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ABSTRACT

The objective of this work may be oriented towarms aspects.

The first objective is to study fuzzy set theorg,eell as some of its basic

algebraic properties and theoretical results.

The second objective is to study D-metric spaceMrdzzy metric spaces,
and some of their properties. Also, the objectnaudes the study of complete fuzzy

metric space by using M-fuzzy distance function.
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FUTURE WORK

The following problems may be recommended as open problems

for future work:

1. Study the completeness of D-metric spaces, in general, and the

completeness of fuzzy D-metric spaces, in particular.
2. Studying the compactness of M-fuzzy metric spaces.

3. Study other fixed point theorems of M-fuzzy metric spaces, such as

Schuder fixed point theorem, Sadoviski fixed point theorem, etc.

4. Introducing the M-fuzzy topological spaces and its separation

axioms.
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INTRODUCTION

The concept of fuzzy sets was introduced initiddly Zadeh in
1965. Since then, this concept is used in topokoyy some branches of
analysis, many authors have expensively developedheory of fuzzy
sets and application, [2].

We start with the obvious definition of fuzzy séfs fuzzy set,

termed by A, in a space of objects X is a class of events with
continuous grade of membership and is charactebyea membership

function, termed agi; , which associates for eachi kX a real number
in the interval [0, 1]". The value ofi;(x) represents of grade of
membership of x inA | i.e., denotes the degree to which an element or
event x may be a member Af or belong toA , [18].

The characteristic functiom;, in fact, may be viewed as a

weighting function that reflects the ambiguity in set. As the

membership value approaches unity, the grade of besship of an

event inA becomes higher. For example; (x) = 1 indicates that the

event x is strictly contained in the sét, and on the other hand,

Uz (x) = O indicates that x does not belong Ao. Any intermediate

value would reflects the degree on which x couldabmember ofA ,

[4]
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Classical examples, such as the class of animadsclass of
beautiful women or the class of tall men, or lasjeeets, etc. are all

good examples that explain the definition of fuzeys, [18].

Moreover, every day life, we are used too propsnidich can
not be dealt with satisfactorily on a simple “yes™no” basis. Whether
these properties perhaps best indicated by a sifagtay, rather than by
the black or white. Assigning each individual ip@pulation on a “yes”
or “no” value, as is done in ordinary set theormas an adequate way of

dealing with properties of this type, [2].

Historically, the general accepted birth date eftiineory of fuzzy
sets back to 1965, when the first article entitlezzy sets” by L. A.
Zadeh appeared in the journal of information anctr@d. Also, the term

“fuzzy” was introduced and coined by Zadeh for flst time in this
paper, [4].

Zadeh's original definition of fuzzy sets is to stder a class of
objects with a continuum of grades of membershigchsa set is

characterized by a membership (characteristic)tfonavhich assigns to

each object a grade of membership value rangingdasst O and 1.

Chang, C. L. in 1968 used the fuzzy set theorydifining and
introducing fuzzy topological spaces, while Wong, IK in 1973,

discussed the covering properties of fuzzy topaalgspaces, [12].

Ercey, M. A. in 1979, studied fuzzy metric spacexl ats

connection with statistical metric spaces, [4].



I ntroduction

Ming P. P. and Ming L. Y. in 1980, used fuzzy tapyp/) to define
neighborhood structure of fuzzy point and Moore4{Bntonvergence,
[4].

Zike Deng in 1982, studied the fuzzy point and dssed the

fuzzy metric spaces with the metric defined betwien fuzzy points,
[4].
The main objective of his work is to study and mrothe

completeness of fuzzy metric spaces using M-fuzetrimspaces.
This thesis consists of three chapters.

In chapter one, we introduce some of the basic ssarg
concepts, in which basic definitions and algebpmperties are given
with some illustrative examples. An extension pipfehas been used to
generalize crisp mathematical concepts to fuzzyhemaatical concepts.
As well as the introduction ofi-level sets has been considered as an
intermediate set between fuzzy sets and ordindsy 8¢ the end of this
chapter, we discusses fuzzy topology, fuzzy mespaces and its

completeness.

In chapter two, a brief introduction to the theafy M-fuzzy
metric spaces is given in order to make this themsspossible of self
contents. This chapter consists of three sectitmssection 2.1, we
introduce some basic definitions related to thibjestt, including the
definition of T-norms and M-fuzzy metric spacesngsifunctions of
three tuples. In section 2.2, we present the cdnaeP-metric spaces,
which has its connectivity with M-fuzzy metric sgac¢ in which the

distance in M-fuzzy metric spaces is defined ushegD-function. Also,



I ntroduction

in this section we give the proof of some importeggults. In section

2.3, additional results are given with their proofs

In chapter three, we discuss the completeness tfz¥ly metric
spaces. This chapter consists of two sectionse¢tian 3.1, additional
theoretical study to the M-fuzzy metric spacesiieg using functions
of four tuples where it is noticeable that thisteetincludes some new
results to the best of our knowledge. Also, thistisa consists of some
well selected examples, with their solution, whildinstrate the M-fuzzy
metric spaces. Finally, section 3.2 presents tindysbf the completeness

of M-fuzzy metric spaces.
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CHAPTER THREE
COMPLETENESS OF M-FUZZY METRIG SPACES

The purpose of this chapter is to study the corapkts of M-
fuzzy metric spaces and some basic concepts insfases, which are

related to the M-convergence of such metric spaces.

For substantially understanding of the idea of Mzfu metric
spaces, we find it is convenient to present soneeiapexamples with

details.

George and Veermamani [5], Kramosil and Michalekveha
introduced the concept of M-fuzzy topological sgaceduced by M-
fuzzy metric spaces which have very important ajapilons in quantum
practical physics particularly in connections whiakere given and
studied by El-Naschie. Many authors [7] have proteel fixed point
theorem in M-fuzzy metric spaces and upon such rgémnation is the
generalized metric space. He proved some resulfsxed points for a
self contractive mappings for M-complete and bouhdd-metric
spaces, [15].

Here, we obtain the following result, that is thepdlogy
generated by any M-fuzzy metric space is metrizable also show that
if the M-fuzzy metric space is complete, then tle@erated topology is

M-completely metrizable, [17].
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Chapter Three Completeness of M-Fuzzy Metric Spaces

3.1 ADDITIONAL RESULTSIN M-FUZZY METRIC
SPACES

In this section, some additional important resukdated to
M-fuzzy metric spaces are presented which are sacesfor the

completeness of M-fuzzy metric spaces.

Now, recall that from chapter two, typical exampbdésontinuous

T-norm that may be used in this chapter, which are:
a*b=ab
a*b=min {a, b}.

We start first with the following generalization BFfuzzy metric

spaces, i.e., generalization of definition (2.3.2).

Definition (3.1.1), [15]:

A 4-tuple (X, My, *) is called M-fuzzy metric space if X is an
arbitrary (nonempty) set, * is M-continuous T-noand M is a fuzzy
subset of %XxXx(0, =), satisfying the following conditions for each

X,¥,z,adXandt,s>0:
1. Mp(x,y, z,t)>0.
2. Mp(X,y, z,t)=1ifand only if x=y = Z.

3. Mp(X, Y, z, t)= Mp(p{Xx, vy, z}, t), where p is a permutation function

of X, y and z.
4. Mp(x, Yy, a, )*Mp(a, z, z, Sk Mp(X, Yy, Z, t + S).

5. Mp(Xx,Y, z,*) :(0,00) 0 - [0, 1] is a continuous.
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Remark (3.1.1), [17]:

Let (X, d) be a metric space and define ahab, for every
a, bl [0, 1]. Let My be the function defined onXXx(0, «) by:

t

—t>0
t+d(x,y)

Ma(X, y, t) =

Then (X, M, *) is a M-fuzzy metric space andyNé called the M-fuzzy

metric induced by d.

The next definition may be considered as a germatadn to the

definitions (2.2.2) and (2.2.3) given in chapteotw

Definition (3.1.2):

Let (X, Mp, *) be a M-fuzzy metric space and |at be a fuzzy
subset of X. Let M denote the restriction of M foxA xA, then

(A, Mp, *) is called M-fuzzy metric subspace of (X plF).

Definition (3.1.3):

An M-fuzzy metric (X, M, *) is said to be bounded (M-bounded)

if there exists a positive real number k, such:that
Mo(X, Yy, z, t)< k, forall x,y, zO X, t>0

and in such a case k is said to be an M-bound fdvioteover, if ELI X,
then E is said to be M-bounded subspace if theistsea positive real

number n, such that §x, y, z, t)< n, for all x, y, z[1 E.
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Definition (3.1.4), [15]:

Let (X, Mp, *) be a M-fuzzy metric space, M is said to be

M-continuous function on XXxXx(0, ) if:

lim MD(Xm ym Zy, tn) - MD(X1 y’ Z, t)

n — oo

Whenever a sequence {(¥n, z, t,)} in X xXxXX%(0, o) is M-converges

to a point (x, y, z, )] XxXxX x%(0, «), i.e.,

lim x, =X, limy,=y, lim z,=z, and

lim Mp(X, Yy, z, t) = Mp(X, Y, z, 1)

n— oo

The next lemma shows that condition (4) of defomti(3.1.1)
may be proved in all cases and thus this condimay be violated from

the definition.

