| — Abstract —
Abstract

In this work, we consider two Monte Carlo methods for evaluating the n-
dimensional integrals for bounded integrand. Statistical properties of these
methods are illustrated and unified. The supported number of trials to estimate
the integrals, confidence interval and the efficiency for each method were
derived theoretically and assessed practically. Variance Reduction for Monte
Carlo methods is discussed theoretically and explained by algorithms where
four techniques are considers, namely, the Importance Sampling, the
Correlated Sampling, the Partition of the region, and the Biased Estimator.
The computer programs are illustrated in appendices by the run is made by

using MathCAD 2001..
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CHAPTER

SOME BASIC CONCEPTS AND DEFINITIONS

1.1 Introduction:

In this chapter we introduce some methods for generating random numbers
on digital computers and their properties associated with uniform random
variates where the term “random number” is used instead of uniform random
number [15].

This chapter involve four sections. In section 1.2 we introduce some basic
concepts and definitions concerning the distn. of random variables, while in
section 1.3 we introduce some techniques for generating random numbers on
digital computers. In section 1.4 we consider two important methods for
generating random variates from different probability distn., namely, the
Inverse Transform method, and the Acceptance-Rejection method. These two

methods are discussed theoretically and supported by examples.
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1.2 Some Basic Concepts and Definitions :

In this section we shall illustrate some basic concepts and definitions

which are needed for simulation and Monte Carlo procedures.

Definition 1.2.1 (n-dimensional random vectors )[1]:

Given a random experiment with S.S €2, a vector function

X =(X,,X,,...,X,) which assign to each element @€ £ one and only one

n-tuples vector of real numbers X (W)=x s called an n-dimensional

random vector.

The space of X is the set of ordered n-tuples real numbers
A= {Jf P X 2){ (W), € L} . The random vector X is classified into two

types:

(1) Discrete.

(i1) continuous.

@qﬁnltlon 1.2.2: A random vector {( 1s said to be discrete if it is
defined on a countable S.S whether it is finite or infinite, otherwise, {( 18

called continuous random vector.

Definition 1.2.3 (Probability Density Function "p.d.f" )[1]:
Let {f be an n-dimensional random vector "disc. or cont." define on S.S A.

A function f({C) = f(x,,x,,...,X,) is called multivariate or joint p.d.f of {f

"or distn" if J ({C) satisfy the following two conditions:

e il
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i. f(x)20,Vxe 4.

ZZ---Zf()g), X disc.

x€eA

N[ [ fF ode, X cont.

x€eA

i, 1

Definition 1.2.4 (Cumulative Distribution Function 'c.d.f")1]:

Let X be an n-dimensional random vector with p.d.f / () defined on S.S

A, we define the c.d.f of X "or distn.", denoted by F(x)=Pr[X < x] as:

i Z if(tl,tz,...,zn), X disc.

t=—0ofy=—00 t,=—00

F(x)=

[ ] j [ttt )dtdt, .. dt,, X cont.

tl:—oo [2:—00 tn =—00

Provided the sums or integrals converge analytically.

Where F(x) satisfy the following properties:
i. 0SF(x)<1,

ii. F(—0)=0 and F(0)=1.
iii. '(x) is a monotonic non-decreasing function of X .

iv. F'(x) is cont. function to the right at each X .

Definition 1.2.5 (Mathematical Expectation)[6]:

Let X be an n-dimensional random vector defined on S.S « with p.d.f

f(x), and let #(X) be any function of X , we define the mathematical

expectation "or the expected value" of u(x) "denoted by E[u(x)]" as:
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ZZ Zu(x)f(x) X disc.

J. J. J.u(x) f (x)dx, X cont.

xeA

Elu(X)]=

Provided the sums or integrals converge analytically.
In particular, for univariate case:

1. if u(x)=x, then E[u(X )] is called the mean of r.v X "or distn." and

denoted by X .
2. ifulx)=(x — ,u)2, then E[(X — ,u)z] 1s called the variance of the r.v X
"or distn.", denoted by O >or var(X). The positive square root of the

variance O is called the standard deviation, denoted by O .which is measure
of dispersion.

In practice:

0’ =E[(X —p)’1=E[X *=2X pu+u’1=E[X *|-2u-E[x 1+ > =E[X *]- i’

Moreover, for the multivariate case:

1. Ifu(_)g):xlrl .x£2 ..... xnn :H'xlrl ,then

n Z ZA"' Z l—nllxiri f(x), X disc.
E|:H xiri:|: X € 1=
- I .[ IH x/"-f(x)dx , X cont.

xeA

Which defines the multivariate moment of order (r;,r»,...,r,) about the

origin of the distn. of X .
S oL x
2.1 w(X) = expltpxy +px, oo+ 1,x, ) =exp(Y ;) =et *

then



CHAPTER ONE

I | Some Basic Concepts and Definitions |

Z Z"'ZeXP(ifixi)'f (x), X disc.
Eweon=y <47
J. _[ "'ICXP(Zfixi)'f (x)dx, X cont.
xeA i=1

Which defines the multivariate moment generating function, and denoted

by M (t)=M (¢,,t,,...,t,) for the distn. of X .

Definition 1.2.6 (Statistic) [6]:

A statistic is a function of one or more r.v * which is not depend upon any

unknown parameter.

Definition 1.2.7 (Estimator) [6]:

Any statistic whose values are used to estimate the unknown parameter &

or some function of 0 say T(0) is called point estimator.

Definition 1.2.8 (Unbiased Estimator)[1]:

An estimator U= u(X;,X5,...,X,) is said to be an unbiased estimator of €@ if
and only if E[U |=E[u(X,X,,...,X ,)]=86, denoted by 6.

The term E[U]— 8 is called the bias of the estimator 8.

Definition 1.2.9 (Minimum Variance Unbiased Estimator) [1]:

Let X,X,....X, be a r.s of size n whose p.d.f f (x,0), an estimator

U*=M*(X1,X2,...,Xn) of @ is defined to be minimum variance unbiased

estimator of @ if and only if:
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1.E[U 1=6, thatis U" is unbiased.

2. var(U ") < var(U) for any unbiased estimator U= u(X,,X,...,X,) of 8.

1.3 Random Numbers Generation:

Many techniques for generating random numbers have been suggested,
tested, and used in recent years, some of these are based on random
phenomena, others on deterministic recurrence procedures.

Initially, manual methods were used, including such techniques as coin
flipping, dice rolling, card shuffling, and roulette wheels, but these methods
were too slow for general use, and moreover, sequences generated by them
could not be reproduced.

Shortly following with the computer aid it became possible to obtain
random numbers.

John Von Neumann (1951) [19] suggested the Mid-Square method, using
the arithmetic operations of computer, his idea was to take the square of the
preceding random number and extract the middle digits, for instance, if we
wish to generating a sequence of four-digits numbers:

1. Choose any 4-digit number, say 5232.

2. Square it, we obtain 27373824.

3. The next 4-digit number is of the middle 4-digit in step 2, that is 3738.

4. repeat the prosses.

But this sequence is not really random, it only seems so, in fact referred to
as pseudorandom or quasi-random; still we call it random, with the
appropriate reservation. Von Neumann's method likewise proved slow and
awkward for statistical analysis. In addition the sequence tend to cyclicity,

and once a zero is encountered the sequence terminates.
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One method of generating random numbers on a digital computer consists
of preparing a table and storing it in the memory of the computer. RAND
Corporation (1955) [14] published a well known table of a million random
digits that may be used in forming such a table. The advantage of this method
is reproducibility, and its disadvantage is its lack of speed and the risk of
exhausting the table.

We say that the random numbers generated by this or any other method is
good one if the random numbers are;

1. Uniformly distributed.

2. Statistically independent.

3. Reproducible.

Also a good method is necessarily fast and requires minimum memory
capacity.

The congruential methods for generating pseudorandom numbers are
designed specifically to satisfy as many of these requirements as possible.

Many random number generators in use today are linear congruential
generators, introduced by Lehmer (1951) [9], which designed to generate
sequences of pseudorandom numbers according to some recursive formula
based on calculating the residues modulo of some integer m of a linear
transformation.

Knuth D.E (1969) [8] show that the numbers generated by these sequences
appear to be uniformly distributed, and statistically independent.

Congruential methods are based on a fundamental congruence
relationship, which may be expressed as:

X, =(aX,+c)(modm) ,i=12,..,n .. (L.1)

where a is the multiplier, c is the increment, and m is the modulus, where a, c,

and m are nonnegative integers. The modulo notation (modm ) means that:

X., =aX, +c—mk, .. (12)
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Where k; =[(aX,+c)/m] denotes the largest positive integer in
(aX,+c)/m.

