
 
 

 

              In   this   work,   we   studied    the   ``Path-Following 

 Algorithm``,  which  is  one  of  the  family  algorithms, called 

``Interior-Point   Algorithms``. 

             We   are   discussed   two   modifications,    the   first 

one concerned   with  the  path  solution,  while  the   second 

one   is concerned    with     the    feasibility   solution.  These 

two    modifications   are  combined   in  a   new   manner,  to 

construct  a  hybrid   method. The   same  test  problem  had 

been   run   for all  the   algorithms,  as  well  as,  number   of 

tested   problems   had    been implemented  for comparison, 

shown  that  our   modifications   give  better   results  in   the 

number of  iterations  and  the   accuracy  of   the  results.   
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            Beyond  any  doubt  linear  programming   has  been  successful  from  a 

practical   point  of   view.  It   is   therefore   perhaps    surprising  that   various 

fundamental    theoretical   questions    concerning   linear   programming   have 

remained  open  for  a very  long  time. Several of  these questions are related to 

the  inherent  computational  complexity of  linear  programming  problems. 

          In this chapter, a brief introduction to the  linear  programming  problems, 

is  presented,  in  which   its  standard   mathematical   form  and  needed   basic 

related  techniques  are  presented.  

 

(1.1) Linear-Programming  Problem  Formulation[5]: 
            A linear-programming  problem differs from  the general  variety in that 

a  mathematical    model  or  description  of  the   problem  can   be  state   using 

relationships  which are called ``straight-line`` or  linear,  mathematically, these 

relationships  are  of  the form: 

bxaxaxaxa nnjj =+++++ ......2211  

where the aj`s and b are known coefficients and the  xj`s are unknown variables.  

              The    general    linear    programming    problem  is   to  find  a   vector 

 which minimize  the linear form ( i.e., the objective function) ),...,,( 21 nxxx  

  
(1.1)                                                                    nn xcxcxc +++ ...2211  

  
subject  to  the  linear  constraints  

  
  
  

                                                

(1.2)                                         
 

  
and  

  

M

222222121

111212111

......

......

bxaxaxaxa

bxaxaxaxa

nnjj

nnjj

=+++++

=+++++

mnmnjmjmm bxaxaxaxa =+++++ ......2211
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(1.3)     j=1,2,…,n  

  
where  the   aij ,  bi  and  cj  are  given  constants  and  m<n.  The  above  general 

linear problem can be written commonly  stated  in  the  following  matrix form  

  (1.4)                                                                                         XC T   Minimize  

subject to 

(1.5)    BAX = 

(1.6)       0≥X  

  
where  C   and   X   are  vectors  in  Rn , B  is   avector  in  Rm , and  Amxn  is  an 

  matrix. nm×  

Next,  considering  the   primal   problem  (1.4)-(1.6),  we  can  define   another,   

closely  related  dual  problem,  as  follows:  

  

     (1.7)                                       

subject to  

(1.8)                                                                                               CSYAT =+   

(1.9)                                                                                                            

 

  is  a   vector   of    unrestricted    values,    and   ),...,,( 21 nyyyY =    where     

  is  a vector  of  slack  variables. ),...,,( 21 nsssS =  

Therefore,  we  can  state  the  following  definition: 

 

Definition[13]: 

A feasible solution to the linear programming problems is a vector X=(x1 ,x2,…, 

xn) which satisfies conditions (1.2) and (1.3).  

 

  

,0≥jx

yMaximizeBT

0≥S
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 (1.2) Optimality Conditions[11]: 
             To   construct  the  optimality  conditions,  we  start  by  combining  the 

primal  and  dual  problem, using  the  following  Lagrangian  function [13]: 

  

  1.10)(       

  

and  applying  the 1st-order  necessary  conditions [20]  for  x*  to  be  a  solution 

of  the  primal  and  dual problems  such   that  

 
(1.11a)                                                                                         

                                                                                                     
                                                                                                                                

(1.11b)                                                                                                   BAX = 
                                                                                                                                
                                                                                                       (1.11c) 0≥X  
                                                                                                                                
                                                                                                     (1.11d) 0≥S  

                                                                                     
                                                                         (1.11e) ni ,...,1=   

      

Which   are    called   ``Karush-Kuhn-Tucker``  conditions    denoted   by   KKT 

conditions.      

              The  complementarity  condition  (1.11e),  which   essentially says  that 

 . ni ,...,1=  must be zero for  each  is  and ix at least  one  of  the  components   

denoted   a  vector   triple   that  satisfies  (1.11).  By ),,( *** syx               Let   

combining  the  three  equalities (1.11a),(1.11d),  and  (1.11e), we  find  that      

   

 )                              (1.12       

  
  

XSBAXYXCSYXL TTT −−−= )(),,(

CSYAT =+

0=ii sx

******* )()( yByAxxsyAxc TTTTT ==+=
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  is  also the objective   function  for  the yBT As  we  shall  see  in  a  moment,  

problem  formulated  by  eqs. (1.4)-(1.6), so  (1.12)   indicates  that   the  primal 

which  satisfy  the dual objectives   are    equal   for  vector  triples  (x,y,s)   that 

satisfy (1.11).   