Lemma (3.1.1):

Let (X, Mp, *) be an M-fuzzy metric space. Define
Mp : XxXxXx(0, ) 0 - [0, 1], by:

Mb(X, ¥, Z, )= Ma(X, Y, )*Md(y, z, 1)*Md(z, X, 1)
Then:

Mp(X, Y, z, t + s Mp(X, Y, a, t)*Mp(a, z, z, S)
for everyt,s >0 and x, y,[Z X.

Proof:

Since:
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Mo(X, Y, Z, )= Mu(X, ¥, D*Md(y, Z, *M4(z, X, 1)
Then:
Mp(X, Y, a, t)= Mq(X, y, )*My(y, a, )*Mg(a, X, t) ceoevrerneen. (3.1)
and
Mp(a, z, z, SF Mq(a, z, S)*M(z, z, S)*My(z, @, S) c.eeevvvneeenn. (3.2)
and hence by definition (2.3.2):
Mb(X, Y, Z, t + S My(X, Yy, t + S)*My(Y, z, t + S)*My(z, X, t + S)
= My(X,y, 1)*My(y,a,t)*Mqy(a,z,s)*My(z,a,s)*My(a,x,t)
=Mp(X, Y, a, )*My(a, z, s)*M(z, a, s) (using eq.(3.1))
= Mp(X, Y, &, 1)*My(a, z, s)*My(z, a, s)*1
=Mp(X, Y, a, )*My(a, z, s)*1*My(z, a, S)
=Mo(X, y, &, )*My(a, Z, 8)*M(z, Z, 5)*My(z, &, )
=Mp(X, Y, a, t)*Mp(a, z, z, S)

which follows from definition (3.1.1) and eq.(3.2)m

Among the main results in this work is the follogitwo lemmas:

Lemma (3.1.2):

Let (X, D) be a D-Metric space, and let:

t
Mp(X, VY, z, t)= >0
o(X, Y ) t+D(x.y.2)

where:
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Chapter Three Completeness of M-Fuzzy Metric Spaces

D(X,y, 2)=[x=y| + |y=z| + |z= X]
Then (X, Mp, *) is a fuzzy metric space.
Proof:

To prove that the conditions in definition (3.1dke satisfied for
all x,y, z, all X.

1. Mp(X, Y, z, 1) >0, since D(x, y, z) > 0, for all tG>
2. If x=y=2zthen [x-y[=0, |[y-2z|=0, |[z- x| = 0, and hence
Mb(X, Y, z, tFl
If Mp(X, Yy, z, )=1, then [x-y| + |y— z| + |z— x| = 0, and therefore
X=y=2z.
3. Since from the symmetry of the distance functon
D(x, y, 2)=D(y, X, 2)= ...
hence:
Mb(X, Y, z, t)= Mp(y, X, z, t)= ...
l.e., Mo(X, Y, z, )= Mp(p{Xx, vy, z}, t)
4. From lemma (2.3.1) and lemma (3.1.1), we have:
Mp(X, Y, Z, t + SFE My(X, Y, t + S)*My(y, z, t +S)*My(z, X, t + S)

t+s t+s t+s

* *

t+st|x—y| t+st|y—-z| t+s+|z— x|

t t S S

* * * *

Ct+|x-y| t+|y-a| st|a—z s+|z-a

_t
t+]a— X|
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t S s

— * *

_t+|x—y|+|y—a|+ |l X st|a—z st|z-a

S
st|z-z

t . S

Tt Ix-yl*ly-aF |a x| 5 |a 2 fz 2| tz

=Mp(X, Y, &, t)*Mp(a, z, z, s), for every s >0

5. Let x, y, zO X, t >0 and let (%, Y. Zn t,) be a sequence in
XxXxXx(0, ) that M-converges to (x, Y, z, t).

Since (X, Yn Zn th) is a sequence in [0, 1], then there is a

subsequence (X VYn, Z., t) of (X, Yn Z. t,), such that the

subsequence (xy,, z,, t,) M-converges to some point of [0, 1].

Fix 5> 0, so thab < % then there isg0 [ , such that:
t. — t| <&, for every = ny

So

MD(Xn; yn, Zn; tn) 2 MD(Xn; yn, Zn; t- 6)

45 0
> MD(Xni yn, Z, t- ?)*M D(Z’ yANAY 5)

50 o o
2 MD(Xm Z1 y, t_ ?)*M D(y’ yn; yn, 5)*M D(Z’ Z’h Zn; 5)

o o
2 MD(Z’ y; X1 t_ 26)*M D(X’ Xm xm 5)*M D(y1 yn, yn; 5)*

o
MD(Z’ Z’h Zn; 5)
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and

Mp(X, Y, Z, t+ D)= Mp(X,y, 2,1 +0)

20 o
2 MD(X1 y’ Z’h tn + _)*M D(Zm Z1 Z1_)
3 3
o o o
2 MD(X;Zn;yn;tn+§)*M D(Yn, y; ya 5)*M D(Zn; Z; Zag)

0 0
2 MD(Zm yn, XI’]’ tn)*M D(Xn; X’ X1 5)* M D(yn, y’ Y; 5)*

0
MD(Zm Z1 215)

for all n> ny. Taking the limits as ol — oo, yields:

lim Mp(Xn, Y, Zn, 1) = Mp(X, Y, Z, t— 20)*1*1*1

n— oo
= Mp(X, Y, z, t— 20)
and

Mp(X, VY, z, t+ D)= lim Mp(Xn, Yn, Zn, t)*1*¥1*1

n—oo

= lim Mp(Xn, Yn, Zn, t)

n — oo

taking the limit a®d 0 - 0, then

lim MD(Xn; Yni Zn, tn) - MD(X! Y. Z, t)

n - oo
Therefore, M is continuous on XXxXx(0, )

Hence (X, M, *) is M-fuzzy metric space. =
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Lemma (3.1.3):

Let X=[ and let:

t
Mp(X, VY, z, t)= , >0
o(X, Y ) t+D(x.y.2)

where:

D(x,y, z)=max{|x-vy|, |y-z|, |z= x|}, O x,y, zO X
Then (X, M, *) is M-fuzzy metric space.
Proof:

Since, by letting x, y, z, @ X

1. Mp(X, Y, z, t)= L > 0,0t>0since |x
t+max{|x-yl.|y- z|.|z x|

y| >0, ly-z| >0and |z x| > 0.

2. 1f Mp(Xx, y, z, t)= L =1 then max{|x-
t+max{|x-yl.|y- z|.|z x|

yl, Y= z|, |z— X|} = 0 and hence x y = z and also max{|x y|, |y—
z|, |z— x|} = 0 implies that M(x, v, z, t)= 1.
3. Clear that M(x, vy, z, t)= Mp(y, X, z, t)=Mp(z, X, Yy, t)=...

t+s

4. Mp(X, VY, z,t+s
olx. ¥ F trsrmadl yl v Zhz x|

t+s t+s

* *

- t+s+ max{|x-y|} t+s+max{|y-zl|}

t+s
t+s+ max{| z— x|}

(by lemma (3.1.2))
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t t S

* * *

t+max{|x-y|[} t+max{|y—al} s+ max{|a— z|]

v

S t

* *

s+ max{|z— a|] t+max{|a- x|}

t S

— * *

t+max{|x-y|,|y-al,|]a& x| s+max{|a- z|]

s x S (by lemma (3.1.3))

s+ max{|z— a|] s+ max{|z- z|}

t

—_ *

t+max{|x-yl.|y-al.|a x|

S
s+ max{|a— z|,|z z|,|z a

=Mp(X, YV, a, t)*Mp(a, z, z, s)It,s>0

5. Let x, y, zO X, t > 0 and let {(%, Y Zn t,)} be a sequence in
XxXxXx%(0, o) that M-converges to (X, vy, z, t).

Since {(X,, Yn Zn t,)} is a sequence in [0, 1], then there is a
subsequence {{X Vn, Zn t)} of {(X'n, ¥, Zn tn)}, such that the

subsequence {{(xVYn, z. t,)} M-converges to some point of [0, 1].