Given an initial starting value X, "also called the seed", with fixed values
of a,c, and m, eq.(1.2) yields a congruence relationship "modulo m" for any
value i for the sequence {X,}.

For example, let a=c=X,=3 and m=35, then the sequence obtained
from the recursive formula X,, =3X, +3(modm) is: X, =3,2,4,0,3.

Clearly, such a sequence will repeat itself in at most m steps, and will
therefore be periodic,

It follow from eq.(1.2) that X, <m for all i. This inequality means that the

period of the generator can't exceed m, that is, the sequence X, contains at

most m distinct numbers. So we must to choose a, ¢, and m as better as
possible to obtain the better and largest sequence of distinct random numbers.

It is noted in literatures [7, 10, 12] that good statistical results with max.

periodic no. can be achieved by choosing a=2" +1, ¢ =1 and m =27,
Generators that produce random numbers according to eq.(1.1) are called
"mixed Congruential generators". The random numbers on the unit interval
(0,1) can be obtained by:
X i

m

U, =

... (L.3)

We note that in present days the IBM system/360 uniform random number
generator, introduce a multiplicative Congruential generator of the form

X, =aX ;(modm) that utilizes the full word size, which is equal to 32 bits

with 1 bit resaved for algebraic sign, therefore an obvious choice for mis 2*'.
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1.4 Random Variate Generation:

There are many techniques and several alternative algorithms for
generating random variates from different distribution. However, nearly all
these techniques can be classified according to their theoretical basis.

We shall utilize two methods for generating r.v's of continuous type,

namely Inverse Transform method and Acceptance-Rejection method.

1.4.1 Inverse Transform Method :

Let X be a cont. r.v with cumulative distribution function "c.d.f" F'(x).
According to the properties given in section 1.2.4 F'(Xx) is non-decreasing

function. The inverse function F () may be defined for any value of
Y between 0 and 1.

The inverse transform method based on the following theorem:

Theorem(1.4.1.1) [15]:

The r.v U =F(x)~U(0,]) if and only if the r.v X =F '(UU) has c.d.f
Pr[X <x]=F(x).

LT Algorithm:

1. Generate U from U(0,1).
2.Set X =F '(u).

3. Deliver X as a r.v generated from the distribution whose p.d.f f(x).

For illustration, we shall consider the following two examples.
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'i-u.=_-,.—_ —_...___—_-II'-

f_)(dmp[e( 1411) If we wish to generate r.v from the Weibull
distribution " X ~ W(e, )", with p.d.f:

R B 0 oo
f(x):{aﬁxoe xS

ew

The c.d.f of X is:

0

F(x)=Pr[X <x]= If(l)dt = Jaﬂ g0 o P gp = — o P == e P
—oo 0

0, x <0
ZF(x)=Pr[X <x]={1-¢?"", 0<x <o
1, X —oo

Now, set

X

u=F(x)su=l-e?"=e? " =1-u=y > -F-x%=lnv =

x%=—'lnv =>x ={_—1-lnv}a

Where v have the same distn. of u
Apply LT algorithm:
1. Read a, 5.

2. Generate U from U(0,1).
1

3. Set X :{_—l.mU}“.
B

4. Deliver X as a r.v generated from W (¢, f) distribution.

f}(amp[e( 1412) Let X;,X5,....X, be a r.s of size n from the distn.
whose p.df f(x) and c.d.f. F(x). Suppose we wish to generate Y, and Y,

10
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where Y= min(X;,X5,...,X,) and Y,= max(X;X,,...,X,). From order statistics

theory, the c.d.f of the 1* order statistics Y is:
G (y) =PrlY, < y ] =1=-[1-F(y)I"
Set u=G,(y)=>u=1-1-F)]"=>[101-Fy)l"=1-u=u=
1-F(y)=u" = F(y)=1-u" =y, =F'(1-u")
and the c.d.f of the n™ order statistics Y, is:
Gp(yn)=Prly,, <y, 1=[F(y,)I"
Set
U =G,y )2 u=lF () = F(y,)=u'n =y, =F /)

Apply LT algorithm:
1. Read n.
2. Generate U from U(0,1).

_ 1 _ 1
3. Set Y| =F 1(1—U4) and Yo =F 1(U4).

4. Deliver Y; and Y, as the I* and the n™ order statistics generated from

the distn. whose p.d.f f(x).

We note that to apply the inverse transform method, the c.d.f F(x) must be
exist in a form for which the corresponding inverse transform can be founded

analytically, For example:

1. X ~ Exp(A) where f(x)=A" e < x< oo, (possible)

2. X ~G(2,]) where f(x)=x-e",0<x<oco, (difficult)
3. X ~ N(0,l) where f(x)= L % i ibl
. X ~N(0,I) where «/E . (impossible)

11
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1.4.2 Acceptance — Rejection Method:

This method is dates back at least to Von Newman (1951) [19], and

consists of sampling a random variate from an appropriate distribution and
subjecting it to a test to determine whether or not it will be acceptable for use.

To carry out the method we represent f(x) of the generated r.v X as:
f(x)=c-h(x)-g(x), where ¢ 21, h(x) is also p.d.f, and 0<g(x)<1.
Then we generate two r.v’, U ~U(0,1), and Y from h(y ), and test to see
whether or not the inequality U < g(Y) holds:

1. If the inequality holds, then accept Y=X as a r.v generated from f(x).

2. If the inequality violated, then reject the pair U,Y and try again.

This method is based on the following theorem:

1.4.2.1 Theorem [15]:

Let the p.d.f of r.v X represented as f(x)=c-h(x)-g(x), where ¢ 21,
h(x) is also p.d.f, and 0< g(x) <1.

Let U and Y be distributed U(0.l)and %(y ), respectively, then
Prly =x|U <g@)]=f (x)

A-R Algorithm:
1. Generate U from U(0,1).

2. Generate Y from the p.d.f A(y).

3.1f U < g(Y), Deliver X as a r.v generated from f(x).
4. Go to step 1.

12
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Note: For this method to be of practical interest the following criteria must

be used in selected h(x):

1. It should be easy to generate a r.v from h(x).

2. The efficiency "probability" of the procedure % should be large, that

is, ¢ should be close to one "which accurse when A(x) is similar to f(x) in

shape".

Now, to 1illustrate this method, we choose ¢ such that

f(x)<c-h(x)=¢(x),Vxe I, where c >1.

The problem then is to find a function @¢(x) and a function A(x) = ¢(xy,

c

from which the r.v's can be easily generated

The maximum efficiency is achieved when f(x)=¢(x),Vxe I . In this

case %=C=1, g(x)=1.
There exist an infinite numbers of ways to choose h(x) to satisfy
fx)=c-h(x) g(x).

For illustration, we shall consider the following two examples.

f)(amp[e( 1.4.2. 1) if we wish to generate r.v from the distn. whose
p.d.f:
2

f(x)= R*-x? —R<x<R
TR?
We have
VR*-x*<R vV xe[-R,R],
2

2 2
”RZ Rz—XZSE—R = f(X)Sﬂ'_R=¢(X) .

13
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R R R ) 4
Now : ¢ h(x)=¢(x) :_Lc-h(x)dxz_L¢(x)dx :cz_L”—Rdx =

h(x)=¢(x)=%m _ 1
c 4&' 2R

and H (x) = jh(t)dt: j ZZdtJZ_RR

-R -R

setuy, =H (y) :>u2=% =y =(2u, — )R

and
2 [r2 2
g(y)—];((y)) R’ 5 1\/R2—x \/RZ—R (2uy — 1)
TR
= 1= (2, —1)?

Apply AR-Algorithm:

1. Read R.

2. Generate U; and U, from U(0,1).
3. Set Y=(2U,-1)R.

4. It U,<g¥ )=\/l—(2U2—1)2, deliver “we accept” Y=X as a r.v

generated from f(x).

Go to step 2.

f}(amp[e( 1.4.2.2 ) If we wish to generate r.v from beta distribution
"X ~ Be(a, )" with p.d.f:

14
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F(a’—i_ﬂ) .xa—l.
f()=1T(a)-T(B)

(1-x)?"! O<x<l1

0 ,ew

If we choose h(x)=a-x*", 0<x<1, and g(x)=(1-x)"", in this case

oo L@+p)
(o) T(B)’

So

H(x)=jh(t)dt =j t“dt =x*

1

o

Set 1, = H(y) =1, = y* = y=(u,)*, and g(y)=(1—y)*”

Apply A-R algorithm:

1. read @ and S.