            It  is easy to show directly that the conditions (1.11)  are sufficient for x* 

  be  any  other  feasible x to  be   a  global  solution  of  (1.4)-(1.6),  by letting  

then 0≥x  and  BxA = point, so  that      

  

(1.13)  

  

We  have  used (1.11)  and (1.12)  here;  the  inequality  relation  follows.  The  

inequality (1.13) tells us that no  other  feasible 0* ≥s  and  0≥x trivially from  

 . We   can   say   more:  *xcT point  can   have  a  lower   objective   value  than   

 is optimal  if  and only    x The  feasible  point    

0* =sx T 

since  otherwise   the  inequality  in  (1.13)  is  strict.  In  other   words,  when    

 of  (1.4)-(1.6).  x   for  all  solutions  0=ix   ,then  we  must  have  0* >is    

  

 
(1.3) Methods For Solving Linear Programming Problems: 

 
                Many  methods   are   available  in   which   the   simplest  way   is  to 

follow    a  direct    mathematical   search   through   calculating   the   objective 

function value at each vertex [2].     

               An  algorithm  for a certain problem is said to be `good` if  it solves an 

instance  of  that  problem  in  a number of computations  that  is  bounded from 

above  by  a polynomial function of the size  of  the problem instance (Edmonds   

[1965] ). Informally  we say that an algorithm is  `good` if it runs in polynomial 
time. 

****** )( xcyBsxyBxsAyxc TTTTTT =≥+=+=
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               G.B. Dantzing and others in  1947 (see[21]),  developed  an  algorithm 

for solving the linear  programming  problem, by  constracting a path  along  the 

edges of  the   

polytype  defined  by (1.2) and (1.3). In  each  iteration, the method examines  if 

further  improvement  in the objective function is attainable by moving from the 

current extreme points to one of  its neighbours; if so, one  of  these  neighbours   

is  selected  by  means of  a  pivot  selection  rule  and  another step is executed.  

On  the  other  hand, in  practice  the number of iterations in the simplex method 

usually  ranges  from  m  to 3m,  ( see  Wolfe  and  Cutler  [1963],  Quandt   and 

Kuhn [1964] ).  

                 Karmarkar [1]  presented a new polynomial time algorithm  for linear 

programming   problems.  Also,   several   so   called  interior  point  algorithms 

for  linear  and  convex quadratic programming  have been  proposed, ( see [12] 

and  [21] ), which  become   very  competitive  to  the  simplex   method.  They 

 fall  into  three  main  groups: 

(a) Projective  algorithms. 

(b) Affine  scaling  algorithms. 

(c) Path  following  algorithms. 

              The   above   three   categories  are  similar  in  concept   but   differ  in 

 problem transformation  and  internal  search  direction,  (see[21]).    

            This  work, consist of three chapters, as well as, this chapter. The second 

chapter, discussed  in details, the class of path following method. Chapter three, 

discussed  two  modifications on the path following method. Chapter  four build 

a hybrid  method, based on the modifications   presented   in chapter three.  The 

programming   steps   for  all  algorithms  are  presented,  and  the  same   tested 

problem,  is   utilized   for   all   methods   for   the   saek   of   the  accuracy and 

comparision of the results. As  well  as  number  of  tested  problems  had   been 

 utilized   for  comparison.   
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             By  the  early  1990s,  the  class  of  path   following  algorithms  had 

distinguished  itself  as the most efficient  practical approach  and  proved  to 

be   a  strong  competitor  to  the  simplex  method  on  large  problems  [14]. 

This method is the focus of this chapter. 

              The  motivation for  interior-point method  arose from  the desire  to 

find algorithms with  better theoretical  properties than  the  simplex method. 

As  it  has been  mentioned, (see [7]),  the  simplex   method   can   be   quite 

inefficient   on   certain   problems   (see [15]).  Roughly   speaking, the time 

required   to   solve  a linear program  may be exponential  in   the size of the 

problem,  as  measured  by   the  number  of  unknowns  and  the  amount  of 

storage   needed   for   the   problem   data. In  practice, the  poor  worst  case 

complexity  motivated   the   development  of  new   algorithms  with   better 

guaranteed  performance. 

             Interior-point  method shere  common  features that distinguish them 

from  the   simplex   method   (see [14,20]). Each  interior-point   iteration  is 

expensive   to  compute   and  can  make   significant  progress  towards   the 

solution,  while   the  simplex  method  usually  requires  a  larger  number of 

inexpensive  iterations  (see [10,21]). The    simplex  method  works  its way 

around   the  boundary  of  the  feasible   polytope,   testing   a   sequence   of 

vertices  in   turn   until   it   finds   the   optimal   one. Interior-point  method 

approach  the   boundary of   the   feasible  set  only  in  the  limit. They may 

approach  the solution either from the interior or the exterior of  the  feasible 

 region, but  they never actually  lie on the  boundary of  this region.   

             In  this chapter  we  outline  some of the  basic ideas behind  the path 

following algorithms, called Primal-Dual  Interior-Point method (see[19,20], 

including its relationship to Newton`s method.  

             Therefore, before  we are presented  the  details  of  the  Primal-Dual 

Method,  we  will  give   a  short explination   to  the  Newton`s  method  for 

nonlinear algebric equations as  following, (see[9]):  
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             If   the  mathematical  model  involves  two (or  more)  simultaneous 

nonlinear  algebraic  equations  in  two (or  more)  unknowns,  the   Newton-

Raphson  method  can  be extended to solve, these equations simultaneously, 

by  considering  the  following  model  for  two  unknowns  variables [6,16] 

  
  

  

  are  nonlinear function of  variables  x1 and  x2.  2f   and 1f where    

Both  functions  may  be expanded  in  to Taylor series expansion  around an 

initial estimate of  x1
1  and  x2

1:  

    
  

  
(2.1)         

 
 

 

Setting  the left  hand sides of  eqs.(2.1) to zero   and  truncating  the   second- 

order  and  higher  derivatives of  the Taylor series , we  obtain the following 

equations: 

 
 
 

(2.2) 
                                         

                                  
  

  correction variables  as  x∆  If  we  define the    
  

1
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then  eqs.(2.2) can be rewritten as: 
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Now  if  we  consider  the  system: 

 

0),...,(

0),...,(

1

11

=

=

kk

k

xxf

xxf
M  

  
The  linearization of   this   system  obtained by  applying  the  Taylor  series 

expansion, we  have  eqs.(2.3). 