Fix 6> 0, so thad = % then there isgd [1 , such that:

|t, — t| <9, for every = ng
So

MD(Xn; yn, Zn; tn) 2 MD(Xn; yn, Zn; t- 6)

_ t—9
t—=0+max{| X, = Vo LIYn— 2z, .|2— % |
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)

t- 25+
_ 3°7 3

4_ 9B :
t—§6+§+maX{|Xn_yn|’|yn_Zn 17— % |

t——"
3 *

4 :
t—?+max{|xn-yn LIVa—zllz % |

o
3

5
§+max{|z-zn .lz- % Iz z|

t_i
3 *

45 -
t=— *max{iXy = yn L% = 211z % |

)

3
o
3 Tmax{|z=z 1.0,/z - z|

4
> = 3 *
t_g'l'maX{an_ynl!lyn_Zl’lz_ )F] |
o
3

=40 0

_ 3 x 3
T -0
t—?+max{|xn—yn|,|yn‘Z|,|Z‘ % | §+|Z_Zn|
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(-0
2755 ° '
t—§+max{lxn-2|,|2— YLy % |
[¢
3 %
5
§+max{|y-yn LIYa= Yo L= Y1)
[
3
5
§+max{|z-zn .lz- 7 l.Ig— z|
(-0
3 .
=755 -
t—§+max{lxn—2|,|2‘ YLIY x|
[¢ ¢
3 . 3

0 o)
“tly- —+|z-
3Iy yn|3l z, |

t—25 .
t-25+ max{|z- y|,| y- x|.|* z|
S

3 .

5

§+max{|><-><n 1% = X0 L% = X1
5

3 *

0
§+max{|y_yn |a|yn_ Yn |’|y1_ yl}
o)

3
0
5+max{|z—2n Lll1z— 2 |.1g— z|

\Y

and withd = L
2
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t t

> 6 * 6
crmax{|z=y LIy xLbe z[ ctlxexg |

*

t t

6 * 6
Ly=vyal L4yz-z ]
6 "6 %n

and

M(X, Y, z, t+2D)=>M(X,y, 2, 1, +90)

N t +5
Cty+d+max{| x-yl|,ly- z|,|z x|

28
t o+
"3

= 25 |
tn+§+max{lx—y|,|y- z, I.lga— x|

*

o

3

§+max{|zn—z|,|z— z|,\|z 7 |

e D :

* 3
20 -0
ty+ 5 +maxdlx-y LIy 7 L1g= x| S+lz -zl
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S
t, +—
"3 %

v

) :
to + <+ max{| x=2, |17~ % LIw- x|

)

3 x
S
§+max{lyn—yl,ly- YLEIY- % [}

o

3
o
Srma|z, - zllz zllz ¢ |

{40 o
- "3 x 3 .
o) .0
ta+o ¥ maxd|X=2, 117~ w0 L%~ X[ S+ 1¥a =l
o
3
6+|z - z|
3 n
> b *
tn+max{|zn_yn |’|yn_ Xn |’|)§’1_ Z |
o
3 *
0
S max{lx, = x|l x= x|.e % |
[
3 *
0
§+max{lyn-y|,ly-yl,ly- % ]
o
3

)
3 Tmax{|z, - z||z z|.|z ¢ |
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o
> tn * 3 *
th+max{|zo = Yo LIV = % L= 72 | Oy —y
3
o o
3 +__3

® rlyn-yl 241z, -2
3 ' 3 "

tn
tn+max{| Zn— Yn |’|yn_ Xn |’|)§’1_ 4 |

v

for all n> ny and by taking the limit asid - oo, yields:

lim Mp(Xn, Yn, Zn, 1) = Mp(X, Y, z, t— 20)*1*1*1

n- oo
> Mp(X, Y, Z, t— 20)
and

Mp(X, Y, z, t+ D) = lim Mp(Xn, Vn, Zn, t)*1*¥1*1

n - oo

= lim Mp(Xn, Yn, Zn, t)

n - oo

taking the limit a® [0 - 0, one can immediately deduce that:

“m MD(Xm ym Zn; tn) - MD(X1 y’ Z’ t)

n - oo
Therefore, M is continuous on XXxXx(0, )

Then (X, Mp, *) is M-fuzzy metric space. =
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Remark (3.1.2), [15]:

Let (X, Mp, *) be M-fuzzy metric space, then one can proa th

for every t > O:

Mp(X, X, Y, )= Mp(X, Y, Y, t)

Which follows directly from lemma (2.2.1).

Let (X, Mp, *) be an M-fuzzy metric space, for t > 0 the M-npe
ball By (X, r, t) with center xJ X and radius O <r < 1 is defined by:

Bu(x, r,)={y O X: Mp(X,y,y,t)>1-r1}

A subset A of X is called M-open set if for eachHxA, there
existst>0and 0 <r <1, such that(i, r, t) O A.

A sequence {} in X is M-converges to X1 X if and only if

Mp(X, X, %, 1) 0 - 1 as ] - o, foreacht>0

A sequence {} is called M-Cauchy sequence if for each

O<e<landt>0,there existgsd [l , such that:
Mp(Xn, Xn, Xm, 1) > 1—€, 0N, M= ng

The M-fuzzy metric space (X, M *) is said to be M-complete if

every M-Cauchy sequence is M-converges.

The following result is given in [15] without delsi Here, we

give the details of the proof.
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Lemma (3.1.4), [15]:

Let (X, Mp, *) be an M-fuzzy metric space. Thenb4, vy, z, t) is
nondecreasing with respect to t, for all x, y] X, where:
Mo(X, Y, Z, )= Mo(X, y, *Md(y, Z, )*My(z, X, 1)
Proof:
By definition (3.1.1)(4) , for each x, y, z[AX and t, s > 0, then
from eq.(3.2):
Mp(a, z, z, SF Mq(a, z, S)*M(z, a, s)*M(z, z, s)
hence
Mp(X, Y, a, )*Mp(a, z, z, Sk Mp(X, Y, Z, t + S)
Setting &= z, and then using lemma (2.3.1) and lemma (3.1.1):
Mp(X, Y, z, )*Mp(z, z, z, SE Mp(X, Y, Z,t + S)
That is:
Mp(X, Y, z, t + sSE Mp(X, Y, z, t)

Hence M is nondecreasing. &

3.2 FUNDAMENTAL RESULTS

Completeness of M-fuzzy metric spaces play an ingobntole in

the analysis of the subject.

In the next lemma, we use the sgf Which is defined by:

Un ={(X, Yy, 2) O XxXxX| Mp(X, Y, z,l) >1- 1}
n n
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Lemma (3.2.1):

Let {U,, nJ W}, be a sequence of subsets ofXX, such that
Up = XxXxX, where W is any index set and, dontains the diagonal

(the identity relation is called the diagonal), dhdioUn+10Un+ O Uy, O
n, whereo denotes the composition of three uniformly M-coatins

functions is a given uniformly M-continuous. Therett is a non-

negative real valued function d orxX, such that:
a. d(x, z)< d(x, y) + d(y, 2).

b. U, O{(x,y) | d(x,y) <Z2"=1(x, y)} O Uy, foreach rid [ and if

each U is symmetric (i.e., & U™).
Then there is a pseudo-metric d satisfying conalihm.
Proof:

See[9]. =

Definition (3.2.1), [9]:

A family A is o-locally finite (o-discrete) if it is the union of a

countable number of locally finite (respectivelysaete) subfamilies of
A.

The statement of the metrization theorem may berdposed

into the following two lemmas:
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Lemma (3.2.2), [9]:

If X is a uniform space which has a countable b#sen X is

pseudo-metrizable.
Proof:

If X has a uniformityV with countable base {J, then by the

principle of mathematical induction, we can constra subsequence
{U .}, such that:

1. Each U is symmetric.
2. UnOUnOUn |:| Un—l.
3. U, 0V, OnQd 0.

Hence {U} form a base forl and hence by the metrization lemma

(3.2.1), we have a uniform space (¥,s a pseudo-metrizable.m

Lemma (3.2.3), [9]:

A regular T-space whose topology hassdocally finite base is

metrizable.
Proof:

It will be shown that there is a countable familyoF pseudo
metrics on the space X, such that each member®M-continuous on
XxX and such that for each closed subset A of X ath @oint x of
X = A, there is member d of F such that d-distancenfroto A is

positive.
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This will be prove metrizability, for the map of Xto each of the
pseudo metric spaces (X, d) will then be M-contirgjand since from
the embedding lemma [9], and since if we let {(&,), n [0 W} be a

sequence of pseudo metric spaces, each of diametaost one, and
define d by:

d(x, y)= D 27" dy (Xn,Yn)
nCT)

Then d is a pseudo-metric for the Cartesian prodinct the pseudo-

metric topology is the product topology, [9].

The problem is then to construct the family F.

Let B be ao-locally finite base for the topology of X, and g@gse that:
B=0O{B,:nOWj}

where each Bis locally finite.

For every ordered pair of integers m and n andefmh member U of
Bm, let U be the union of all members of, Bvhose closures are

contained in U.

Because Bis locally finite the closure of Us a subset of U and there is
a M-continuous function;fon X to the unit interval which is one ori U

and zero on X U.

Hence letting (Since a regular space whose topoluag/ ac-locally

finite base is normal), [9]:

d(x,y)= Z |fu(x) ‘fu()’)|

UCB,
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The continuity of d on XX is straight forward consequence of the local

finiteness of B.

Finally, let F be the family of pseudo-metrics ddamned, since pseudo-
metric was constructed for each ordered pair @&gets, F is countable,
if A is a closed subset of X andkxX — A, then for some m and some U
in B, it is true that XJ U [0 X — A, and for some n and some V ip B

is true that X0V and V O U.