2. Generate U; and U, from U(0,1).

3. SetY=UZ.

4. If U, <g¥)=(1-Y )ﬂ’l, Deliver "we accept” Y=X as a r.v generated
from Be(a,p).

5. Go to step 2.

15
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MONTE CARLO INTEGRATION METHODS

2.1 Introduction:

The importance of good numerical integration schemes is evident. There
are many deterministic quadrature formulas for computation of ordinary
integrals with well behaved integrands such as trapezoidal, Simpson's, and
Gauss quadrature rules. But these numerical techniques become less attractive
if the function fail to be regular “i.e. to have continuous derivatives of
moderate order”, especially in the case of multidimensional integrals where
application of such rules runs into severs difficulties. It is often more
convenient to compute such integrals by Monte Carlo methods, which,
although less accurate than conventional quadratures rules, but it is much
simpler to use.

This chapter involve tow sections, in section 2.2, we consider two
techniques for computing the n-dimensional integrals namely the hit or miss
Monte Carlo method, and the sample mean Monte Carlo method, where these

two methods are supported by examples, Chebyshev's inequality is used to

16
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evaluate the number of trails to perform according to hit or miss method as
well as the confidence interval for the estimated integral is derived,

efficiencies of the two methods are discussed.

2.2 Monte Carlo Integration for n-dimensional integrals:

For computing n-dimensional integrals,
bl bZ bn
1 ZJ. J J‘ g(x,X,,.0x, )dx dx,..dx, ..(2.1)

We shall consider two techniques, the 1% is called "the hit or miss Monte
Carlo method", which is based on the geometrical interpretation of an
x,). The

2™ is called "the sample mean Monte Carlo method", which is based on the

integrals as hyper volume under the surface of the integrand g(x;,x,
representation of an integral as an expected value, and the problem of
estimating an integral by Monte Carlo method is equivalent to the problem of

estimating an unknown parameter.

2.2.1 Hit or Miss Monte Carlo method:
Consider the problem of calculating the n-dimensional integral of eq.(2.1),
0<g(x,,x,,..x, )<c, a. <x,<b,, i =1,2,...,n
Let (X,X5,...,X,,Y) be a random vector uniformly distributed over the
region Q={(x;,X,....x,,,¥): @ <x; <b;, 05y <¢, i=12,..,n},
with p.d.f
1

f (XX, X,,y)= , (x,x,,.5x,)eQ

cb,—a)b,—a,)..b,—a,) ..(2.2)

=0, ew

17
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Let p be the probability that the random vector (X,X,,...,X,,Y) is falls
within the hyper-volume under g(x;,x,,...,x,), denoted by,
V ={(x,,x,,....x,):y <g(x,,x,,....x,)} and observing that the hyper-

volume under g(x;,xz,...,X,),

bl bZ bn
hyper —volumeV =j j I g(x X,y ) dx dx,..dx,

an

We obtain:

bl bZ bn
.”'...J.g(xl,xz,...,xn) dx dx,..dx,
_ hyper —volumeV %% &

B hyper —volume - b, —a)b,-a,)..b,—a,)

I
e, —-a)b,—a,)..(b, —a,)

..(2.3)

Let us assume that N independent random vectors (X;;,Xz,...,Xu1, Y1),
(X12:X220 -, X2, Y2)s oo Xy Xow, -, X Yy) are generated. The parameter p can
be estimated by

=—= ..(24
P= (2.4)

Where Ny is the number of  occasions on which
8 (X4 X0 5esX )2y, i =12,...,,N that is, the no. of "hits", and N-Ny is
the no. of "misses", we score a miss if g (x;,X5;,....X,;)<y;, i =1L,2,.,N .

It follows from eq.(2.3), and eq.(2.4), that the integral I can be estimated by
A N
[ =6 =c(b,—a)b,—a,)..0, —an)TH ...(2.5)

In other wards, to estimate the integral / we take sample N from the distn.
eq.(2.2), count the no. Ny of hits "below the hyper-surface g(x;,x,,...,x,)", and
apply eq.(2.5).

The necessary steps to estimating the integral of eq.(2.5) by hit or miss

Monte Carlo method can be describe by HM3-Algorithm:

18
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HM-Alorithm:

[

N (n+1)

., of (n+I)N random numbers.

Generate a seq. {U, }
Arrange the random numbers into N pairs, U,.U,....U.)
U .U pyseiilU ayp)sees Uy Uy 505U 4y ) 10 any fashion s.t each random

no. U, is used exactly once.

. Compute

X,=a,+0b-a)U,, X, =a,+b,-a,)U,,,..X, =ay, +b, —a,)U,,
and g(X ., X ,;,...X ;). Vi =12,...,N .

Count the no. of cases Ny for which ¢ (X ;,X ,;,....X ;) >cU,,.,,; -

Estimate the integral I by é’l =c(b,—a)b,—a,)...0b, —a, )]\];—H.

2.2.1.1 Statistical properties of the estimator @,:

Since each of the N trials constitutes a Bernoulli trial with prob. p of hit,

then

E6)=c (b, —a)(b,~a))...(b, —a,)E {JZVV_H}

1
= — -a,)...b. —a )—E
cb —a)b,-a,)..b,—a,) N (N,)

E@)=pc®b,—a)b,—a,)..(b, —a)=1 ...(2.6)

That is, 6, is an unbiased estimator of I.

The variance of 8, is:

var(6) = var[c (b,—a)(b,—a,)...(b, —a,)P]

19
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var(f) = [c b, —a)(b,-a,)...(b, —a, )]2 Var[]\]i/—”}

:%[c (b,~a) (b, =a,)...0, =a,)] var(V )

ZNL[C b, —a)b,-a,)...0, _an)]zp I-p)

e, ~a)®,~a)..b, —a,)] e, —a)(b,~a,)..(b, —a,)—1]
N [c b, —a) b, -a,)..(b, —a)]

zﬁ[c b,—a)b,—a,)...b, —a,)—1] ...(2.7)

and the standard deviation

1

0, = |:V211‘(6A’1):|E :#[l {c b,—a,)b,—a,)...b, —an)_]}]E ...(2.8)

Note that the precision of the estimator él, which is the measured by the

. . . . =
inverse of standard deviation, 1s of order N *.

2.2.1.2 Estimate the number of trials:

To evaluate how many trials do we have to perform according to the hit or

miss Monte Carlo method, if we require

Pr[|6-1|<e |20 ..(2.9)
Chebyshev's inequality,
A Var(6A’1)
Prﬂel—l\q]a— - .(2.10)
together with eq.(2.9), gives
agl—varfl) @210
£

substituting eq.(2.7) in eq.(2.11), we obtain
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i -..=F "

_pU=p)c®,-a)b,-a,)..0b, -a,)]

a<l N e ...(2.12)
by solving eq.(2.12) w.r.t N, we have

2
N> pA=p)[c®,—a)b,-a))...b, —a,)] 213)

(l1-a)&
Which is the required number of trials for eq.(2.9) to hold.

For illustration, we shall consider the following two examples, by taking
small (o) say 0.01, 0.05, and small (¢) say 0.001, 0.005, and a large (p) say
0.99, 0.995 to get best result.

2.2.1.3 The (1- @)100% confidence interval for the integral I
estimated by the hit or miss method:

For the large samples size, taken from non-Normal distn. “disc. or cont.”,
we can find with help of the Central Limit theorem, an approximate C.I for /

because most distn. has limiting Normal distn. (n — o).
Let él,éz,. ..,én be ar.s from a distn. that has mean / and variance ¢* with
existence of m.g.f M(7), and suppose we required a C.I for I with probability

]-a for a small o. and unknown ¢ :

Ji@-1)
o)

According to C.L.T, ther.v Y = 1 N(,1),
cony. 2 cony. 2 cony.

Since, S’ 50’ = S —>1 = v="c 1,
sto. 6 sto. O' sto.

Y N : .
Then the r.v Z =— has a limiting distn. As Y, that is:
%

Z

_Vn@-nlo_n@é-nw NOD.
S/o N

So, we can find from N(0,1) table two no.’, *7, 4,8t
2

.l
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Pr[—zla <Z< zla} =l-c.

Now, the event

_Zl—g </Z< Z]_g = _Zl—ﬂ <T< Zl_g
E—izl_a<(é—l)<izl_a E—é—izl_a<—l <-6 +i
NERs NE _— Jn
~ S ~ S
=0-——27, ,<I<0+—z ,.
Jn Jn

Therefore the approximate 100(1-a)% C.I for the integral / is:

~ S ~ S
0 —2 .,,0+—2z , |
( o P A FZJ

For illustration we shall solve the following examples.