  
  

            
2.3)(       

  
  
  

 

In  matrix -vector  notation  this  condenses to  

fxJ −=∆   

is the  Jacobian  matrix  containing  the  partial  derivatives, is  the  J where   

is  the  vector  of  functions. f correction  vector, and  

 Primal-dual problem  is  to  find   solution ),,( *** syx of   this  system  by  

applying   variants  of   Newton’s  method  (which  is described  later  in this 

chapter),  and   modifying   search  directions  and  step  lengths  so  that  the  

inequalities (x , s ) ≥ 0 are satisfied strictly at every iterations. The  equations  

(1.11a), (1.11b), (1.11c) are only  mildly  nonlinear  and so are   not  difficult    

to    solve    by  themselves.  However,  the   problem  becomes  much   more  

difficult  when  we  add  the nonnegativity    requirement  (1.11d),  which  is  
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the   source   of    all the complications in the design and analysis of interior-

point  method [4].    

            To    derive   Primal-Dual Interior-Point method see[13],  we   restate   

the   optimality  conditions  (1.11)  in  a  slightly  different form by means of  

mapping  F  from R2n+m   to   R2n+m       

 
 
 

                                                       (2.4a) 

 
0),( ≥sx                                                                                          (2.4b) 

 
Where 
 

⎭
⎬
⎫

=
=

),...,,(
),...,,(

21

21

n

n

sssdiagS
xxxdiagX

                                                             (2.5) 

 
and 

 
  

 
             Primal-Dual method generate an iterates ),,( kkk syx that satisfy the  

bounds  (2.4b)  strictly, that  is,  0>kx   and   0>ks .  This  property  is  the  

origin  of  the  term  interior-point. By respecting these bounds , the methods 

avoid   spurious   solution,  that   is,  points  that  satisfy  0),,( =syxF   but 

0),( ≥sx . 

The    Primal-Dual    problem   of    (1.4)-(1.6)   and   (1.11)  and   (2.5)   are  

characterized   by   KKT   conditions  which   we   are    restarted   here    as 

equations (1.11). 

0),,( =
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             Interior-Point   method   actually   require  the  iterates  to be  strictly 

feasible, that is, each (xk, yk, sk)  must satisfy  the linear equality  constraints 

for the primal and dual problems (see [20,22]). If  we  define the primal-dual 

feasible set F and strictly feasible set  Fo  by:    

                                (2.6a) 

 
 
                               (2.6b) 

 
The strict feasibility condition  can be  written concisely as 
 

0),,( Fsyx kkk ∈  
 
             Like  most  iterative algorithms in  optimization, primal-dual interior 

-point  method  have  two basic ingredients: a procedure for determining  the 

step  direction  and  its  length  at each point in the search  space. The  search  

direction  procedure  has   its  origins in Newton’s method  for the  nonlinear  

equations (2.4a).  Newton’s  method  forms a linear  model  for F  around the 

current  point  and  obtains  the search direction (∆x , ∆y, ∆s ) by solving the 

following system of linear equations[3]: 
  

),,(),,( syxF
s
y
x

syxJ −=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∆
∆
∆

×  

 

where  J  is  the  jacobian of  F, which  is equivalent to the  system (2.3). If 

the current point is strictly feasible ( that is 0),,( Fsyx ∈ ), the Newton step 

equation become 
 

{ }0),(,,/),,( ≥=+== sxcsyAbAxsyxF T

{ }0),(,,/),,(0 >=+== sxcsyAbAxsyxF T
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                                                          (2.7) 

             A full step along direction usually is not  permissible, since it  would 

 violate  the  bound ( x , s ) ≥ 0.  To avoid  this  difficulty, we  perform a line 

 search along the Newton direction so that the new iterate is  

 

),,(),,( syxsyx ∆∆∆+α  

 

for some  line search  parameter ]1,0(∈α . Unfortunatly  we often can  take 

only a small step along the direction (α << 1 ) before violating the  condition 

0),( >sx . Hence, the  pure Newton direction (2.7), which is  known as  the 

affine  scaling  direction, often  does  not allow  us  to make  much  progress  

toward a solution (see [13]). Primal-dual  methods  modify the basic Newton 

procedure  in  the following two ways:   

1. They  bias  the  search  direction  toward the  interior  of  the  nonnegative 

0),( ≥sx , so  that we can  move  further along the  direction  before  one of 

the components  of ),( sx becomes negative. 

2. They  keep  the  components of ),( sx  from  moving " too  close "  to  the  

boundary of  the nonnegative. 

 

Algorithm: 

Given  0000 ),,( Fsyx ∈  
 
For  ,...2,1,0=k  
 
Solve 
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Set  

),,(),,(),,( 111 kkk
k

kkkkkk syxsyxsyx ∆∆∆+=+++ α  

choosing  kα  such  that  0),( 11 >++ kk sx  

 

         Now, we are present an example  taken from [15], and considered it in  

all  modifications  presented   in  chapters   three   and four for the  results 

verifying.  

