=a/x 

40 
1 
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Vi (i) =ρr(i)/(ρr(i)+(1-Vi
f(i))/ Vi

f(i)) 

υm=2*2**0.5*x/pi 

em=3*η*pi*x**2 

Gm= em/(2*(1+υm)) 

Km=em/(3*(1-2*υm)) 

GmpKm=2*(1-2*υm)/(1+υm) 

GcpKm=GmpKm*(1+ (15*Vi(i)*(1-υm)/(2*(1-
Vi(i))*(4-5* υm))) 

Kcs=1/ ((1/(4*Gm))+(Vi(i)/(3*K m))) 

dεcs=(1-Vi(i))*dεfm/(1+(Vi(i)*GmpKm)) 

ρccs(i)=exp(-3*dεcs*t i)*ρm(i) 

σm= -Vi(i)*K cs*dεfm 

ρmcs(i)=exp((-3*dεfm-σm/Km)*t i)*ρm(i) 

Gc= GcpKm*3*K m/4 

40 

40 

1 

2 
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40 

Yes 

Kcs=1/ ((1/ (4*Gc)) + (Vi (i)/ (3*K m))) 

dεsc=(1-Vi(i))*K sc*dεfm/(4*Gc) 

sc=-3*dεsc*t i 

ρcsc(i)=exp(sc)*ρm(i) 

OUTPUT 
SECTION 

IF I > N  
No 

STOP 

40 

Figure (3.4) Flow chart of the program of the Composite Sphere 
and Self Consistent model. 
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