Qi)(amp[e ( 2.2.1.1 ).' Calculating the 99.5% C.I for the integration

1 =j.e_x2 dx.

0

Solution;
For the best no. of trails N with p =0.99, € =0.001, ¢ =1:

L PA=p)c®-a)]
 (-a)é?

N —4x10*

By calculating 91 , according to the Hit or Miss Monte Carlo method with

number of repetition n=25, and the result are tabulated in table(2.1):

22
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Table(2.1)

1
"The Estimators of 1 = I e dx , using the Hit or Miss Method"
0

25

and 5% = Zn:[é.—ﬂz =%Z[é—0.746]2 =2.343x10°

i=1

then S =4.84x107

now, we can find from the standard normal distn.”” table two no.” £z,_,, s.t
2

Pr[—zl_a <Z< zl_a} =l-a

and the 99.5% C.I for the integral [ is (5 j— Zg.995 » 5 TZOQ%J

-3
- %zag% = 0.746 —@ 2.6 =0.743
n

-3
%zag% = 0.746 + @ 2.6 =0.749
n

Therefore the 99.5% C.I for I is: (0.743, 0.749)

D>

6 +
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f)(dmp[e ( 2.2.1.2 ) Calculation the 99% C.I for the integral
I = I I J Sin(x, —i_xz)alx3clxzcz’)c1 .

cos(x3)

Solution:
For the best no. of trails N with p =0.99, €=0.01:

p(l P)[C(b1 ay) (b, — az)(b3 03)]
(I- a)e

N > =2.75%10°

By calculating él , according to the Hit or Miss Monte Carlo method with

number of repetition n=25, and the result are tabulated in table(2.2):

Table(2.2)

+ . . .
"the estimators of 1 = j I J sin(x, xz)dx 1dx »dx | ,using Hit or Miss"
cos(x3)

s 1 n a =72 1 25 — . 2 »
and $2=——3" § -8 | =3[ -0950] =2.950x10

i=1
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—
'~..=F

then S =0.017

now, we can find from the standard normal distn.”® table two no.’ 27 s

s.t: Pr[—zl_a <Z< zl_aJ =l-«

and the 95% C.I for the integral [ is (5 6 +

S
\/—Z095 Tzoysj
6z, =0950- 2917 1 645-0.944
Jn 5

6+, =0950+227 1 645- 00955
In 5

Therefore the 95% C.I for I is:(0.944 , 0.955).

Example (2.2.1.3); Calculation the 99.5 % C.I for the integral

32 2
:I IJ J I e 172 4 2y —sin(x 4 +x5) dx dx dx ydx ydx 5.
odod1 Jo Ji

Solution;

For the best no. of trails N with p =0.99, € =0.01:

P(l P)[C(b1 a))(by —ay)...(bs — as)]
(1- a)g

N > =1x10*

By calculating 91 , according to the Hit or Miss Monte Carlo method with

number of repetition n=25, and the result are tabulated in table(2.3):
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Table(2.3)

"the Estimators of

Lplp2p203 5 o
=J J I I I e 172 4 2x s —sin(x 4 +x5) dx dx,dxydx ydx s,

using Hit or Miss Method"

6=1%4 ——Ze —20.244

n o 25T
and §% =" i[ég —5]2 =i§:[éi ~20244] =42.5%10°
n-14 244
then S =0.206

now, we can find from the standard normal distn.”® table two no.’ tZ 4s
2

s.t: Pr[—zl_a <Z< zl_aJ =l-«

and the 99.5% C.I for the integral [ is (67 j— Zg.995 5 Tzolg%j

= 5 0.206
= s = 20244222 26220137
645z, =20244+ %06 2.6 =20.352

NS

Therefore the 99.5% C.I for I is: (20.137 , 20.352)
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2.2.2 Sample Mean Monte Carlo method:

Another way of computing the integral

bl b2 bn
1 =I I j 8 (X, X yyeensx )X dx ,..dx
a a, a,

by represent I as an expected value of some r.v.

Indeed, let us rewrite the integral [ as

b, eb, b,
IZI I j S Xaren®) p(o oy Yk dx,dx,  ..(2.14)
a da, a, f (.xl,.xz,...,.xn)
where  f(x;,x5,...,x,) 1s any p.df, st flx,xy...,x,)>0, when
g(x,x,,...x, )#0, then

[=p| 8K X0 X)) .(2.15)
FX. XX )

where the r.v X;,X,,...,X, are independent r.v* are distributed according to

fi(x1), fo(x2),..., fu(X,) Where :
Fix) o) f, (e )=f (x,x5,..,x )

for simplicity, let us assume

1
f (XX, )= a <x;<b Ni=12..n
n b—a) b,—a)...(,—a,) ...(2.16)
=0 ew

then

= I f—
b,—a)b,-a,)...0b,—a,)
[ =(0b,—-a)b,—a)..b,—a,)E[g(x,,x,,x,)]

we can estimate / by

Elg(X ,X,,....X )]

~ 1 N
6, Zﬁ(bl —a)(b,—a,)..(b, —a,) Y g (X ;. X ... X ) ..(2.17)
i=1
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The necessary steps to estimating the integral of eq.(2.47) by sample mean

Monte Carlo method can be describe by SM3-Algorithm:

SM-Algorithm:

I.

2.

Generate a seq. {U, }l"j of n.N random numbers.

Arrange the random numbers into N pairs (U;,U;,...,U,)),
(U2, Uz,...,Up), ..., (U, Usp,...,U,y) 1n any fashion s.t each random

number U; is used exactly once.

. Compute

X,=a+0b-a)U,, X, =a,+b,-a,)U,,, ... X =a, +b, —a)U
;and g(X,,.X,,,....X ), Vi=L2,..,N .

ni

. Compute the sample mean 6, according to:

A 1 & .
0,=0b,—a)b,-a,)..0b, —an)FZg(X X, »...X ), which

i=l

estimates /.

2.2.2.1 Statistical properties of the estimator 6),:

We can show that éz is an unbiased estimator

E6,)=E Lvi(b1 —a)(b,—a,)...b, —an)ig(X XX )}

i=1

1 N
:F(b1 ~a,)(b,-a,)...(b, —a,)E {Zg(X X ,...,Xm.)}

i=l1

=Ni(b1 ~a)(b,=a,)..b, =a,) ) E[g(X X ,...X )]
1 S I
= Gima) b ~a)..0, —an);{(b] SO —a) . —an)}

28
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NI 7
(bl _al)(bz _aZ)"‘(bn _an)

B @)= =466, ~a,)
The variance of éz isequal to E (éj)—[E (672)]2

. 1 ud
var(d)) =Var{ﬁ b —a)b,~a)..0b, —an);g(Xli XX )}

b b, b, )
_1 b,—a) b,—a)..0,—a,) j J j &y Xy X,y) dx,dx,..dx, I’
N A (bl _al)(bZ _a'l)(bn _an)

i 1 bb, b,
Var(02) :V|:(bl _al)(b2 —Clz)...(bn —Cln)J.Ing(X 1 ,le. ,...,Xm. ) dxldxz..dxn 1%

a.a, a,

...(2.18)

2.2.2.2 The (1- @,)100% confidence interval for the integration I
estimated by the sample mean method:

From sec.( 2.2.1.3) we can obtain that the approximation (1-a)100% C.I

for I is (g—izl_a , §+izl_aj.

I NrRE

For illustration we will solve the following examples.

E)(amp[e (222 1 ).' Calculating the 99.5% C.I for the integral

1 =jex2 dx.

0

Solution:
For the best no. of trails N with p =0.99, £ =0.001:
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L pU=pet-a)]
- (1-a)&e?