For the pseudo-metric d constructed for this pais iclear that the d-

distance from x to A is at least onem

From the theory of topological spaces, the debnitof Hausdorff
topological space that; a topological space (Xjs called Hausdorff
space if given distinct points X,y X, there exists an open sets U and V
suchthatxXJ U, yOOVand Un V =[1.

The result may be generalized to fuzzy set thedmyfuzzy
topological spaces) using the propertiestdével sets depending on the

relation between-level sets (crisp sets) and fuzzy sets, where:

which says that, if tha-level set A, O a [J [0, 1] satisfy or have certain

property, then the fuzzy sét has also that property.

Now, if Aq, 0 a O [0, 1] is a Hausdorff space, thén is a fuzzy

Hausdorff space.
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Lemma (3.2.4), [17]:

Let (X, Mp, *) be a M-fuzzy metric space. Theg is a Hausdorff
topological space and for eachlk X, {B(x, 1/n, 1/n) | nO 0 } is a

neighborhood base at x for the topolagy

From the above lemma one can note that every foetyic space

indeed is a fuzzy Hausdorff space.

Theorem (3.2.1):

Let (X, Mp, *) be an M-fuzzy metric space, and let:

t

>0
t+D(X,Y,2)

Mp(X, Y, z, t)=

where:
D, y, 2)=[x-yl|+|y-z}+ |z X
then (X,ty) is metrizable fuzzy topological space.

Proof:

For each nid [J , define:
Un={(x, Y, 2) 0 X000 | Mo(x, y, 2, 1/n) > - 7}

where:

t
t+D(X,Y,2)
1
n

Mp(X, Y, z, t)=

1
—Hx-yl+|y-zR [z X
n
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It is sufficient to prove that the sequence,fus a base for a

uniformity U on X, whose induced topology coincides with
First, for each 1] [J , to prove that:
{(¢, %, X) | xO X} O Uy, Upes 0 Uy and U= Ut

Since:

t

Mp(X, X, X, t)=
t+ | X=X |+ | X= X[+ | X= X

:E:]_
t

Hence M, = 1 and therefore {(x, x, X) | X X} O U, i.e., the diagonal is

contained in U

Now, to prove that |, 00 U, O n [, and since n + 1 > n,

1 1
hence—— < = and so:
N+l n

1--1 59-1
n+1 n

Therefore W,; 0 U, and Y, = Uﬁl

If U=U", then U is called symmetric.

On the other hand, for each'hl] , there is, by the M-continuity

of *, mO[J such that m > 3n. Hence:

1 1
<

m 3n

and with * to be the usual product, gives:
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Al ab )t ala
m m m m m m
< 1—i 1—i 1——1
. 3n 3n 3n
fetf2l3
. n n n

<1—1,DnDD
n

Therefore WoUoU, O U, (by lemma (3.2.2))

Indeed, let (x, y)I Uy, (y, y) O U, and (y, ald Up,

Since My(X, VY, z, *) is non decreasing (by lemma (3.1.4))
Then My(x, a, 1/n)= Mqy(X, a, 3/m), and so:

Mgy(X, a, 1/n)= My(X, y, 1/m)* My(y, vy, 1/m)*Mq(y, a, 1/m)

1 1 1
> m * m * m
1 1
—+|x-y| —+]|y-y| =+ |y a
m
1 1
2 m * m
1 1
—F[x-y| —+|y-a
m m

\VJ
1
T
=i
| |
I_*ﬁ
|
3|~
| |
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Therefore, (x, ald U, and thus {{J: nO [ } is a base for a uniformity

on X.
Since for each X1 X and each il [J
Un) = &y DX : Mofx, .y, 1) >1-3}

= B(Xx, 1/n, 1/n)
Hence from lemma (3.2.4), that the fuzzy topologyluced byl

coincide withty.

By lemma (3.2.3), (X1v) is a metrizable fuzzy topological spacem

Definition (3.2.2), [6]:

An M-fuzzy metric space is said to be completelyfudzy

metrizable if every M-fuzzy Cauchy sequence is Mzfjuconvergent.

Theorem (3.2.2), [17]:

Let (X, Mp, *) be a M-complete fuzzy metric space, and let:

t
Mp(X, VY, z, t)= >0
oY 2 02 b xoyi2)

where:
D(x,y, 2)=|x-y|+|y-z[ |z X
Then (X,1v) iIs M-completely fuzzy metrizable.

Proof:

It follows from the proof of theorem (3.2.1) thad{: nI [1 } is

a base for a uniformity on X compatible wittty, where:
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Un={(X, Y, y) O XxXxX | Mp(X, Y, Y, 1/n) >l—i, OnO0}
n
Then there is a metric d on X whose induced uniftyriroincides with
U.

To show that the metric (X, d) is M-complete fuzmgtric spase, indeed
given a fuzzy M-Cauchy sequencegfin (X, d) and to show that {3

is a fuzzy M-Cauchy sequence in (XpM)

To do this, fixr, twith O <r< 1 andt >0 andoose ki1 [J , such that

1 :
— <Smingt, r
- <mint, 1}

Then, there is¢id [ , such that (X X,, Xm) O Uy, for every n, ne ng
Consequently, for each n,2n,
MD(Xn; Xn; Xm; t) 2 MD(Xn; Xn; Xm; 1/k)
> 1—1 >21-r
K
Hence {x} is a fuzzy M-Cauchy sequence in the M-completezfu
metric space (X, M, *) (by assumption)
So it is M-convergent with respectig

Hence, (X, d) is a M-complete metric space on X

Therefore, (X,1yv) is M-completely fuzzy metrizable (by definition
(3.23). =
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Corollary (3.2.1), [17]:

A topological space (Xty) is M-completely metrizable if and

only if it is a compatible complete fuzzy metricasp, where:

t
Mp(X, VY, z, t)= , >0
o(X, y ) t+D(x.y.2)

and
DX, Yy, 2)=|x=-y|+|y-z} |z X
Proof:

Suppose that (X1) is a M-completely metrizable space and let
(X, d) be a M-complete metric space such that dommpatible witht
since one can prove that the induced fuzzy mepaces (X, M, *) is M-

complete if and only if the metric space (X, dMscomplete, where:

Mp(X, Y, z, t)= Ox,y, z,00 X, t0 (0, )

t+D(X,Y,2)’
and it is compatible with t

The converse follows immediately from theorem @.2. =

Now, we are in a place to give the main resulttegldo this work

which is the M-completeness of fuzzy metric spaces.
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Definition (3.2.3), [17]:

An M-fuzzy metric space (X, M *) is called precompact if for
eachr, with 0 <r <1 and each t > 0O, there imiéef subset A of X, such
that:

X=|JB(a,rt)
alA

In this case, M is called a precompact M-fuzzy metpace on X.

Theorem (3.2.3), [17]:

Compact M-fuzzy metric space is M-complete.
Proof:

Suppose that (X, M *) is a compact fuzzy metric space, for each
r, with 0 <r <1 and each t > 0 the open cover{B(t) : x[I X} of X,

has a finite subcover by definition (1.4.5)
Hence (X, M, *) is precompact (by definition (3.2.3))

On the other hand, every M-Cauchy sequenggi{x(X, Mp, *)
has a limit point y1 X

Let {x,} be a fuzzy M-Cauchy sequence in (X,p,M) having a limit
point x [0 X, then there is a subsequencg,of {x .} that M-converges

to y with respect tay.

Thus, given r, with 0 <r < 1 and t > 0, there ¢sChl] , such that for

each = ng

Mp(X, X, X, %) >1-s,wheres>0

65



Chapter Three Completeness of M-Fuzzy Metric Spaces

Which satisfies (Es)*(1-s) > 1-r

Also, there exists® k(ng), such that for each n, ;mn,
t
Mp(Xn, Xn, Xm, 5) >1-5s
Therefore, for eachan;
ty, t
MD(X5 X; Xm t) 2 MD(X1 X! ani 5) M D(ka Xn, Xn; 5)

> (1-s)*(1-s)
>1-r1
Hence the fuzzy M-Cauchy sequencg}{d-converges to x.

Thus (X, M, *) is an M-complete fuzzy metric spacem
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CHAPTER TWO
M-FUZZY METRIG SPACES

Fuzzy metric spaces are of great importance inystgdfuzzy
dynamical systems. Fuzzy metric spaces have bewnduted by
several mathematicians using different approacégser by usinga-
level sets, or by using fuzzy numbers, or by ugimg cooperation of

fuzzy topological spaces, etc.

This chapter consists of studying an important tygbefuzzy
metric spaces, which have not been studied commduylyother
researchers, which is the M-fuzzy metric spacesitan@lationship with

fuzzy topological spaces.

2.1 BASIC DEFINITIONS

Following are some definitions and basic concapfsizzy metric
spaces which are given by several literatures anithdr illustrated by
Mary in 2004, [10].

Definition (2.1.1), [10]:

A fuzzy setA is bounded if there exists a real number h > éhsu
that:

d*(x,y) <h,0x, yOA
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Now, some additional concepts are given for corepless in
ordinary set theory which are necessary in thipthao define M-fuzzy

metric spaces.