 
Example: 
 

321 436 xxx
Minimize

+−−  

 
subject  to 
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we have 
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Iteration1 

and suppose that  
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Therefor, from eq.(2.7) 
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where 
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By solving the above system we get: 
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choose   01.00 =α  
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Iteration2  

Since we get  0),,( >SYX  in the last iteration, then  01 αα =                                              
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By solving the above system we get: 
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The    same    procedure  will   be  repeated   for  15 different   values of  α , 

satisfying condition (2.6b) until no significant difference  values  in X  and                       

S , will be appeared. And the final results is: 
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          The comparsion results for the interior-point and  all its  modifications 

are presented in a table to show the efficiency of  the  hybrid  method, based 

on the  number  of  iterations.     

          The   path   modification,   shifting   the   path  ρ ,  by   a     parameter 

)1,0[∈τ , with ),,())0(),0(),0(( syxsyx =
∧∧∧

 and, if  the  limit exists as 1→τ  

we  have    

,))(),(),((lim
1

Ω∈
∧∧∧

→
τττ

τ
syx  where Ω   is  the  set  of  the  solution   points.                   

            Then  after  we perform  this shifting, we are choosing  the parameter 

σ   adaptively,  which  assign  a  value to σ  prior   to  calculating  the  search 

direction. At  each  iteration, the  method first calculates the scaling direction 

(with 0=σ ) and assesses its usefulness as a search direction. If this direction  

yields  a  large  reduction  in µ   without  violating  the  positivity  condition 

0),( >sx , the processing concludes that it need to choose σ  close to zero and 

calculates a search direction with this small value. If  the scaling direction  is 

not so productive, the algorithm enforces choosing  a value of  σ  closer to 1. 

              The  computation of  the  search  direction ),,( syx ∆∆∆  proceeds  as  

follows.   

              First, we   calculate  the  predictor  step ),,( ppp syx ∆∆∆ (where ""P  

denote the "scalling direction") by setting 0=σ  in  (3.9), that is                           
                                                           

                                       

         (4.1) 

         

              To  measure  the  effectiveness of  this  direction, we  find α pri

p
  and 

α dual

p  (where ``pri`` and ``dual`` denote the ``primal`` and ``dual`` problem) 
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to be  the  longest step  lengths that can  be taken  along this  direction before 

violating the nonnegativity conditions 0),( ≥sx , with  an upper  bound of  1. 

where [20]                                                                                                                         

)min,1min(
0: p

i

i

xi

pri

p x
x

i ∆
−

=
<∆α                                                           (4.2.a)  

)min,1min(
0: p

i

i
si

dual

p s
s

i ∆
−

=
<∆α                                                         (4.2.b) 

we  define pµ  to  be  the  value of µ that  would be obtained by a full  step 

(i.e 1=kα ) to the boundary that is [20] 

 

n

ssxx pdual

p
Tppri

p
p

)()( ∆+∆+
= ααµ                                         (4.3) 

 
and set the parameterσ  to be 
 

j
p
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

µ
µ

σ     ,   where  j  is  any  suitable integer. 

           
              Second,  the   corrector step is obtained by replacing the right-hand- 

side of eqs.(4.1)  by ),0,0( esx pp∆∆− ,  while   the  parameter kσ   requires  

a right-hand-side of ),0,0( eσµ .  

             Now,  we   can  built  a  hybrid  algorithm  step  which  includes  the 

path  and  step  length  modifications, by  changing  the  right-hand-sides  for 

these  three  components  and  solving  the  following  modified  system: 
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                          (4.4) 

 
We  calculate  the  maximum  steps  lengths  that  can be  taken  along  these 

directions   before   violating   the  nonnegativity  condition 0),( >sx   by  a  

formula similar to (4.2); namely, 
 

)min,1min(
0:max

i

k
i

xi

pri

x
x

i ∆
=

<∆α                                                         (4.5.a)                   

)min,1min(
0:max

i

k
i

si

dual

s
s

i ∆
=

<∆α                                                          (4.5.b) 

 
and then choose the primal and dual step lengths as  follows  

 

⎪⎭

⎪
⎬
⎫

=

=

),1min(

),1min(

max

max

αα
αα
η

η
dualdual

k

pripri

k
                                                             (4.6)           

 

Where )0.1,9.0[∈η (see [20])  is  chosen  so that 1→η near  the solution, 

to accelerate  the convergence. We summarize this discussion  by specifying 

the following algorithm in the usual format. 
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The Hybrid Algorithm: 
 

     0),( 00 >sx   with    ),,( 000 syx Given      

for  ,...2,1,0=k  

Set  ),,(),,( kkk syxsyx =   

and  solve  
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p
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 jp )( µ
µσ =Set centering parameter to solve 
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)min,1min(
0:max

i

k
i

si

dual

s
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i ∆
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<∆α 

1→η 

),1min(
maxαα η pripri

k
= 

),1min(
maxαα η dualdual

k
=  

set 

xxx pri
k

kk ∆+=+ α1 

),(),(),( 11 sysysy dual
k

kkkk ∆∆+=++ α  

end(for).  
 