N = 4x10*

By calculating éz , according to the Sample Mean Monte Carlo method

with number of repetition n=25, and the result are tabulated in table(2.4):

Table(2.4)

1
"The Estimators of I = Ie"‘z dx , using Sample Mean Method"
0

and 5> =" Zn:[é —5}2 —ii[é ~0.746 | =4.277x10°
n-15L" 4L T o

i=1

then S =2.068x107

now, we can find from the standard normal distn.”® table two no.’ tZ 4s
2

s.t: Pr[—zl_a <Z< zl_aJ =l-a

and the 99.5% C.I for the integral I is (5— 20,995 » §+

S S
E ﬁ <0.995 J
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— -3

0 —izoggs _ 0747 - 2008X107 5 ¢ 0746
Jn ° 5

— -3

F; +LZ09% _ 0747 4 2V08X107 5 o 0748
Jn 7° 5

therefore the 99.5% C.I for I is:(0.746 , 0.743)

Examp[e ( 2.2.2.2 ) Calculation the 99% C.I for the integral

J. J J Sln(x1+x2)dx3dx2dxl.

cos(x3)
Solution:
For the best no. of trails N with p =0.99, € =0.01:

p(l P)[C(b1 a))(by —ay) (b3 — 613)]
(1- a’)S

N > =2.75%10°

By calculating 92 , according to the Sample Mean Monte Carlo method

with number of repetition n=25, and the result are tabulated in table(2.5):

Table(2.5)

1el ol
"The Estimators of / =I I J. Mafx?,dxzdx1 , using Sample

cos(x3)

Mean method"

31



CHAPTER TWO

” Monte Carlo Integration Methods |

then we can find

5 1 n ~ =72 1 25 2 s
and §7=——3116,-6 | =236, -0949] =5788x10
i=1

n—143
then S =7.608x10°

now, we can find from the standard normal distn.’® table two no" 27, 4s

2

s.t: Pr[—zl_a <Z< zl_aJ =l-«
2 2

. (7 S ~

and the 95% C.I for the integral I is (0 \/_ Zoos » O+ Tzo.%j
— -3
6 —%zo% = 0.949 —M 1.645 = 0.947

n
— -3
6 +%z09s = 0.949 +m 1.645 = 0.952

n

Therefore the 95% C.I for I is: (0.947, 0.952).

Qixamp&e (2223 ).' Calculation the 99.5 % C.I for the integral

2 03
Izj IJ j j ex12+x22+2x3—sin(x4 +x5)dxdx,dxydx zdxs.
ododi Jo Ji

Solution:
For the best no. of trails N with p =0.99, € =0.01:

p(l P)[C(b1 a)) (b, —a,).. (bs as)]
(1- a)g

=1x10*

N 2

By calculating éz , according to the Sample Mean Monte Carlo method

with number of repetition n=25, and the result are tabulated in table(2.6):
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Table(2.3)

"The Estimators of

23 2 2
:IOIOJ.I J.O Jll exl tx5 +2X3 _Sin(X4 +X5) dxldxzdx3dx4dx5 , U.Sing

Sample Mean method"

= 1 < A 1 25
0=—>6 =—>6 =20174
n 5 255

and §%=— i[é —5]2 :ii[é ~20.174] =2419%10°
n—-1=1" 24 5L

now, we can find from the standard normal distn.”® table two no.’ tZ 4s
2

s.t: Pr[—zl_a <Z< zl_aJ =l-a

and the 99.5% C.I for the integral [ is (5 j— Zg.995 5 Tzolg%j
~ S 0.049
0 —Tzoggs =20. 174—T 2.6 =20.149
645z, =20174+29% 5 6 - 20200
Jn 5

Therefore the 99.5% C.I for I is: (20.149 , 20.200)

33
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2.2.3 Efficiency of Monte Carlo Methods:

Suppose two Monte Carlo methods exist for estimating the integral I. let él

and éz be two estimates produced by these methods s.t :

E|§|=E[6|=1.

We denote by ¢; and 1, the units of computing time required for evaluating

the r.v' 8 and 6, respectively.

Let the variance associated with the 1% method be Var(él) and the

associated with the 2" method be Var(éz), then we say that the 1* method is

more efficient than the 2™ method if eff .=

t Var(6A?1) <1
t, var(6,)

Let us compare now the efficiency of the hit or miss method with that of

the sample mean method.

Proposition (2.2.3.1) var(d,)<var(@)

Proof:

Subtracting eq.(2.18) from eq.(2.7), we obtain:

{ bb, b,
Valr((é{)—var(@z):N(bl —-a)b,—a,)...b,—a )| cl — J- J. J. 220, XX, bt ..,

aq & &4
«(2.19)
Note that g (x,,x,,....x ) <c,
Therefore
b b, b,

cl —J.J.J‘g 2(X 13X gy X ) dx .odx =0

and further
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Var(é)—var(éz) >0

A

Assuming that the computing times ¢; and 1, for él and 6, are

approximately equal, we conclude that the sample mean method is more

efficient than the hit or miss method.
If Var(él) and Var(éz) are unknown, we can replace them by their

estimators:

1 l 2
S? :—|:Zg (X ;X 55 X )0, =) (b, —ay)... (D, _an)_e}
i=1

N —-1[1%
...(2.20)
and then estimated by
tlslz
eff . =——~ ..(2.21
ff wE (2.21)

By comparing examples (2.2.1.1) and (2.2.2.1), we can show that:

8> 1,(2.343x107)
t, 8, 1,(4277x107°%)°

eff .=

and by taking ¢, =¢,then we get, eff .=547.814>1.

Compare again examples (2.2.1.2) and (2.2.2.2), it is easily to evaluate

S 1,(2.95%107)
t, 8, t,(5.788x107)

eff .

and take ¢, =t, then, eff .=5.097 >1.
Compare again examples (2.2.1.3) and (2.2.2.3), it is easily to evaluate

1,857 1,(42.5%107)
t, 8, 1,(2.419x107)°

eff .

and take t, =t, then, eff .=17.569 >1.

which means that the sample mean method is more accurate than the hit or

miss method.
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It is interesting to note that, estimating the integral by 6, and 4,, we do not

need to know the function g(x,x,,...,x,) explicitly, we need only evaluate

g(x;,x5,...,x,) at any point (x;,xy,...,X,).
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CHAPTER

VARIANCE REDUCTION TECHNIQU S

3.1 Introduction:

In this chapter we shall discuss the variance reduction technique for
estimating the n-dimensional integrals where four procedures of sampling are
employed, namely, the Importance sampling, the Correlated sampling,
Partition of the Region, and the Biased estimators.

Some related theorems, corollaries, and propositions to these procedures

are proved and discuss in details.
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3.2 Variance Reduction Techniques [15]:

Variance reduction can be viewed as a means to use known information

about the problem. In fact, if nothing is known about the problem, variance
reduction cannot be achieved. At the other extreme, that is, complete
knowledge, the variance is equal to zero and there is no need for simulation.
Variance reduction cannot be obtained from nothing; it is merely a way of
not wasting information. One way to gain this information is through a direct
crude simulation of the process. Results from this simulation can then be
used to define variance reduction techniques that will refine and improve the
efficiency of a 2™ simulation. Therefore the more that is known about the
problem, the more effective the variance reduction techniques that can be
employed. Hence it is always important to clearly define what is known
about the problem. Knowledge of a process to be simulated can be

qualitative, quantitative, or both.

3.2.1 Importance Sampling:

Let us consider the problem of estimating the n-dimensional integral
bl b2 bn
I=J- J. J' g (x,, X, 00X, )dx dx ,...dx ,xeQcR" ..3.1)

where Qz{(xlsXZa""xn):ai i i

We suppose that g € L*(x) “in other words, that
bl bZ bn
J I I g7 (x,x,,...,x )dx,dx,..dx, exists and therefore that I exists”.

The basic idea of this technique [11] consists of concentrating the distn.
of the sample point in the parts of the region Q that are of most
“importance” instead of spreading them out evenly. By analogy with

€q.(2.14) and eq.(2.15) of chapter two we can represent the integral (3.1) as
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b, b, b,
I ZI j j ﬁiil,iz,“.,in;f(-xla-x2a-..,-xn)dx1dx2...dxn
a, a, a, 127V 299"V p
=E{g(X1’X2""’Xn)} (32
F XXX )

Here (X, X5,...,X,) is any random vector with p.d.f f{x;,x...,x,), s.t
f(x1,%2,...,%,)>0, for each (x;,x,,...,x,)€ Q.
The function f(x;,xs,...,x,) i1s called the importance sampling distn.. It is

obvious from eq.(3.2) that if

£ = g§X . X,,..X )
fX,X,,...X )

1s an unbiased estimator for /, with the variance

b, pb, b, 2
var(§)=j I J 8 X)) oy x Yy dx,dx T

S (x X ,,enx )
...(3.3)
In order to estimate the integral we take a samples (X;,Xz;,...,Xu1),
(Xi2X00,.. 0, X02) ooy XinXow,-..,Xpy) from the p.df  flx,x,...,x,) and

substitute its values in the sample-mean formula

N
03 =i g (X 1i 7X 2i ""’X ni) (34)
N i=1 f (X 17 ,X 2i 9"'5Xm')

The necessary steps for estimating the integrals by the importance

sampling technique can be describe by IS-Algorithm:

I1S-Algorithm:
1. Generate a seq. {X,}"" of n.N random numbers which distributed

with the p.d.f fix;,x,,...,x,).
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2. Arrange the random numbers into N pairs (X;,Xz5...,X00),
(X12,X22,-.,X02)s «oey (XinXon,-..,Xn) 1in any fashion s.t each random
number X is used exactly once.