Definition (2.1.2), [11]:

Let A be a non empty set. A binary operation * onisAa
correspondence which associates to each orderedapdi) of elements

of AXA a unique element a*b of A.

An alternative definition of binary operations sfallows:

It is a mapping from the Cartesian productfdto A, where the
image of (a, b) is denoted by a*b.

Three words in the above definition are given, \Whiaerit extra
emphasis:
(1) "each". If * is to be a binary operation on a sefitAnust define a*b

for every pair of elements a, b of A, i.e., thesend elements of A

that can not be combined.

(2) "unique". For each pair of elements a, b of A, ¢haust be only one

"answer" a*b when combining a and b.

In particular, this says that if,aa, b, and b O A, & = & and
b, = by, then @b, = &*b,. When the operation in the question has
this "uniqueness" property, then the operationasl 20 be well
defined.
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(3) "of". For * to be a binary operation on A, a*b mi& an element of
A. Hence for every a, b A, a*b [0 A. This property is usually called

the closure property.

Now, it is easy for the reader to recall some aoiditl basic
definitions in ordinary set theory, such as comiinga associative,
identity element of an operation, etc. For symbdkdinitions, let A be
any nonempty set, then we let K(A) to denote theo$all one to one

mappings of A onto itself.

Some properties of K(A) are listed below which aemded later

in chapter three.

Properties of K(A) (2.1.1), [11]:

Consider three mappings : A - A B: AlO- A and
y: Al - Aand let o be the usual composition of mappitiysn:

1. aof is an element of K(A), where o is the usual magmamposition.

2. ao(PBoy) = (aof)oy.

3. There exists an element L (the identity mappingd®mn K(A), such
that:

ool = Lo0 =
4. There exists an elemeat for eacha in K(A), such that:
aoo P =atoo = L

In the present section, we will set also the bdsmdamental
definitions which are needed later on to studydbmpleteness of fuzzy

metric spaces.
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We start first with some classical definitions arations in fuzzy

set theory, in general, and in fuzzy metric spaicegarticular.

Definition (2.1.3), [14]:

A two place function T : [0,¥[0,1] O - [0.1] is said to be T-

norm if it satisfy:
(a) 0< T(a, b)< 1.

(b) T(c, d)= T(a, b), for c= a, d= b.
(¢) T(a, b)="T(b, a).

(d) T(1, 1)=1

(e) T(a, 1) >0, foralla> 0.

As an example of some of the most well known T-rgrare the

following:
For all a, bl [0, 1]
T1: T(a, b)=max {a + b— 1, 0}, i.e., T= max {sum-1, 0}.
T,: T(a, b)=ab, i.e., T= product.
Ts: T(a, b)=min {a, b}, i.e., T=min.
T4 T(a, b)= max {a, b}, i.e., T=max.
Ts: T(a, b)=a + b—ab, i.e., T=sum-product.

Te: T(a, b)=min {a + b, 1}, i.e., T=min {sum, 1}
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Definition (2.1.4), [17]:
A binary operation * : [0, [0, 1] OO - [0, 1] is continuous

T-norm if it satisfies the following conditions:
1. * is associative and commutative.

2. * Is continuous mapping.

3. a*l=a, for all a1 [0, 1].

4. a*b< c*d, whenever & c and kx d, for all a, b, c, dl [0, 1].

As an example of continuous T-norm which will bedisiext in
chapter three is the usual product, which is ginell7] without details,
here we give its detalils.

Example (2.1.1):
Consider the binary operation * : [0X][], 1] O - [0, 1] defined

by a*b= ab, then it is clear that * is commutative ancbaggive.
Also, consider f(a, by a*b=ab, a, bl [0, 1]
Now, let A=[a, b]I [0, 1]
Hence T(A) =[c, d] O [0, 1]
Then a*b is continuous
Also, it clear that a*Ea,[0 all [0, 1]
Finally:
a*b=ab, if a<c, bsd
< cd
=c*d, (a, b, c, dJ [0, 1])

Therefore, a*b= ab is continuous T-norm.
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2.2D-METRIC SPACES

It is important to mention that the definition of-fdzzy metric
spaces depends implicitly on another type of majpaces, which is the
so called D-metric spaces (as it will be seen mexthapter three), and
hence because of this strong relationship betwedunzlzly metric spaces
and D-metric spaces, we discuss in this sectianc@mpletion purpose)

D-metric spaces, as well as, some of its impoanperties.

We start with the following basic definition of Datnic spaces:

Definition (2.2.1), [15]:

Let X be a nonempty set. A generalized metric (en€lric) on X

is a function DXxXxX O - 0¥, that satisfies the following conditions

for each x, vy, z, & X:

(1) D(x, y, 2)= 0.

(2) D(x,y,z)=0ifand only if x=y = z.

(3) D(x, y, z)=D(p{x, v, z}), where p is the permutation function.
(4) D(x,y, )< D(x, Y, a) + D(a, z, z).

The pair (X, D) is called the generalized metric @metric

space.

Immediate examples of such a function which aregoéat

importance, are:

(@) D(x, vy, zF max {d(x, y), d(y, z), d(z, x)}, where d is thedimary

metric on X.
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(b) D(x, y, 2)=d(x, y) +d(y, 2) + d(z, x).

(c)If X=0", then forevery O~

D(x.y. 2)= (lIx=yIP + ly- zR+ Iz i) "

(d)IfX=07, then:

DX, y, 7)= {O, if * ¥

max{x,y,z}, otherwise

Definition (2.2.2), [1]:

Let (X, D) be a D-metric space and lettAX. Let r denote the

restriction of D to AAXxA, then (A, r) is called a D-metric subspace of
(X, D).

Definition (2.2.3), [1]:

A D-metric space (X, D) is said to be D-boundethdre exists a

positive real number N, such that D(x, y<z\, for all x, y, z[I X.

In such a case N is said to be the D-bound for Xrédver, if
E O X, then E is said to be D-bounded subspace of thafe exists a

positive real number M, such that D(x, y<zM, for all x, y, z[J E.

Now, some illustrative examples are considereccéonpleteness

purpose.

25
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Example (2.2.1), [15], [1]:

Let X = [ and D(X, Yy, 2= |x—-y| + |y— z| + |z— ¥|, for all
X, Y, zO X. Then (X, D) is unbounded D-metric space.

Since if we let x, y, z, & X, then:

- DX, y,2)=|x-y|+|y—-2z| +|z-x| >0 if and only if X, y, z are
distinct and if x=y = z then |[x-y| + |y— z| + |z — x|= 0 and hence
D(x,y, z2)=0

if D(X, y, z) =0, then [x-y| + |y— z| + |z — XF O, which is true only
if x=y|=0, |y-2z|=0, |z—-xF 0 and therefore x y = z.

i- DX, y,2)=x=y| +|y-z| + |z - X|
=x=z| +|z=yl + ]y - X]
=D(x, z,y)
Similarly, D(x, y, z)= D(X, z, y)=D(z, X, y)= ...
l.e., D(X, Yy, z= D(p{x, v, z}), where p is the permutation function
li- D(x,y, 2)= [x-y[ + |y-z| + |z - X|
<|x-yl+ly-al +|a x| + |a- z| + |- z| + |z- &
=D(x,y, a) + D(a, z, 2)
Therefore (X, D) is a D-metric space.

But if there is no positive real number N, such D&, y, z)< N, for all

X, Y, zO X, then (X, D) is unbounded D-metric space.
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Also, consider the following example which may belved

similarly as example (2.2.1).

Example (2.2.2), [15], [1]:

Let X =0 and D(x, y, zF max {|x-y|, ly- z|, |z- x|}, for all x,
y, z X. Then (X, D) is unbounded D-metric space.

The next lemma is given in [15] without details, aiee here the
details of the proof.

Lemma (2.2.1):

Let (X, D) be a D-metric space, then D(x, XxaD(X, vy, y).
Proof:
() D(x,y, 2)<D(x, Yy, a) + D(a, z, z) (by definition)
By substituting x instead of y and y instead ofizges:
D(x, X, y)< D(x, X, a) + D(a, y, ¥), and ifax
< D(X, X, X) + D(X, Y, Y)
and since D(x, y, zr O if and only if x=y =z, then D(x, X, XF 0
Therefore, D(X, X, Y& D(X, Y, Y)
(i) Similarly, as in (i)
D(x,y, y)=D(y, y, X)

< D(y, y, a)+D(a, X, X)

< D(y, y,y) + D(y, x, X)
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=D(y, y,y) + D(y, X, X)
=D(x, X, y)
Therefore, D(X, Y, Y& D(X, X, ¥)
Then from (i) and (ii):

D(x, X, ¥)=D(X,y,y). &

Definition (2.2.4), [15]:

Let (X, D) be a D-metric space, for r > 0, define:

Bo(x, N={y OX:D(x,y,y) <r}

If for every x[J A, there exists r > 0, such thap@®, r) O A, then the

subset A of X is called D-open ball.