             The  above  algorithm,   can  be   demonstrated by  solving the  same 

preceding example:  

 
The solution of the example: 
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Therefor, from eq.(4.1) we get 
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By solving the above system we get: 
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Calculate  α pri

p
  , α dual

p
   and  pµ   
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)min,1min(
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1=α dual
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n
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)()( ∆+∆+
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0030.0=pµ    

 3)(
µ
µ

σ p= set centering parameter   

 0909.0=σ    

Solve 
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⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

−
−

9899.0
9987.0
9962.0
3
4
2

5
8
8

100000100
010000010
001000001
000000132
000000622
000000241
100162000
010324000
001221000

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

  

  



 MethodHybrid                                                                                           Four   Chapter   
 

 

By solving the above system we get: 
 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

−
−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

9988.0
9989.0
9983.0

0003.0
0005.0
0067.0
0580.0
0156.0
0054.0

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

  

  
 Calculate 

 

)min,1min(
0:max

i

i

xi

pri

x
x

i ∆
−

=
<∆α 

1
max
=αpri

  
 

 chosen        
   

95.0=η  
         

),1min( maxαα η pripri

k =    
    

95.0=α pri

k  
  

     )min,1min(
0:max

i

i

si

dual

s
s

i ∆
−

=
<∆α  

  1
max
=αdual

  

 
),1min( maxαα η dualdual

k = 
 

95.0=αdual

k  
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set 
  

xxx pri

k
kk ∆+=+ α1  

 
9948.01 =x 

 
9899.02 =x 

 
9649.03 =x 

 
),(),(),( 11 sysysy dual

k
kkkk ∆∆+=++ α 

 
)9986.0,0063.1(),( 11 =sy 

 
)9978.0,0006.0(),( 22 =sy  

  
)9988.0,0007.0(),( 33 =sy 

 
Iteration2 
 
Now  we  obtain  new  X  and  S 
 

      
                                               

  
  

  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

9988.000
09978.00
009986.0

1S  

  
where 

 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=
6789.0
0005.0
0004.0

br  

                        

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

9649.000
09899.00
009948.0

1X
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

9635.5
9623.6
8602.7

cr  

  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=−
9796.0
9877.0
9934.0

11 eSX 

 
Therefor, from eq.(4.1) we get 

 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

−
−

9796.0
9877.0
9934.0

6789.0
0005.0
0004.0
9635.5
9623.6
8602.7

9649.0000009988.000
09899.0000009978.00
009948.0000009986.0
000000132
000000622
000000241
100162000
010324000
001221000

3

2

1

3

2

1

3

2

1

p

p

p

p

p

p

p

p

p

s
s
s
y
y
y
x
x
x

  

 
By solving the above system we get: 

 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

−
−
−
−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

9993.0
9994.0
9983.0

0032.0
0457.0
0329.0
0545.0
0101.0
0646.0

3

2

1

3

2

1

3

2

1

p

p

p

p

p

p

p

p

p

s
s
s
y
y
y
x
x
x

  

Calculate  α pri

p
  , α dual

p
  and  pµ   

)min,1min(
0: p

i

i

xi

pri

p x
x

i ∆
−

=
<∆α                                                                                     
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1=α pri

p            

)min,1min(
0: p

i

i

si

dual

p s
s

i ∆
−

=
<∆α  

1=α dual

p  

nssxx pdual

p
Tppri

pp )()( ∆+∆+= ααµ 

 
0026.0=pµ 

 
  3311.0=µ    

 3)( µ
µσ p= set centering parameter    

  
 0000.0=σ    

 
 Solve 

 
 

 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+∆∆−−
−
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∆
∆
∆

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

eesxesx
r
r

s
y
x

XS
A

IA

pp
b

c
T

σµ0000 0
00

0

   

 
where 

 

      
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=+∆∆−−
9896.0
9985.0
9961.0

00 eesxeSX pp σµ  
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

−
−

9896.0
9985.0
9961.0

6789.0
0005.0
0004.0
9635.5
9623.6
8602.7

9649.0000009988.000
09899.0000009978.00
009948.0000009986.0
000000132
000000622
000000241
100162000
010324000
001221000

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

 
 By solving the above system we get: 

 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

−
−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

9986.0
9987.0
9981.0

0002.0
0004.0
0060.0
0579.0
0153.0
0052.0

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

  

           
 Calculate 

 

)min,1min(
0:max

i

i

xi

pri

x
x

i ∆
−

=
<∆α 

1max =α pri
  

  
),1min( αα η pri

k

pri

k =  
    

95.0=α pri

k 
  

)min,1min(
0:max

i

i

si

dual

s
s

i ∆
−

=
<∆α  

  1
max

=αdual 
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),1min( maxαα η dualdual

k = 
 

95.0=α dual

k  
 
set 

 
xxx pri

k
kk ∆+=+ α1 

 
9945.01 =x  

9896.02 =x 

9646.03 =x 
 

),(),(),( 11 sysysy dual

k
kkkk ∆∆+=++ α 

 
)9983.0,0060.1(),( 11 =sy 

 
)9975.0,0010.0(),( 22 =sy  

  
)9986.0,0006.0(),( 33 =sy 

               
     
             The above procedure, will be repeated for 4 more different values of 

α , satisfying the condition (2.6b), having the final results: 

  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

9797.0
9793.0
9795.0
0007.0
0019.0
0023.1

1
1
1

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x
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Computation Results:  

  
            Twenty    problems   have   been   tested   for    a   comparison  study. 

 The number   of  iterations  have   been   considered  as  a  measurement   of 

the efficiency  to  all  methods,  as  shown  in  the  following  table(1).  