3. Estimate the integral by:

Zg(XIIXZt’ Xm')
f(XlzXZI’ an)

For illustration we shall solve the following example

fxamp[e ( 3211) Calculating the 99.5% C.I for the integral

1 2
I=J.e_x dx .
0

Solution:
For the best no. of trials N with p =0.99, £ =0.001:

S pa- p)[c(b a)]
(I- a)e

N > = 4x10*

By calculating 9A3 according to the Importance Sampling technique with

using the standard normal distn. as an importance sampling distn., and the

number of repetition n=25, and the result are tabulated in table(3.1):
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Table(3.1)

1
"The Estimators of I = J. e ’ dx , using The Importance Sampling
0

Technique"

= 1 <5 A~ 1 25
6=—>6 =2—529,. =0.73676

n

and §>=—" Z[é —5}2 :ii[é —0.746]2 =1.94x10°°
n—145L" 243

then § =1.393x107

now, we can find from the standard normal distn.”® table two no.’ 27 as

2

s.t: Pr[—zl_a <Z< zl_a} =l-a
2 2

and the 99.5% C.I for the integral I is (5 j— Zp.095 » 0 + Tzo_ggsj

-3
_S 073676 _% 2.6 = 0736036

\/; <0.995
1.393x10™°

645z, =0.73676+ S 2.6= 0737484

Jn

Therefore the 99.5% C.I for [ is: (0.736036, 0.737484)

D>

. e
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We now show how to choose the distn. of the random vector
(X1, X2,...,X,) in order to minimize the variance of {, which is the same as to

minimize the variance of 6;.

Theorem (3.1.1):
The minimum of var(() is equal to
2
var($,) = jj j‘g(xl,xz, x |dx dx,..dx, | —1° ...(3.5)

and occurs when the random vector (X;,X,, ...,X,) 1s distributed with

p.d.f

(X1,X 550000 X )
f(-xla-xz’ 7 - ‘g 1 2 (36)

jj J‘g(xl,xz, .dx

a, a,

Proof:
The formula of eq.(3.5) follows directly if we substitute eq.(3.6) into

eq.(3.3).

In order to prove that var({,) < Var(?;), it is enough to prove that

JI J"g(xl,xz, dx J'j ng(xl’XZ’ = ))dx dx,..dx

S (x,x,,
a4 a, a, a,

...(3.7)
but
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- fice,

a a,

5 dx

J.J- J[;g(ix1;x2,---; n)]% [f (xl,xz,...,xn)]%dxldxz...dxn
12X gseens X,

and by extended Cauchy-Schwarz inequality

jj j[fg((x1’x2’ X, ]/ [f (xl’xz, ,X )] dx dx2 dx <
X X5,

) b] bZ bn
Jj J (jgf((;Cl’;z""’;”))dxldxz...dxn Jjjf (XX 55X, )dx dx, ..dx |
197V 299Ny

2
” Ig X)) g gy, ...(3.8)
3 r oy

Corollary (3.1.1);

If g(x;,xs...,x,)>0, then the optimal p.d.f is

F (XXX )= g(xl’x;"”’x") ...(3.9)

and var({) =0.

It has been shown that [15] that this method is unfortunately useless, since
the optimal density contains the integral III ‘g(x],xz,...,xn)‘dxldxz...dxn ,
which 1is practically equivalent to computing I. In the case where

g(x,x,...,X,) has a constant sign it is precisely equivalent to calculating 1.

But if we already have I, we do not need Monte Carlo methods to estimate it.
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In particular, if we choose f(x;,x,,...,x,) as a uniform density function with

f(x)— ! ,a, <x,<b

; T4,

=O, ew
then we will get the Monte Carlo sample mean method itself.

Not all is lost, however. The variance can be essentially reduced if
f(x1,Xx2,...,x,) 1s chosen in order to have a shape similar to that of
lg(x1,%5,...,x,)]. When choosing f{x;,x,,...,x,) in such a way we have to take
into consideration the difficulties of sampling from such a p.d.f, especially if
lg(x1,%5,...,x,)| 1s not a well behaved function.

Consider the problem of choosing the parameters of the distn.
f(x1,X2,...,x,) in an optimal way. We assume that the p.d.f f{x;,x,...,x,) is
determined up to the vector of parameters o, that is
f(x1,X2,.... X,)=f(x1,x2,...,xp, ). For instance, if f{x;x;) represents two-
dimensional Normal distn., that is (X;,X5)~N(U;,U2,061,02,p), then the
unknown parameters can be the values of W, W,, 6, 6, and p.

Generally if we want to choose the vector of parameters o to minimize

the variance of 6;, that is

min var| 6 _L CACER SO
a N o f (X ;5 X gy 5eesX m,(l)

, b,
imin Jjjf( (X)X g0, dxdx,..dx, —1I°

N o« oo X 3X y5eens X, O0)
..(3.10)
Which equivalent to
2(x,,x X )
mm” J' § Tvreentul gv dy.dx ..(3.11)
f (X xg,00x,,0)

q a,

and the function
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b b, b, 5
”j 8§ X ¥s) g gy v .(3.12)
oo f(x,x,,..x,,0)

can be multiextremal and generally it is difficult to find the optimal «.

3.2.2 Correlated Sampling [15]:

Correlated sampling is one of the most powerful variance reduction
techniques.

Frequently, the primary objective of a simulation study is to determine the
effect of a small change in the system. The sample mean Monte Carlo
method would make two independent runs, with and without the change in
the system being simulated, and subtract the results obtained. Unfortunately,
the difference being calculated is often small compared to the separate
results, while the variance of the difference will be the sum of the variance in
the two runs, which is usually significant. If, instead of being independent,
the two simulations use the same random numbers, the results can be highly
positively correlated, which provides a reduction in the variance. Another
way of viewing correlated sampling through random numbers control is to
realize that the use of the same random numbers generates identically
histories in those parts of the two system, that are the same. Thus the aim of
the correlated sampling is to produce a high positive correlated between two
similar processes so that the variance of the difference is considerably
smaller than it would be if the two processes were statistically independent.

Unfortunately, there is no general procedure that can be implemented in
correlated sampling. However, in the following two situations correlated
sampling can be successfully employed:

1. The value of the small change in a system is to be calculated.
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2. The difference in a parameter in two or more similar cases is of more

interest than its absolute value.

Let us assume that we desire to estimate

Al =1,-1,

where

I ZIJ“’Igl(xl’x2’°-°’xn)f](xlaxz,---,xn)dxldxz...dxn ...(3.13)
Iy =jj...jg2(x1,x2,...,xn) fo(xy,x5,.0x, )dx dx,...dx ...(3.14)

Then the procedure for correlated sampling is as follows:
1. Generate (X;;, X515 ...y Xu1)s - (Xiny Xony «.., Xony) from fi(x;,x5,...,%,)

and (Y]], YZ])'“)Yn])s -na(Y]N) YZN’“-)YHN) fromf‘Z(XI,XZ,...,xn).

2. Estimate Al using

:ﬁzgl(xlz X 9 sees Zgz(le YoisenX i)

i=1

1 N
—— YA, ..(3.15)
N i=l

Where Al ZgI(Xll ’X2i""’Xni)_g2(X1i ’Xzi”"’Xni) ,VZ =1,2,...,N
the variance of A0 is
o’ =0l +07 —2cov(6,,6,) ...(3.16)

where

~ 1Y
6 Zﬁzgl(xli X g X i)
i=1

~ 1 X
6, :ﬁng(Yli YooY i),
i=1

ot =E[91—11]2,

[é ]2 and

l\)l\)

—
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cov(§,8)=E | (6,10, 1) |.

Now, if él and 92 are statistically independent, then cov(él,éz) =0, and
c’=0+0;.

However, if the random vectors X and Y are positively correlated and if
g1(x1,x,...,x,) is similar to g,(x;,xy,...,X,) in shape, then the r.v* él and 92 will

also be positively correlated, that is, cov(él,éz) >0, and the variance of A0

may be greatly reduced.

Thus the key to reducing the variance of A8 is to insure positive
correlation between the estimates 7, and /,. This can be achieved in

several ways. The easiest way is to obtain correlated samples through
random number control. Specifically, this can be accomplished by using the
same "common" sequence of random vectors (U;,U;,...,U,)),
(Ui, Up,...,Upp)..., (UnUsy,...,U,y) 1n both simulations, that is, the
sequences  (X;,Xzn...X01), (Xi2X22--,X02)5.-0,  (XinXon,-.,Xy)  and
Y. Yo .Y, (Yo, Y20, .Y00),.... (YinYown,...,Y,y) are generated using
X,-=F[](U1,-, U,,...,U,) and Y,-=F2‘1(U1,~, Us,...,U,;) respectively. Clearly, if f;
is similar to f>, the r.v’ X; and Y; will be highly positively correlated since
they both used the same random numbers.