Example (2.2.3), [15]:

Let X=[ , and define D(x, y, zF |Xx—y| + |y— z| + |z— x|, for all
X,Y,z0O0O, then:

BD(:L! 2):{yDD :D(l, Y, y)<2}
={y oo :ly=-1[+[|y-1[ <2}
={y bt :ly-1]<1}

=(0,2)

Definitions (2.2.5), [15]:

Let (X, D) be a D-metric space andlAX.
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1. A sequence {) in X is said to be D-converge to x if and only if

D(Xn, X0, X) O - 0, as ] — oo,

That is, for eacls > 0, there existg1l [J , such that:
D(Xn, X, X) <€, 0 Nn=ng

One can easily prove for a D-convergent sequence
D(Xn, Xn, X) = D(X, X, %)

2. A sequence {} in X is called a D-Cauchy sequence if for each
€ > 0, there existsonl] [1, such that D(¥ X, Xm) < €, for each

n, mz ng.

3. The D-metric space (X, D) is said to be D-compliétevery D-
Cauchy sequence is D-converge.

Now, lett be the set of all Al X with x [0 A if there exists r > 0,
such that B(x, r) O A, thent is called a topology on X induced by the

D-metric D.

Lemma (2.2.2), [15]:

Let (X, D) be a D-metric space. If r > 0, then thall Bp(X, r)

with center x'1 X and radius r is an open set.
Proof:
Let zJ Bp(X, r), hence D(X, z, z) <r

Letting D(X, z, z)=0 and let ¥ =r - §, and since'r< r, then B(x, r') [
BD(X7 r)
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Lety [ Bp(z, r'), hence by the triangular inequality:
D(x, y, y)=D(y, ¥, X)
< D(y,V, z) + D(z, X, X)
<r+o=r
Therefore, B(z, r') U Bp(X, 1)

That is the ball B(x, r) is an open set.

Lemma (2.2.3), [15]:

Let (X, D) be a D-metric space. If a sequenceg}{x X is

D-converges to x, then x is unique.
Proof:
Suppose that {} has two D-limit points x and y, such thattxy

Since {x} converge to x and y, hence for eaeh> 0O, there exists

n, O [, such that for every B n;, D(X, X, %) < % and n O J, such

that for every re n,, D(y, Y, %) < %

Setting B = max {m, ny}, then for every ni= ny and by the triangular

inequality:
D(X, X, Y)< D(X, X, %)) + D(X, ¥, Y)

+

N m
N m
I
(92]

Hence D(X, X, yF 0 which is a contradiction, soxy. =
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Lemma (2.2.4), [15]:

Let (X, D) be a D-metric space. If a sequencg} {n X is D-

converges to X1 X, then the sequence {xs a D-Cauchy sequence.
Proof:

Since {x,} is D-converges to x, hence for evary 0, there exists

n, O O, such that for every B n;, D(Xn, Xn, X) <§ and n O 0, such

that for every m > 5 D(X, Xn, Xm) < g

Setting g = max {n, N}, then for every n, n= ng and by the triangular

inequality:

D(Xn, X, Xm) < D(Xn, Xn, X) + D(X, %n, Xm)

N | o
N | o
I
m

Hence the sequence§xs a D-Cauchy sequence.m

2.3ELEMENTARY CONSEPTSIN M-FUZZY METRIC
SPACES

In this section fundamental concepts are recaltedMifuzzy

metric spaces.

Definition (2.3.1), [17]:

A 3-tuple (X, My, *) is said to be M-fuzzy metric space if X is an

arbitrary set, * is a continuous T-norm and M iduazy subset of
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XxXx%(0, ) satisfying the following conditions for all x, ¥, [0 X and

t,s>0:

(1) M(x, y, t) > 0.

(2 M(x, y, t)=1if and only if x=Y.

(3) M(x, y, )= M(y, X, 1).

(4) M(x, y, )*M(y, z, S)< M(X, z, t + S).

(5) M(x, y, *) : (0,0) O - [0,1] is continuous.

Let (X, My, *) be a M-fuzzy metric space, then among the

important notions in M-fuzzy metric spaces is tamily:
{B(x,r,t) | xOX,0<r<1,t>0}

which is the neighborhood system for a Hausdogbtogy on X, that is
called the topology induced by the M-fuzzy metri¢c With topologyt
defined by:

T={A0OX:xOAif and only if there existst >0, 0 <r< 1, suc
that B(x, r, )OI A}

Definition (2.3.2), [16]:

Let (X, 1) be a topological space, then (¥%4,is called T2-space
(Hausdorff space) if for all a, @ X, there exists an open sets G and H,

such that:

AUOG,b0O0Hand Ghn H=0
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Now, we are going to recall some basic conceptsrtinary

metric spaces and topological spaces with someafuedtal concepts.

Definition (2.3.3), [16]:

A topological space (X) is a first countable space if there exists

a countable local bageat every point ] X.

Definition (2.3.4), [8], [16]:

A topological space (X1) is called a second countable space if

there exists a countable b&skr the topologyt.

Definition (2.3.5), [17]:

A topological space (X1) admits a compatible fuzzy metric if

there is a M-fuzzy metric M on X, such that Ty.

Lemma (2.3.1):

Let (X, d) be a metric space and consider the Mafumetric
space (X, M, *) and define M by:

t

Ma(X, y, ) = T(Xy)

Then My(x, y, t + )= Mqy(X, y, t),00s, t, > 0.
Proof:

Suppose thatt, s > 0, then:
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t

Ma(X, y, t) = T(Xy)

_ t+d(x,y)=d(x,y)
S t+d(x,y)

t+d(x,y) _ d(x,y)
t+d(x,y) t+d(x,y)

__dx,y)
t+d(x,y)

_dx.y)
t+s+d(x,y)

t+s+d(x,y)- d(x,y)
t+s+d(x,y)

t+s
t+s+d(x,y)

= My(X, y, t +5).

and hence the inequality follows.m

The proof that (Xgy) is a Hausdorff first countable topological
space, is given in the next two theorems whichgaren in [16] without

details, here we give the details of the proof.

Theorem (2.3.1):

Let X be a Hausdorff space, then every M-convergegtience in

X has a unique limit point.
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Proof:

Suppose[ an}‘:=1 Is a M-convergent sequence in X to a and b, and

suppose that 4 b. Since X is Hausdorff, then there exists tworopets
G and H, such that:

alG,bOHand Gn H=0O

By hypothesis, the sequencg}{& M-converges to a; hence there exists
an np O [0, such that for all n >ghimplies that aJ G, i.e., G contains

all except a finite number of the terms of the sme

But G and H are disjoints, hence H can only conthose terms of the
sequence which do not belong to G and there ageaohhite number of

such terms.
Accordingly, {a} can not M-converge to b

But this violates the hypothesis that the sequéta®nverge to b also,

which is a contradiction

Hencea=b. m

Theorem (2.3.2):

Let X be a first countable space, then the follaviare

equivalent:

(1) Xis Hausdorff space.

(2) Every M-convergent sequence has a unique limit.
Proof:

(1) = (2). Clear from theorem (2.3.1).

35



Chapter Two M-Fuzzy Metric Spaces

(2) = (1). Suppose that X is not a Hausdorff space, thene
exists a, b1 X, a# b, with the property that every open set contgran

has a nonempty intersection with every open sefaaung b.
Now, let {G,} and {H,} be a nested local bases at a and b, respectively.
Then, G n H, # I, for every nJ [l , and so there exist a sequence

{a},., such that:

alUG nH,aaldG n H,y, ...

Accordingly, {g} is M-converges to both a and b and hence thet limi

point is not unique, which is a contradiction

Hence, X is a Hausdorff spacem

Definition (2.3.6), [8], [9]:

A pseudo-metric space is a pair (X, d) such th&t d pseudo-

metric on X.

An equivalent definition of pseudo-metrics is tédwing which

has its connectivity with the topological spaces:

Definition (2.3.7), [19]:

A pseudo-metric space is a metric space if and dhlthe

topology is T space, i.e., each singleton set {x} is cloded 1 X.
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Definition (2.3.8), [9]:

A topological space (X71) is pseudo-metrizable if and only if
there is a pseudo-metric, such that the topologihés pseudo-metric

topology.

Definition (2.3.9), [9]:

A topological space (Xt) is metrizable if and only if it is ;Tand

pseudo-metrizable.
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CHAPTER ONE
FUNDAMENTAL GONGEPTS OF FUZZY SET THEORY

In this chapter, some of the most important corceplated to
fuzzy set theory, will be presented. These conceptBide a brief
introduction to the theory of fuzzy sets, fuzzy nespaces and fuzzy

topological spaces. These concepts are of greatrtangce for this work.

1.1 BASIC CONCEPTSOF FUZZY SETS[3]

Fuzzy set theory is a generalization of abstractr®®ry; it has a
widr scope of applicability than abstract set tlyelor solving problems

that involve to some degree subjective evaluatiorague notions.