  
  

Number  of  iteration  
Size 
n×m 

 
Problem 
number 

 
Hybrid 

Modification 

  
Step Length 

Modification  

 
Path 

Modification 

 
Path 

Following  
١ ٥×٤  ١٦  ١١  ٩  ٦  
٢  ٨×٧  ١٧  ١٢  ١٠  ٦  
١٥  ١١  ٨  ٥  3×4  ٣  
٤  ٤×٢  ١٤  ١٠  ٧  ٤  
٥  ٧×٥  ٢٠  ١٥  ٩  ٦  
٦  ٨×٥  ٢١  ١٦  ١٠  ٦  
٧  ٩×٩  ٢٤  ١٨  ١١  ٦  
٨  ٩×٨  ٢٣  ١٧  ١٠  ٥  
٩ ١٠×٩  ٢٥  ٢٠  ١٤  ٧  
١٠  ٨×٢  ١٨  ١٣  ٩  ٥  
١١  ٧×٣  ١٩  ١٥  ١٠  ٥  
١٢  ٨×٤  ٢٠  ١٦  ١١  ٦  
١٣  ٩×٧  ٢٢  ١٧  ١٢  ٧  
١٤  ٨×٨  ٢٣  ١٨  ١٣  ٧  
١٥  ٧×٧  ٢٢  ١٨  ١٢  ٦  
١٦  ٦×٦  ١٧  ١٣  ١٠  ٥  
١٧  ٥×٥  ١٦  ١١  ٨  ٤  
١٨  ٤×٤  ١٥  ١١  ٧  ٥  
١٩  ٦×٤  ١٩  ١٤  ١٠  ٥  
٢٠  ٩×٦  ٢١  ١٧  ١١  ٧  

 

Table(1) 

Comparison  of   the   Results  for  the  Interior-Point   method  and   their 

modifications 
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(3.1) The Path Modification: 
           Since  the  path in  primal-dual algorithms  plays  an effective  rule  in  

solving  the problem [15], we suggested a modification on the path ρ  based 

on  the  nonnegative condition (2.4), in which we parametrized  it by a scalar  

0>τ  and each point ρτττ ∈),,( syx solve the following system:  

csyAT =+                                                                                   (3.1) 

bAx =                                                                                           (3.2) 

τ=ii sx                                                                                      (3.3) 

                                                                                   (3.4) 

 
           The  above  conditions  differ  from  KKT condition (1.11) only in the 

term τ  on   the  right-hand-side  of  (3.3).  Instead   of   the  complementarity 

condition (1.11c), we  require  that the pairwise products xi si  have  the same 

value  for all indices i. Therefore, another  way of  defining ρ  is  to use  the  

mapping F defined  in  (2.4)-(2.5) as: 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

e

ttt syxF
τ
0
0

),,(   ,   0),( >ττ sx                                                (3.5) 

 
             Equations (3.1)-(3.4) approximate (1.11) more  and  more  closely as 

τ  goes  to zero. If ρ converges to  anything  as  0→τ , it must converge to a 

primal-dual solution of the linear program[15]. This path thus guides us  to a 

solution along  a route that solutions keeping  all x and s components strictly  

positive   and  decreasing   the  pairwise  products  ii sx , ( ni ,...,2,1= )  to 

zero. 

0),( >sx
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 To describe this, we  introduce  a parameter ]1,0[∈σ  and  a measurement 

µ defined  by [19] 

 

n
sx

sxn

T

n

i
ii

==

∑
=1

1µ                                                                   (3.6) 

 

which measure the average value of the pairwise products ii sx , by writing 

σµτ =  and   applying  Newton`s   method  to the  system (3.5)  (which  is a 

modification to (2.7)), we obtain 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∆
∆
∆

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

eXSes
y
x

XS
A

IAT

σµ
0
0

0
00

0

                                               (3.7) 

 
and, we call this modification as ``path  modification `` . 

          To    demonstrate  this   modification,  we   solve  the   same   example 

presented  in chapter 2, by the  following  modified  algorithm:   

                 

Given  0000 ),,( Fsyx ∈  
 
For  ,...2,1,0=k  
 
Solve 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∆
∆
∆

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

eeSXs
y
x

XS
A

IA

kkk

k

k

kk

T

σµ
0
0

0
00

0

 
 
where   
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]1,0[∈σ    
and  

 nsx kTk
k /)(=µ  

Set  

),,(),,(),,( 111 kkk
k

kkkkkk syxsyxsyx ∆∆∆+=+++ α  

choosing  kα  such  that  0),( 11 >++ kk sx  

end(for). 

 
The solution of the example: 
     
Iteration 1 

Let                                                      

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

100
010
001

0X    ,   
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

100
010
001

0S        and         
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

0
0
1

0y  

 
where 
 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

0033.0
0033.0
0033.0

eσµ  

 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=+−
9966.0
9966.0
9966.0

00 eeSX σµ  

 
Therefor, from eq.(3.7) we get 
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

−
−

9966.0
9966.0
9966.0
0
0
0
0
0
0

100000100
010000010
001000001
000000132
000000622
000000241
100162000
010324000
001221000

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

 

 
By solving the above system we get: 
 
 

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

9970.0
9970.0
9970.0

0001.0
0299.0
0399.0
0
0
0

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

 

 

choose   01.00 =α  
 

),,(),,(),,( 000
0

000111 syxsyxsyx ∆∆∆+= α  
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⎢
⎢
⎢
⎢
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⎥
⎥
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⎢
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⎣
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Iteration 2 

Now  we  obtain  new  X  and  S   

 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

100
010
001

1X

   

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

9900.000
09900.00
009900.0

1S                                                                                              

 
where 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

0032.0
0032.0
0032.0

eσµ  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=+−
9867.0
9867.0
9867.0

11 eeSX σµ     

 
Therefor, from eq.(3.7) we get 
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⎢
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⎢
⎢
⎢
⎢
⎢
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⎥
⎥
⎥
⎥
⎥
⎥
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⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

−
−

9867.0
9867.0
9867.0
0
0
0
0
0
0

1000009900.000
01000009900.00
001000009900.0
000000132
000000622
000000241
100162000
010324000
001221000