It has been note that [15] it is difficult to be specific as to how random
number control should be applied generally. As a rule, however, to achieve
maximum correlation common random number”® should be used whenever the

similarities in problem structure will permit this.

3.2.3 Partition of the Region [15]:

In this technique [17] we break the region

Q={(x,%5,00sx )@ <x; <b; ,i =1,2,...,n},
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into two parts Q=Q, UQ, ,where
Q, ={(x,x5500x,):a; <x; <¢; i =1,2,...,n}, and
Q, ={(x},x5,.0sx,)ic; £x; <b; i =1,2,...,n},
Representing the integral I as
by ¢by by
I = j J. 8(x,X5,e0x  )dx dx,...dx
a vap n
) Cn
:J J I g (X, x,,.ox, )dx dx,...dx
ap v ap ap
by pby by
+j j I g (X X oot )X X 5o, (.17)
1 vC2 Cn
Let us assume the integral
I =j 1'[ ZJ- " g (XX gk, )X dx,..dx ...(3.18)
a vaj ap
can be calculated analytically, and let us define a truncated p.d.f
f(xpxs,.0x,) .
h(X{,Xr,...,X,)= L A (X1,X5,...,x ) Q
1>*2 n 1_p f 1>*2 n 2 (319)
=0 ,eW
c1cp ¢y
where p = J. IJ.f (X 15X 95X ) )dX (dX 5 X,
ajay  ap

Formula (3.17) can be written as

by pbay by
I =1, +J J I 8 (X, x,,..,x,)dx dx,...dx
1 v Cn

:Il+JC1IC2-.. Cng(xl’xzﬁ""
adar o nGx oy

_I,+E §(X,.X,,...,X,)
h(X,X,,....X,)

x”; h(x,,x,,....x,)dx dx,...dx
X

’ n

...(3.20)
fX,.X5,...X,)

an unbiased estimator for / is then

_1, +(1_p)E{g(X1,X2,...,Xn)}
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Y =11+(1—p)g(X1’X2"“’X") ...(3.21)
fX.X5,...X,)
and the integral / can be estimated by
N
6, :11+(1—p)izg(X1’X2""’X") ..(3.22)
N Tf (X ,X5,..X,)

The necessary steps for estimating the integrals by the partition of the

region technique can be describe by PR-Algorithm:

PR-Algorithm:

1. Read a],ag,...,an,b],bg,...,bn,C],CZ,..., and Cy.

2. Compute:

a Yay an

C2

p:

a Ya

p.d.f.

C, .
J. g(x,x,,...,x )dx dx,..dx , where f(x;xs....x,) 1S a
a}‘l

3. Generate a seq. {X ,}" of nN random numbers which distributed with

)=f (XX 55000X ) '

the p.df A(x,,x,,....x
l-p

n

4. Arrange the random numbers into N pairs (X;,X55...,X00),
(X12,X22,-.,X02)s «oey (XinXon,-..,Xy) 1in any fashion s.t each random
number X is used exactly once.

5. Estimate the integral by:

, 1 LegX X000 X
6’4=11+(l—p)—zg( X o ),
N Zf XXX

For illustration we will solve the following example
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f}(amp[e ( 3.2.3.1 ).‘ Calculating the 99.5% C.I for the integral

12 52 L2
e dx +I e dx=I+I, .
/)

1
1 =I e_xzdx =J/
0 0

Solution:
For the best no. of trails N with p =0.99, £ =0.001:

P A-p)[c b -a)]
- (1-a)&e?

N = 4x10*

By calculating é4 according the Partition of the Region technique, and

using the standard normal distn. as an importance sampling distn., with
[,=0.461 which calculated by MathCAD standard forms, and the number of

repetition n=25, and the results are tabulated in table(3.2):

Table(3.2)

1
"The Estimators of I = j e™ dx , using The Partition of The Region
0

Technique"

then we can find

= 1 <4 A 1 25
6=—>6 =—>6 =0.7372
i=1

n <5 254

50



CHAPTER THREE

I | Variance Reduction Techniques |

e — e

5 1 n A =2 1 25 . 2 6
and §° = Z[@—e} =ﬂ2[ﬁi—0.746] =1.83%10
i=1

n—173
then S =1.354x107°

now, we can find from the standard normal distn.’® table two no.’ AP
2

s.t: Pr[—zl_a <Z< zl_a} =l-«

and the 99.5% C.I for the integral [ is (é 6+

S
\/— 20,995 » T <0.995 ]

-3
e s = 0.7372—% 2.6 = 0.736496

Jn
— -3
6+ 2, =0372+ 13&% 2.6 = 0.737904

Jn

Therefore the 99.5% C.I for I is: (0.736496 , 0.737904)

D>

Proposition(3.2.3.1): var(d,) < (- p)var(d;)
Proof:

We have from eq.(3.4) that

~ b n
Nvar(93): IJ‘ J. 8 ('xl"x2’ X )dx dx2 dxn_IZ
a an (x17x29 .y n)

:J'CIJ' J.Cng (-xl’x2’ »Xn )dxldxz...dx
S TERE— "

by pb n 2
+J‘1J‘2 J‘ g8 (X, Xp,mns )dxldxz...dxn_lz
¢ Jep f(xl’XZ’ =X )

...(3.23)

and correspondingly, from eq.(3.22) that
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R b 0o
N Var(04):(1_p)2 lJ‘ J' fg Exl’xz, xn; f(xl(’lx2,“).,xn)d_x1dx2.“dxn
€n XXXy —P

2
by n 8 (XX g X)) f (X 1,X55000X )
—1 - dx dx,...

{( ), I Jcnf(xl,xz, X ) (1-p) e dx"}

=a—p>“j j”g%“”” xn%uﬁu,iu
¢ n [ (XX 500X ,) "

by by by 2
- I J j 8§ (X, x5,..ox, )dx dx,...dx
1 vYe Cn

Multiplying eq.(3.23) by (1-p) and subtracting eq.(3.25), we obtain

...(3.25)

N [ pyvar@y) —var@ |=a-p)[ [~ j”g(““” %) gy dx, . dx,

ay [ (XX p5000X )

) by pby by, 2
—(I-p)I~+ j I J. g(x,x,,....x,)dx,dx,..dx,
€1 ¥c2 Cn

Therefore

N[ (1= p)var(d)) - var(d,) | = j f"g SO g )dx dx,.dx,

ap f (-x]a-x27

~(=-p)I*+UI-1,)°

...(3.26)

Now, introducing

c Ch 2
02=I II J 8 (XXX, dx,dx,..dx, I
n f(xl’xz’ ) p

ZJ-CIJ‘ J‘Cn{g(.xl,.xz, X ) ij(xl,xz, xn)dxldXZ"'dxn
a

fxpx,,.x,) p

...(3.27)

we have
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B 2
N [(1—p)var(é3)—var(é4)] =(1-p)c? +(p%l —p %llj >()

and the proposition is proved.

As a result of a proposition, we find that this technique is at least (/-p)”
times more efficient than the sample mean Monte Carlo method.

Practically, from examples (3.2.1.1) and (3.2.3.1):

var(6,) = §2=1.94x10"° , var(d,)~ > =1.83x10° , and p=0.99

then (1— p)var(8,)=(0.01)- (1.94x107°)1.94x10™* <1.83 = var(é,)

3.2.4 Biased Estimators:

Until now we have considered unbiased estimators for computing
integrals. Using biased estimators, we can some times achieve useful results.

Let us estimate the integral

by pby by
I:I j j 8 (X X gorens X, )X Xy X, ..(3.28)
a Jay ay
by
N
Zg(Uli UsisesU i)
b; =11 ...(3.29)

Instead of using the usual sample mean estimator

N o XX g0 X )

Here U is distributed uniformly in €, that is

h(u)= Jf ue Q)

S <~

ew
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o biby by, o
where V = [ [..[ dx,dx,..dx, ...(3.30)
ajay ay

and (X, X5,...,X,) 1s distributed according to f(x;,x5,...,X,).
The necessary steps for estimating the integrals using the biased estimator

technique can be describe by BE-Algorithm:

BE-Algorithm:

nN .
1. Generate a seq. {U,}._, of nN uniform random numbers.

2. Arrange the random numbers into N pairs (U;,Usy,...,Uy,)),
(U1,Up,...Uy), ..., (UpnUsy,...U,y) in any way s.t each random
number U is used exactly once.