Let X be any non-empty set of elements.fézzy set A in X is
the set of all XJ X, which are characterized bynaembership function

Mz (x) 1 X O - |, where | is the closed unit interval [0, 1]. Theades O

and 1 represent respectively non-membership ahanierinbership in a

fuzzy setA . A fuzzy setA may be written mathematically as:
A ={(x, px(¥) IxOX, 0= pz(x) <1}
The following concepts may be defined in fuzzy sets

1. Thesupport of A is the crisp set of all K X, such thatuz (x) >0

and is denoted by 3().
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2. Thecore (uncleus) of a fuzzy setA is the set of all points &K X,

such thatuz (x) = 1.

3. Theheight of a fuzzy setA (denoted by hgt&)) is the supremum
value of uz (x) over all xtJ X. If hgt (A) = 1, thenA is normal,

otherwise it issubnormal, and a fuzzy set may be always malized

by defining the scaled membership function:

Uz (X)

Supu (X)
x[OX

u}\(x): OxOX

4. Thecrossover point of a fuzzy setA is that point in X, whose grade

of membership i is 0.5.

5. Fuzzy singleton is a fuzzy set whose support is a single point X,

with pz (x) =a, a 0 (0, 1].

Remarks (1.1.1), [3]:

Some important concepts related to fuzzy subsatwfiversal set

X may be listed below. LeA and B be two fuzzy subsets of the

universal set X with membership functiong; (x) and pg(x),

respectively, then:

1. AOB ifand only if pz (X) < pg(x), Ox O X.
2. A=Bifandonly if pujz(x) = ug(x), DxOX.

3. A® is the complement of A with membership function

pAC(x) =1-pz (%), O x O X.
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4. The empty fuzzy sefl and the universal set X, when for allxX
Mz (X) =0 andpj (X) = 1, respectively.

~

5. C=An B is a fuzzy set with membership function:
Mg (X) = Min{uA(x), uB(x)}, OxOX

More generally, for any index set J, thé?p,&j Is also a fuzzy
jo
set of X with membership function:
(X)) =inf p; (x),0x0OX
0,09 = nf s, 09

~

6. D=A0OB is a fuzzy set with membership function
Mg (X) = Max{uA (X).Mg (x)} , O xOX
More generally, for any index set J, th@b&j Is also a fuzzy
0
set of X with membership function:

“UA-(X) = supp; . (x), Ox0OX
i J i J

7. If uz s(x) =0,0x0OX, thenA andB are said to beisjoint.

More additional concepts may be found in any tetenence,
such as [8], [11].
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Remark (1.1.2), [3]:

It is notable that the only law is[A°=X and the law A& A°=[]

are broken for the fuzzy sets, sinBed A® # X andA n A® # [J.
Indeed, for all XJ X, if uz(x) =a, 0 <a <1, then:

“ADAC(X) =max{a,1-a} #1

“AmAC(X) =min{a,1-a} #0
1.2 THE EXTENSION PRINCIPLE

The extension principle of fuzzy set theory may umed to
generalize crisp mathematical concepts to fuzzyherattical concepts,

which is used also to define fuzzy functions, [1].

Definition (1.2.1), [2]:

Let X be the Cartesion product of universes X,, ..., X, and
ALA,.. A, be r- fuzzy sets in X Xy, ..., X, respectively, f is a
mapping from X to a universe WEf(X4,X5,...,X;)). Then the fuzzy

setBin Y is defined, by:
B=f(A) ={(y,ug))|y =F (X2 XX (), (X3 X 2o X)) O X

where

sup mir{pAl 04).- Mz, (x} it Py 20
HB(Y)= (X1, X2, .. X )DF L(y)
0 , Otherwise
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wheref 1 is the inverse image of f.

For r=1, the extension principle, of course, reduces to:
B=f(A) ={(y. g(y))| y =F(x), x OX}
where:

sup Wz (x), if fH(y)#0
Mg (y) = x0f Yy)
0 , Otherwise

which is the definition of a fuzzy function.

1.3 a-LEVEL SETS[4]

Among the basic concepts in fuzzy set theory isctirecept ofo-
level (@-cut) sets of a fuzzy sét, which is used as an intermediate set

that connect between fuzzy and non fuzzy sets.

Given a fuzzy setA defined on a universal X and any number
a (0, 1] thea-level, A, is the crisp set that contains all elements of the
universal set X, whose membership gradea iare greater than or equal

to a pre specified value dof, i.e.,

Ao ={X: pz(x) 2a,0x0X}

Also, the strongi-level set is defined by:

A+ ={X 1 uz(x) >a, O0x0X}

The following properties are satisfied for all(l [0, 1], which

may be proved easily for al, 3 O (O, 1]:
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1. A =B if and only if A, = B,.

2. If A OB then A 0O B,.

3. (A O B)y=Aq 0 B,

4. (A n B)y=Aqn B

5. If a<, then A U Ag.

6. Aqn Ag=Agand A, 00 Ag=A, ifa <p.

7. If A is a fuzzy set, {A}, O a O (0, 1] is a family of subsets of the

universal set X, then:

A= |J aA,
aC10.4]

Now, because of its importance in fuzzy sets, tbkowing
property which is given in some literatures withpubof, and appeared

in [13] without any details, here we give the distaf the proof.

8. Let X and Y be two universal sets, and f xX O - Y be an

ordinary function, andh , B be any two fuzzy subset of X, then:

f(A,B)= |J af(AyBy)
al]0,1]

One can prove this property as follows:

SinceA = |J 0aA,,B= |J aB,
a(0,1] all(0,1]

For the left hand side and using the extensiorcpie:
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i (a6 (2) = SUE)l mi”{UA(X),Hg(Y)}
(x,y)af ~(z)

= sup min{ sup a (x), supa g, (y}
(xy)f (2) arf0,1] ar[o,1]
WherelAa (x), Ig, (y) refers to the characteristic functions of theris

setsA, andB,, respectively.

Now, from the uniqueness of the supremum then aneacite:

Wis (@ = sup  min {alAa (x).0 5, (y)} ................... (1.1)

. y)0f Y(2)
aJo,1]

Also, for the right hand side and by letting:

C= |J af(A,By)
al]o,1]

Hence:

He(z) = supa ki sy (Z
al0,1]

_ Sup{ sup  mifa k(e B, (y})}

al10.1] | (x,y)If Y(z)
= sup min{alAa (x),a ks, (y)} .......................... (1.2)
() X(2)
al10,1]

Hence, from egs. (1.1) and (1.2):

f(A,B)= |J af(Ay,By). =
ao,1]
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Also, the following property is of great importancehich
appears in [13] without proof. Here, we give fonqueteness the details

of the proof.

9. Iff: X O - Y, andA andB a fuzzy subset of X, and:

sup  min{pz ().H5(Y)} =a, Da 00, 1]
(x.y)f (2)

then [f(A, B)]« = f(Aq, Bu).
Proof:

From (7) and (8), we have:
f(Aq, Ba) O[F(A, B)a, D0 T[0, 1eiiiiiieeireeeeeeeeeseeenenens 3.

Now, let zO [f(A, B)], i.e.,

p-f(AB) (Z) = SUE)l min {“A (X),Hg (y)} =
(xy)f ~(2)

Then, there existsX(,¥) O f(z), such that:
a < min{pz (x), Mg ()}

Thenp; (X) 2 a, pg(y) 2o

Therefore, X 0 Ay, ¥ O By

Then z= f(X,y) = a, and hence by hypothesis, there existsy} [

f(z), such that:

min {uz (X)Hg ()} = sup  min{pz(x).H5(y)} =a
(. y)fH(2)
al]o,1]
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hence X Aq, Y U Bq
therefore, z= f(x', y') U f(A4, By), and hence:

[FOA, B)la 0 F(Ad Ba) erreereeeeeeeeeeeeeeeeeeeeeeeeeeeesseeenen e (1.4)

From (1.3) and (1.4), we have:

[f(A, B)]a =f(Aq, Bo), Do [0, 1]. m

Remarks (1.3.1), [3]:

1. The support ofA is exactly the same as the strandevel of A for
a =0, Ar=S(A).

2. The core ofA is exactly the same as thdevel set ofA with a = 1,

i.e. A= cored).

3. The height ofA may also be viewed as the supremun-dével set

for which Ay: # 0.

1.4FUZZY TOPOLOGY AND FUZZY METRIC SPACES,
8], [10], [12]

Chang, C. L. in 1968 introduced the notion of futagological
spaces, which is a non-empty set X together witdénaly of fuzzy sets
in X which is closed under arbitrary union and tinintersection. Erceg,
M. A. in 1979, studied fuzzy metric spaces andcidsinection with
statistical metric spaces. Ming P. P. and Ming Linf1980 used fuzzy
topology to define the neighborhood structure aizfupoint. Zike Deng
in 1982, studied the fuzzy point and discussedfilzgy metric spaces

with certain metric defined between two fuzzy psint
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We start with the following definition of fuzzy topogical

Spaces:

Definition (1.4.1):

A family t of fuzzy sets of X is called a fuzzy topology f&rif

and only if:
a. 0 , X Ut*.

n B O T1* wheneverA, B 0 1*.