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

 

 
By solving the above system we get: 
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⎢
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⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

9870.0
9870.0
9870.0

0001.0
02960.0
0395.0
0
0
0

3

2
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1

3

2

1

s
s
s
y
y
y
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x
x

 

 
Since we get  0),,( >SYX  in the last iteration, then  01 αα =  

),,(),,(),,( 111
0

111222 syxsyxsyx ∆∆∆+= α                                                                                 
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⎢
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⎢
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⎣

⎡

9801.0
9801.0
9801.0
0002.0
0004.0
0006.1

1
1
1

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x

      

           The above procedure, will be repeated for 10 more different values of 

α , satisfying the condition (2.6b), having the final results: 
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⎢
⎢
⎢
⎢
⎢
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=
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⎥
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⎥
⎥
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⎢
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⎣

⎡

9791.0
9791.0
9791.0
0003.0
0015.0
0011.1

1
1
1

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x
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 (3.2) The Feasibility Modification: 

          Since  the choices  of  parameterσ  and step length kα  are  crucial to 

the performance of the method. Techniques for controlling these parameters, 

directly and indirectly, give  rise  to  a wide  variety of  method (see [13]). In 

the   original  algorithm   and   its   modification,   we have assumed  that the 

starting point is strictly  feasible and  in   particular    it  satisfies   the   linear 

equations  bAx =0  , csyAT =+ 00 .  

          Since in most  problems, however, a strictly feasible starting points are  

difficult   to  find,   while   infeasible-interior-point   require   only   that   the 

components  of  0x and  0s   be   strictly  positive.  We  modified  the  search 

direction so that it improves feasibility at each iteration, but this requirement 

entails  only  a slight  change  to  equations (3.1) and (3.2). Let  ),,( *** syx  

be an approximate solution to system (3.1)-(3.4) we  define  the residuals for  

the two linear equations as: 

 

bAxrb −= ∗
   ,    csyAr T

c −+= ∗∗
                                            (3.8) 

 

then  the  modified  system  become: 

 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−
−
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∆
∆
∆

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

eXSe
r
r

s
y
x

XS
A

IA

b

c
T

σµ0
00

0

                                                (3.9) 

 

               The   search  direction  is   still   a  Newton  step  toward   the  point 

ρτττ ∈),,( syx .   It    tries  to   correct    the   infeasibility   in  the  equality 

constraints   in  a  single  step.  If   a  full  step  is  taken  at any iteration (that 



Modification                                                 Chapter Three                                                

 

is, 1=kα   for  some  k ),  the   residuals  br  and  cr   become  zero,   and  all   

subsequent  iterates  remain  strictly feasible.  

Now, to  demonstrate this  modification, we  solve  the same example, by the 

following  modified  algorithm:  

Given 0000 ),,( Fsyx ∈  

for  ,...2,1,0=k  

and 
bAxrb −=             csyAr T

c −+=  

Solve 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−
−
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∆
∆
∆

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

eeSX
r
r

s
y
x

XS
A

IA

kk
b

c

k

k

k

kk

T

σµ0
00

0

 

Where  ]1,0[∈σ   and   nsx kTk
k /)(=µ  

Set 

 

choosing  kα   such  that   0),( 11 >++ kk sx  

end(for). 

    

The solution of the example:                                                                     

Iteration 1 

Let 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

100
010
001

0S

        ⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

100
010
001

0X

  
 

  
  

 

),,(),,(),,( 111 kkk
k

kkkkkk syxsyxsyx ∆∆∆+=+++ α

bAxrb −=
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

7
0
0

br 

        
csyAr T

c −+= 
  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

6
7
8

cr 

  
where 

 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

0033.0
0033.0
0033.0

eσµ  

      
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−

=−
1
1
1

00 eSX  

  
  

  
  
  

  
Therefor, from eq.(3.٩) we get 

  
  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−
−

−
−

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−
−

−
−

9967.0
9967.0
9967.0
7
0
0
6
7
8

100000100
010000010
001000001
000000132
000000622
000000241
100162000
010324000
001221000

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
x
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⎦

⎤

⎢
⎢
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⎣

⎡

−
−
−

=+−
9967.0
9967.0
9967.0

00 eeSX σµ
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By solving the above system we get: 
  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
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⎢
⎢
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⎢
⎢
⎢
⎢
⎢
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−
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⎥
⎥
⎥
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∆
∆
∆
∆
∆
∆
∆
∆
∆

9901.0
9901.0
9881.0

0025.0
0204.0
0328.0
0087.0
0087.0
0110.0

3

2

1

3

2

1

3

2

1

s
s
s
y
y
y
x
x
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choose   01.00 =α  
 

),,(),,(),,( 000
0

000111 syxsyxsyx ∆∆∆+= α  
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⎢
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⎢
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⎢
⎢
⎢
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9901.0
9901.0
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9999.0
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3
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1
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s
s
y
y
y
x
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Iteration 2  

Now  we  obtain  new  X  and  S   

  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

9901.000
09901.00
009901.0

1S    , 

                      
  
where 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

9999.000
09999.00
009998.0

1X
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−
−
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6989.0
0001.0
0001.0

br  

  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

9381.5
8911.6
9983.7

cr  

  
   

 
 
 

 

⎥
⎥
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⎦
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⎢
⎢
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⎣

⎡
=

0032.0
0032.0
0032.0

eσµ 

                                             

⎥
⎥
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⎦

⎤

⎢
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−
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9861.0
9867.0

11 eeSX σµ  

 
Therefor, from eq.(3.٩) we get 
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010324000
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3
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s
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y
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x
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11 eSX
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By solving the above system we get: 
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01 αα =  in the last iteration, then 0),,( >SYX   Since we get 

),,(),,(),,( 111
0

111222 syxsyxsyx ∆∆∆+= α  
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             The above procedure, will be repeated for 5 more different values of 

kα , satisfying the condition (2.6b), having the final results: 
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           From  the  computational  results of  this  work,  we  could  have  the  

following  conclusions:  

1. The  path  modification  takes  less   number  of  iterations  than  the  path- 

following  method, because  of   the  path   in  primal-dual  algorithms  plays 

an  effective  rule  in  solving  the  problem. 