3. Estimate the integral by:

N
A YW, U,,..U,)
0; =%

Zf (Uli ’U2i ”"’Uni)
i=l

and to show the reduction of this method we will solve the following

example:

f}(amp[e ( 3.24.1 ) Calculating the 99.5% C.I for the integral
1 52
I = Ioe dx
Solution:

For the best no. of trails N with p =0.99, £ =0.001:

L p=p)ct-a)]
 (-a)é?

N —4x10*
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By calculating 5’5 according to the Biased Estimator method, with using

the standard normal distn. as an importance sampling distn., and the number

of repetition n=235, and the result are tabulated in table (3.3):

Table(3.3)

1
"The Estimator of [ = I e™ dx , using The Biased Estimator Technique"
0

5 1 n A =72 1 25 . 2 >
and §° = Z[@—e} =QZ[@—0-746] =4.833x10
i=1

n—-173
then S =2.198x107

now, we can find from the standard normal distn.”® table two no.’ 27 4s
2

s.t: Pr[—zl_a <Z< zl_a} =l-«

. . (73 S Y
and the 99.5% C.I for the integral I is (9 \/_ Zo095 » @+ Tzw%]
- -3
0 — Tzog% =0.737 —% -2.6=0.736
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— -3
O+ 7,00 =037 +% 2.6 =0.738

Jn

Therefore the 99.5% C.I for I is: (0.736, 0.738)

it is clear that E [95] #1 , that is 95 is a biased estimator for /. let us

show that éS is consistent. And to prove consistency let us represent 6’A5 as a
ratio of two r.v* &5 and 65 , that is

RO (79) Y TURRIT
%= a7 . ..(3.31)

O (‘%v )gf U1 U g5l i)

AoV
22 =ﬁ2g(U1i UyinU ) ...(3.32)

AP V
22 =VZf U ;U ssU ) ...(3.33)

further

byby by
E[és’} —V J.J.J. g Uy Uyyeestt, YR (U Uy st ) duty ...du,

o a
biby by

E[és’} [ o] 8 utgset, Yy dusy .., .(3.34)
aaz ap

and

biby by
E| 6 |=V [ [ [ @ttty oyttt Yyt .,

aaz an
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byby by
= J. J.J. g(uyuy,....u, )dudu,...du, ...(3.35)
ajay ap

With these results in hand we conclude that 675' and és” converge to / and

1, respectively, when N — oo, which also means that

N
Zé’ Ui Uyp;se U i)
lim | =1 =N

N > N
Zf (Uli ’U2i ’“"Uni )
Li=1

byby by
if, 'fI...I‘g(xl,xz,...,xn)‘dxldxz...dxn < oo

ajay ap
and this shows that 95 18 a consistent estimator of /.

The bias of 5 follows from

- -
N W, UssUy) | E| 2 8W, Uy
E|:0A5:|=E =1 + i=1

N N
2,] Uy UyissUy) | E EJ Uy U ;s
= =

One major advantage of this method is that the sample is

...(3.36)
U i)
==/
U i)
...(3.37)

taken from the

uniform distn. rather that from a general f(x;x;,...,x,) from which the

generation of r.v' can be difficult "recall for instance that is importance

sampling f(x;x5,...,x,) has to be proportional to ‘g(xl,xz,...,xn)

g(x;,xz...,x,) 1s a complicated function, it is difficult to

Jfxpx2..0x,) "

, and 1f

generate from

Powell and Swann [13] called this method weighted uniform sampling.

1
They showed that for sufficiently large N this method is N Y times more

efficient than the sample mean method.
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3.3 Mean Square Error Comparison:

Table(3.4) show the deference between the M.S.E and the confidence

intervals of the Monte Carlo methods and the variance reduction techniques
. 1 —_— 2
for the integral 1 = J. e dx .
0

Table(3.4)
M.S.E Comparison

2.343x10” (0.743000 , 0.749000) 0.006000
4.277x10° (0.746000 , 0.748000) 0.002000

1.94x10° (0.736036 , 0.737484) 0.001448
1.83x10° (0.736496 , 0.737904) 0.001408
2.45%10™ (0.736000 , 0.738000) 0.002000
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Conclutions

. The sample mean method is more efficient than the hit or miss method

where the estimators for both methods are unbiased, but its shown

theoretically and practically that the variance of the sample mean

estimator less than the variance of the hit or miss estimator.

The advantage of the sample mean Monte Carlo method that it is needs N

random variants, while the hit or miss Monte Carlo method method need

to 2N random variants for estimating the integrals and that save time and

less storage in the computer memory.

The disadvantage of the Monte Carlo methods are:

1. Monte Carlo methods are depends completely on generating
pseudorandom variates which might carry dirty data.

ii. The accuracy of both methods decreases when the dimension of
integrals increases.

The usage of variance reduction techniques lead to higher accuracy and

small confidence intervals for estimating integrals.
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Future Work

. The errors produced from the estimation of integrals by Monte Carlo

methods or by variance reduction techniques are a r.v’* and it must have
a distn.. This distn. can be approximated to a well-known distn. by using
statistical methods, such as, Chi square goodness of fit test, Kolmogorov-
Smirnov goodness of fit test, Cramer-Von Miser goodness of fit test,
..etc.

Finding new techniques for estimating integrals with noise which can be
compared with the techniques given in this thesis.

Solving the difficulties of finding p.d.f which have the same shape with
the integrand function in estimating integrals by variance reduction
techniques.

Finding methods for evaluating improper integrals by Monte Carlo

simulation.
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| Introduction

Introduction;

The Monte Carlo method is a method for approximately solving
mathematical and real life problems by simulation of random quantities.

Historically, Monte Carlo methods are considered as a technique, using
random or pseudorandom no.’ to solve a certain models, these random no.’ are
essentially independent r.v.” uniformly distributed over the interval [0,1].

In the 2" half of the 19" century (1873), one of the earliest problems
connected with Monte Carlo method is the famous “Buffon’s needle problem”
where it was found that the probability of a needle of length L thrown

randomly onto a floor composed of parallel planks of width D>L is

P= Z%D which can be estimated as the ratio of the no. of throws hitting the

crack to the total no. of throws. In the beginning of the 20™ century, the
Monte Carlo was used to examine the Boltzmann equation. In (1908) the
famous statistician W. S. Gosset “student” used the Monte Carlo method
“experimental sampling” for estimating the correlated coefficient in his t-
distribution [Y *].

The term “Monte Carlo” was introduced by Van Neumann and Ulam
during the World War II (1944) as a secret code name for a secret work at
Los-Alamos involving research related to the atomic bomb “H-bomb”. The
name comes from the city of Monte Carlo the capital of the principality of the
Monaco, famous for it’s gambling house. The general accepted birth date of
the Monte Carlo methods i1s (1949) when the first article entitled “The Monte
Carlo Methods” by N. Metropolis and S. Ulam appeared in the Journal of the
American Statistical Association, 1949 [YA]. Shortly therefore, Monte Carlo
methods used to evaluate complex integrals [°], and solution of certain

differential and integral equations [ ¢].
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The evaluation of definite and multiple integrals is one of the most
important fields of applications of Monte Carlo methods. A large no. of
deterministic formulas is available for the evaluation of single integrals [Y].
The Monte Carlo methods are not competitive in this case. However, in the
case of the multi-dimensional integral, numerical techniques, such as
Trapezoidal and Simpson’s rules become less attractive. It is more convenient
to compute such integrals by Monte Carlo methods which becomes
indispensable, which, although less accurate than conventional quadrature
formulas, but it is simpler to use [ 1].

The problems handled in this thesis are divided into three chapters, the 1%
chapter introduce definitions and some concepts for the simulation and
generating random variables. The 2" discusses the methods of the Monte
Carlo simulation for solving the integrals “the Hit or Miss Method and the
Sample Mean method” with three sections. The 1% section for the one
dimensional integrals and the efficiency between the two methods with
examples and. The 2" extended these methods for the two dimensional
integrals and the efficiency between them also with examples. And the last
section discusses the solution of the n-dimensional integrals by these methods
with the efficiency and examples. Finally the 3™ chapter take four techniques
for reducing the variance of the Monte Carlo methods, which are: The
importance sampling, Correlated coefficient, Partition of the region, and

Biased estimator
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r.v = random variable

r.s = random sample

S.S. = sample space

eq. = equation

func. = function

disc. = discrete

cont. = continuous

distn. = distribution
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e.w = else were

s.t = such that
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sec. = section
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LT = inverse transform

AR = acceptance-rejection
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BE = biased estimator
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