>

b.

c. O{A;|i0O J} Ot whenever eackA; O 1 (i O J), where J is any

index set.

The pair (X,1*) is called fuzzy topological space.

Definition (1.4.2):

Let (X, T%) be afuzzy topological space. A subfamify of T is

called a base far* if and only if for eachA O t*, there existsBy 3
such thatA =0 B; , and a subfamily of t* is called a subbase fot if

and only if the family3 = {n F | F is a finite subset of is a basa*.

There is a strong relationship between fuzzy metpaces and

fuzzy topological spaces, as the next definitioovg

Definition (1.4.3):

Let (X*, d*) be a fuzzy metric space. The fuzzy ebggy T on X
generated by the class of open fuzzy balls in Xtadled the fuzzy

10
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topological space (or, the fuzzy topology inducedtlhe fuzzy metric

d*), where:

d*(/i,é):Sup{ Max{ Sup Inf d(x,y), Sup Inf d(y,>})}

all x0A 4 YHBa y[By XHAa

Definition (1.4.4):

Let (X, T) be a fuzzy topological space, a familpf fuzzy sets
is a cover of a fuzzy s& if and only if B O O{A | A OA}, itis an
open cover if and only if each member Afs an open fuzzy set. A

subcover ofi is a subfamily, which is also cover.

Definition (1.4.5):

A fuzzy topological space is compact if and onlyedch open

cover of the space has a finite subcover.

Theorem (1.4.1):

The fuzzy topological space (X¥) is compact if and only if
every family of closed subsets of (¥) satisfies the finite intersection

property and it's intersection is non-empty.

Remark (1.4.1):

A fuzzy metric space is a fuzzy topological spatevhich the
topology is induced by a fuzzy metric. Accordingiyl, concepts defined

for fuzzy topological spaces are also defined i@z metric spaces.

11
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For example, by theorem (1.4.1) and definition @).4we obtain

(X*, d*) which is compact fuzzy metric space.

Definition (1.4.6):

Let (X*, d*) be a fuzzy metric space. A neighborkoaf a fuzzy
point p is a fuzzy set {{p) consisting of all fuzzy points q such that

d*(p, q) <g, the numbee is called the radius of £p), i.e.,

Ne(p) = U {q O X* | d*(p, q) <¢, £ >0}

Definition (1.4.7):

Let (X*, d*) be a fuzzy metric space. A fuzzy pomis said to be
fuzzy limit point of the fuzzy seE if every neighborhood of p contains

fuzzy points ¢ p such that q E.

Theorem (1.4.2):

If (X*, d*) is a compact fuzzy metric space, thevegy infinite

fuzzy subset of X* has at least one fuzzy limitrgan X*.

Definition (1.4.8):

Let A be a fuzzy subset of a fuzzy metric space X* atd b 0.
A finite fuzzy set of fuzzy pointsv ={(e1, 1), (&, 02), ..., (&, Om)} is
called ane-fuzzy net for A if for every fuzzy point p0 A. There

exists an g 0 W with d*(p, &) <k.

12
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Definition (1.4.9):

A fuzzy subsetA of a fuzzy metric space X* is totally bounded if

A possesses anfuzzy net for everg > 0.

Definition (1.4.10):

A fuzzy subsetE of a fuzzy topological space (X*) is said to
be countably compact if and only if there existuazly limit point for

every infinite fuzzy subset dt.

It is said that a fuzzy seE in a fuzzy topological space is
countably compact if and only if there exists faclk infinite fuzzy set

of E has limit point.

Remark (1.4.2):

By theorem (1.4.2) and definition (1.4.10), we abtthat (X*,
d*) is countably compact fuzzy metric space.

Theorem (1.4.3):

If a fuzzy metric space is countably compact, tihémnalso totally
bounded.

13
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1.5 COMPLETENESSOF FUZZY METRIC SPACES

The completeness of metric spaces is one of theaimental
aspects in real analysis, in general, and of fuzmtric spaces in

particular, [4].
Therefore, several approaches are proposed to 8tigdyubject.

Hence, in this section, we will give one of suclpra@aches as a
theorem without proof. Also, we will stand and meissome of the basic
ideas for the construction and the proof of the pleteness of fuzzy
metric spaces, which are given in [4]. Where tHBWang abbreviation

Is used, X* is the set of all closed and boundeazywsubsets of X.

We start with the following definitions:

Definition (1.5.1), [4]:

A fuzzy setA is closed and bounded fuzzy subset of X if and
only if for all a I I, thea-level sets A are closed and bounded ordinary

subset of X.

The distance function between two fuzzy sets i®mgias in the

following definition:

Definition (1.5.2), [4]:

Let (X, d) be a closed and bounded metric spacdeinil, B [
X* be any two closed and bounded fuzzy subsets,afeX A, B, are

closed and bounded subsets of X for eadhl, then a function

d*: X*xX*0 - 0", defined by:

14
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d*(f&,é):Sup{ Max{ Sup Inf d(x,y), Sup Inf d(y,%)} ..(1.5)

all xOA o YUBa y[By XHAa

is said to be a distance function between fuzzy. set

The last function given by (1.5) can be proved ¢oabdistance
function (see [4]) and therefore (X*, d*) is a fyzmnetric space.

In [4], the author is interested in the completsnetthe fuzzy
metric space (X*, d*) whenever the original metgpace (X, d) is
complete, i.e., the completeness of the space @Xyjs an inheritable
property that may be accomplished from the compéste of the original

crisp metric space (X, d).

Definition (1.5.3), [4]:

Suppose that (X*, d*) is a fuzzy metric space &the a fuzzy

subset in X* with membership functigqns : X 0 - |, and letd > 0 be

any given real number. TReneighborhoodS + & of S in X* is defined

by using theu-level sets as:

(S +9)q ={y OX : Ox O & such that d(x, y¥ o, Ja | and
Hg(y) +30[0, 11}

where (S #0), =& + 0, Ua O .

It is clear thatS + 8 is also a fuzzy subset of X*.

The next theorem generalizes the ideas of the heitjood of a

point to a neighborhood of a fuzzy set.

15
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Theorem (1.5.1), [4]:

Suppose thah is a closed and bounded fuzzy subset of X*. The
3-neighborhood ofA (denoted byA + J) is also closed and bounded
fuzzy subset of X*, i.e., if Ais closed and bounded, thep Ad is also

closed and bounded for eazh .

The following lemma is of great importance, sinteagives an

equivalence definition to the distance betweenflway sets.

Lemma (1.5.1), [4]:

Let A, B O X* and € > 0 be any given real number. Then

d*(A, B)<eifandonlyif A, OBy +cand B, O A, +¢, Oa Ol

The above lemma may be considered as one of thd mos

important properties af-level sets.

Definition (1.5.4), [10]:

A sequence{,&n}:z1 of fuzzy subsets of X* is said to be

convergent to a fuzzy set, if for any real numbeg > 0, there exists a
natural number kI [1 , such that:

An, OAq+e and AUA, +g,0Un>k

i.e., d*(A,, A)<ke.

16
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Definition (1.5.5), [10]:

A sequence{f&n}(::1 of fuzzy subsets of X* is said to be fuzzy
Cauchy sequence if for every real numiger 0, there is a natural
number N such that for all n, mN implies that d*@n, A,,) <€ which

is equivalenttoA, UA, +eandA, OA, +e.

This Cauchy sequence of fuzzy sets has the foligwiroperty.

There is a Cauchy sequenge,}~_, 0O X with the condition that

x, 0 A,,, O n; and there is a natural number N, such that:

d(Xn, Xm) <&, 0n, m>N

As it is mentioned previously, many results andoprties may be
proved and generalized for fuzzy metric spaces.Raahel in 1998 [4]
interested in the completeness of the space (X3, whenever the
ordinary metric space (X, d) is complete, i.e., toenpleteness of the
space (X*, d*) is an inheritable property that cenconcluded from the

completeness of the space (X, d).

Theorem (1.5.2):

Let (X, d) be a complete metric space, then (X*) @ also a
complete metric space, i.e.,{ﬁn}:::l is a Cauchy sequence in X*. Then

lim A, = A 0 X*, which can be characterized if we define:

n — oo

A = {x OX :There is a Cauchy sequenpe,}*_, such that xO

(,&n)a, [ nand {x} converge to X, wherg ; (x) U [0, 1]}

17
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In this theorem, one must prove first that the tifazzy setA is

a nonempty, closed and bounded fuzzy subset oEé& (4]).

Theorem (1.5.3):

A fuzzy metric space (X*, d*) is complete if thee&ist a fuzzy

limit point for every totally bounded and infinitezzy subset of X*.

18
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ABSTRACGT

The objective of this work may be oriented toward two

objectives.

The first objective is to study fuzzy set theory, as well as some of

its basic algebraic properties and theoretical results.

The second objective is to study D-metric spaces and M-fuzzy
metric spaces, and some of their properties. Also, this objective includes
the study of complete fuzzy metric spaces using M-fuzzy distance
function. In addition, some additional results are presented and proved in

thiswork.
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