2. The  feasibility  modification  takes   less   number  of   iterations  than the 

path-following   method  and   the   predictor phase, because  of  the  choices 

 as  well  as  the  positivity  of  x0  kσ  and  step  length kα of   the   parameter  

and  s0.  

3. The   hybrid  method  shows   less   number  of  iterations  than  the   path-

following   method,  path   modification   and   the   feasibility  modification, 

because  of   the  way  of  calculating  the  parameter σ, as well as the change 

of the right-hand side in (4.1) to be as in (4.4).  

 

           For  the  future  work, we  are  suggested  the  following: 

1. Comparision study between our  hybrid  method and the  simplex  method 

for  different  structure of  linear  programming  problems. 

2. Studying  the  convergence  theory  of  our  hybrid  method. 

3. Reformulation  of   the   linear  systems,  especially  when  the  coefficient 

matrix usually large and sparse, in which  implementation of  the  algorithms 

to be  easier  than  the  original  form. 

4. Extended  our  algorithms  to  a wider  class  of  problems, such as convex 

quadratic  programming  problems. 
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Introduction  

  
  

       The development of  linear programming  started about  sixty years  ago 

when  G.B. Dantzig   and   others  formulated   the simple method   (see [2]), 

in   which   various  surveys   confirm   that   it    is   still   the  most   widely 

technique    used   in   practice. Its   fields  of   application   range   from   oil 

refinery  management  to  hospital diet planning; problems with thousands of 

variables  and  constraints are  solved routinely by sophisticated  commercial 

codes.  

  



  
  

 
                         

Following - Path 

Method  

            In  the  1980s   it  was  discovered that many  large  linear   programs 

may  be   solved efficiently by  formulating  them as nonlinear problems and 

solving  them  with  various  modifications of  nonlinear algorithms  such  as 

Newton`s   method [11,17,23].  One  characteristic  of   these   methods  was 

that   they   require   all    iterates  to  satisfy   the   inequality  constraints   in 

the    problem   strictly,  so   they   soon   became   known   as   interior-point 

methods.  



 

 

  
                          

Modifications  
  
  
  
  

             In  [15, 8, 18, 19],  several  notes  had  been  suggested,  some  ideas 

concerning    the     path   solution   and   the   step   length,   hopping   better 

performance.   

             In   this chapter,   we  discussed   two  modifications  to  the  interior 

method  which   have   been presented in chapter two. The first modification, 

concern  on  the  path  solution,  called  path  modification, while  the second  

modification, concern the feasibility solution, called feasibility modification.  

  



  

  
  

  
  
  
  
 

                          
    

Hybrid  Method  
 

 
  
 
  
  
 

             In  this  chapter, we  are  presenting  a  hybrid  method, based  on the 

results of  path and  feasibility  solution modifications, discussed  in  chapter 

three,  by   combining   these   two    modifications   together,  we  call   it  as 

``hybrid`` method. 
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  الاهــداء

  

 …اتخذه مثالا أقتدي به الى من
  الى الشمس التي تنير لي الطريق   
  والدي العزيز                            

  
  …من أجلي تني وضحتالى من شجع

  الى البحر الذي يغمرني بحنانه  
 والدتي العزيزة                              

  
 )محمد(الى اقرب الناس لي وخيرهم نصحا وعونا اخي 

  
  )نسرين(الى من رسمت على شفتي ابتسامة الامل اختي 

  
     )حسن، علي (زاء الى مكمن قوتي في هذه الحياة اخوتي الاع

  

  
  



  

  

  

  

  

  

  

  



 
                                            

                                                  
    
                                           
     

 

 
 

       

 

 

 

 

 
 
 

 

 
     

 

 
 

 

  



  
  
  

                     
                                        

  
                           

 
 
 

  
 

 
 

  

  

  

  
 
 

  

  

  

  

 
  

  
 

    
  

                                  



  المستخلص
  

احد     هي  والتي      Path-Following   خوارزمية    دراسة   تم   العمل   هذا   في

تعالج     والتي ``Interior-Point Algorithms`` المسماة     الخوارزميات

    .الخطية  حلول  النماذج  الرياضية

الاول يتعلق    التحوير .  نيتحوير   بأجراء   الخوارزمية   هذه   مناقشة   تم 

Path  Solution    التحوير الثاني  فيتعلق أما    .Feasibility  Solution 

  مهجنةجديد للحصول  على  طريقة    بأسلوب  التحويرين  ربط هذين  تم  وقد

في    واحدة  رياضية  مسألة   اعتمدت  وقد   ``Hybrid Method``سميت  

  اعتماد عدد  تم ، ذلك  ضافة  الىباللأ .خوارزمية لكل   واعتماد الحل  اختيا ر

افضل    نتائج  نةيزمية الهجمن المسائل  لغرض المقارنة حيث اظهرت الخوار

   .النتائج في دقةالالتكرارات و من حيث عدد
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